
!

!

tbrbs\wfmpt!ufrojlvsj!vojwfstjufuj!

!

r9tywjubsj<f8!h9rbstfmb<f8!j9tjhvb8!

f9fmfseb-wjmj8!n9ynjbeb-wjmj8!{9\fejb-wjmj!

!

!

nb\fnbujlb!flpopnjtufcjtb\wjt!

)bnpdbobUb!lsfcvmj*!

obxjmj!JJ!

 

!

! ! ! ! ! ! ebnuljdfcvmjb!tuv.t!

!!!!!!!!!!!!!tbtxbwmp.nfUpevsj!

!!!!!!!!!!!!!!!!!!!!!!tbcXpt!njfs!

 

 

Ucjmjtj!!

3116!

!

!



jl[`e

\�^��1ZY^ \�[`u!cYq![ b �1gYZ m cY[%s:gYcY[`d!^`e`^km��`u![��Yd!^`ekjl_a^ m�[`p`[`u��C^���q4n
gYi`^km�[ b [�[`cYq!fh[`ZYgYi`^kmae`u!gYikjl_�m
	zu!q!cYgY_a^`f��1[`ZYekj s:p`ZY^`_a^`[�jlcY[��!_ag n
m�^�m�[km%\�[`p`_agYi`_agYi`^km#gYe`q!ZYq!cY^`ekjlu!^ b [�m�[`i`[`ZYe`q4nom�[�
 ^`ZY[`Z m�q��`u!q�
 ^kn
_a^km i`[`e`[`_a[`p`u!^`[`d!^km�m�[�
 g��`jlu!^km<m�d4j b gYZYd!gYi`^km�[%s:p`^km
����^`ZY[`[`u4m�q4n
i`u!^`p`[ b�b [�m�d!u4j��Yd4jlu4jl_a[ b ^��1^�m�u4jl_���g m�[`i`[`cY^km�q!i`[���^`[K[`c�� [`cY[ b
cYq��YcYg b 	��1[`ZY[%s:_agYi`^km m�[`cY^`ZY^km�d!u!q4m cY^`gYu b [`cYd!e`^`fhgYikjl_ m�[���gY_�n
c����!p`[`ZYgY_aq4m�s:[`Z�� cY[%s:gYcY[`d!^`e`[ gYe`q!ZYq!cY^km�d!gYi`^km�[%s:p`^km��! s:i`^`_a^km�^"	
�1_aq!i`[`_�n#�`u!^`ZYd!^"	%$�&'&'&
(��

u!g b [��Yd!q!u!^") �`u!q�
 g m�q!u!^ b ��ZY[`d!u!q*��p`^`_a^

u!gYfhgYZ,+�gYZYd!gYi`^")-
 ^.+�^`e`[knrcY[%s:gYcY[`d!^`e`^km�cYgYfhZY^`gYu!gYi`[%s:[ b q��Yd!q!u!^"	
�`u!q�
 g m�q!u!^ b ��ZY[`d!u!q*��p`^`_a^


 ^.+�^`e`[knrcY[%s:gYcY[`d!^`e`^km�cYgYfhZY^`gYu!gYi`[%s:[ b q��Yd!q!u!^"	
�`u!q�
 g m�q!u!^
["�/�1[��1ZY^��Yg

0© �1[`cYq!cYfhgYcY_aq!i`[�� d!g��YZY^`ekjlu!^#jlZY^`p`gYu4m�^`d!gYd!^��1	 xzy1y�{
X,24365



s:[`p`^��#XYX
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	�����
�����	�����������	�����	�������������	�	��
�������� �������
!	��#"�	$�%����������	&��
!	�������������	�	��

�'����
!	)(*���� �+�,�
!��,&�

- � $'�3\�[`u!cYq!gYikjl_a^km �1[`ZYcY[`u!d!gYi`^km �1[`cYq/.YgYZYgYi`^%s�^��`q!p`gts ��gYc b g n
�1^ 
 jlZ��Yfh^`^kmU\�[`u!cYq!gYikjl_a^")

1) f(x) = x2;

2) f(x) = x3;

3) f(x) = 2x;

4) f(x) = ex;

5) f(x) = −4x2 + 1;

6) f(x) = (2x + 3)2.

- � x �%��g��Yfhg jl_a^ 
 jlZ��Yfh^`^km �1[]\�[`u!cYq!gYi`^km \�g m�^km �1[`cYq/.YgYZYgYi`^%s
^��`q!p`gts ��gYc b g��1^ 
 jlZ��Yfh^`gYi`^kmU\�[`u!cYq!gYikjl_agYi`^")

1) y = arctg x;

2) y = lnx;

3) y = arcsin x.

- � 04�4uAs3jl_a^ 
 jlZ��Yfh^`^km-�1[]\�[`u!cYq!gYi`^km<\�g m�^km��1[`cYq/.YgYZYgYi`^%s��1[kn
cYqAs:p`[`_agts 
 jlZ��Yfh^`^kmU\�[`u!cYq!gYikjl_a^")

1) xx (x > 0);
1



�

2) xsin x (x > 0);

3) xln x (x > 0).

- � �1�4^��`q!p`gtsIekj s ��g�	!u!q!cYgY_�m�[`f �YcYZY^km
f(x) = x2 
 jlZ��Yfh^`^km

�1u![�
 ^`e`^km
M

(

1
2
; 1

4

) \�gYu!d!^`_6+�g �1[`cY[`p`[`_a^<c���gYi`^-[`ikm�fh^kn
m�[%s:[ �!gYu��Y^km b [ b gYi`^%s cY^`cY[`uAs3jl_agYi`[km�s:[`Z��

- � { �4^��`q!p`gts ekj s ��g�	Au!q!cYgY_�m�[`f �YcYZY^km
f(x) =

√
3x3 
 jlZ�� n

fh^`^km �1u![�
 ^`e`^km
M

(

1
3
;
√

3
27

) \�gYu!d!^`_6+�g��1[`cY[`p`[`_a^�c���gYi`^
[`ikm�fh^km�[%s:[ �!gYu��Y^km b [ b gYi`^%s cY^`cY[`uAs3jl_agYi`[km�s:[`Z��

- � �4�4^��`q!p`gts
y = x2 − 2x + 12


 jlZ��Yfh^`^km �1u![�
 ^`e`^km
M(1; 2)

\�gYu!d!^`_6+�g �1[`cY[`p`[`_a^Uc���gYi`^kmwekj s �`jlu!^Ue`q!g 
 ^`fh^`gYZYd!^"�
- � - �*�1[`cYqAs:p`[`_agts [`u���jlcYgYZYd!^km

∆x
ZY[.+�u b ^ b [ 
 jlZ��Yfh^`^km ∆y

ZY[.+�u b ^ y = x2−2x+3

 jlZ��Yfh^`^km�[%s:p`^km
	�s3j

x
^`fhp`_agYi`[")

[�(�$]n b [`Z���nrc b g��
i�( { n b [`Z 0�nrc b g��
� ( y n b [`Z $]nrc b g��

- � �4�4^��`q!p`gts
f(x)


 jlZ��Yfh^`^km�ZY[.+�[`u b ^ x
\�gYu!d!^`_ ��^"	 s3j [`u4n

��jlcYgYZYd!^km�ZY[.+�u b ^`[ ∆x
)

[�(
f(x) = x3 �

i�(
f(x) =

√
x + 1

�

� (
f(x) =

2

x− 1
�

- � &4�*�1[]\�[`u!cYq!gYi`^km�\�g m�gYi`^km�[ b [��Y^`u!^%s:[ b ^AgY_agYcYgYZYd![`u4jl_a^ 
 j�n
Z��Yfh^`gYi`^km \�[`u!cYq!gYikjl_agYi`^km f ��u!^`_a^km �1[`cYq/.YgYZYgYi`^%s ^��`q4n
p`gts \�[`u!cYq!gYikjl_agYi`^")

1) y = x3 − 2x2 + 4;

2) y = x5 − x3 + 3x2 − 2;

3) y =
2

6
x6 − 3

4
x4 + 2x;



�

4) y =
1

4
x4 − x2

2
+ 7;

5) y = x2 + 2x + 3
√

x;

6) y = 2
√

x− 3
√

x2 − x;

7) y = 2x
3

2 − 3x
4

3 + 4x
5

4 ;

8) y = 3x
5

3 + 4x
7

4 − 5x
8

5 ;

9) y =
1

x
+

1

x2
− 1

x3
;

10) y =
2

x3/2
+

4

x5/4
− 6

x7/6
;

11) y = 2 sin x + 6 cosx + x;

12) y = 4 tg x + 5 ctg x + 1;

13) y = 4x + 3 · 2x;

14) y = 6 ln x + 7ex;

15) y = 3 arcsin x− 4 arccos x;

16) y = 6 arctg x− 7 arcctg x;

17) y = (2x2 + x) sin x;

18) y = (3x3 + 2x) cos x;

19) y = (x4 + 2x3) lnx;

20) y = ex sin x;

21) y = 5x cos x + ln 5;

22) y = 3x lnx + ln 3;

23) y = ln x sin x;

24) y = cos x tg x;

25) y = x arcsin x;



�

26) y =
√

x log2 x;

27) y = x3 3x;

28) y = (sin x + cos x) 2x;

29) y =
x + 1

x− 2
;

30) y =
x + 3

x2 + 1
;

31) y =
x

1− x2
;

32) y =
x2

3x
;

33) y =
2x

sin x
;

34) y =
3x2 + x− 1

x
;

35) y =
x3 − 2x + 1

ex
;

36) y =
sin x

ex
;

37) y =
sin x + cos x

sin x− cos x
;

38) y =
ex − 1

ex + 1
.

- � $ y �4^��`q!p`gts \�[`u!cYq!gYikjl_agYi`^")
$ (

y = 2 lnx + (x2 + 2x)ex +
x + 3

x− 1
+ 1

�

x (
y = 3 · 5x + x4 sin x +

cos x

ex
− 2

�

0
(
y = 4 sinx + x7 · 7x +

sin x

cos x
+ 3

�



�

� (
y = 5 cosx + (x3 + 2x) 3x +

√
x

sin x
− ln 2

�

{ (
y = 7 arcsinx + sin x ln x− ex

cos x
+ 4

�

�
(
y = 2 arccosx− x3 · cos x− sin x

x2
+ 6

�

-'(
y = 5 arctg x− sin x cos x− 4x

x
− 8

�

�
(
y = 3 arcctg x− ln x ex − sin x

ex
+ 9

�
- � $'$'�4^��`q!p`gts

f ′(x0)
	ls3j

$ (
f(x) = x3 + 2x2 + 3, x0 = 3

�

x (
f(x) =

1

x
− 3

x2
+ 5, x0 = 1

�

0
(
f(x) = 4x− 2

√
x, x0 = 4

�

� (
f(x) =

6

x 3
√

x
− 1

3
√

x
, x0 = 8

�

{ (
f(x) = x(x2 − 2), x0 = 5

�

�
(
f(x) =

1

x + 1
− 2

x2 + 3
, x0 = 0

�

-'(
f(x) =

x2 − 4x + 3

x
, x0 = −2

�

�
(
f(x) =

4x

3x + 1
, x0 = 1

�

&
(
f(x) =

4ex

x2 + 1
, x0 = 0

�

$ y (
f(x) = ln

3x

x− 1
, x0 = −1

�

$'$ (
f(x) =

√

x

x + 1
, x0 = 1

�



�

$ x (
f(x) =

√

1 + ln2 x , x0 = 1
�

$ 0
(
f(x) = ln 4

√

1 + tg x

1− tg x
, x0 = 0

�

$ � (
f(x) = ln

(√
1+ex−1

)

−ln
(√

1+ex+1
)

, x0 =0
�

- � $ x �4^��`q!p`gts ��gYc b g��1^ 
 jlZ��Yfh^`^kmU\�[`u!cYq!gYikjl_a^")
$ (

y = (x3 + 2x2 − 3)4 � x (
y=(5x4− 3x3 + 2x)3 �

0
(
y = sin 2x

� � (
y = 5 cos

x

5

�

{ (
y = ln(3x− 4)

� �
(
y = ln(9x2 + 5)

�

-'(
y =

√
2x + 3

� �
(
y =

√
x2 − 4x + 1

�

&
(
y = sin3 4x

� $ y (
y = cos2 2x

�

$'$ (
y = ln(sin x)

� $ x (
y = cos(ln x)

�

$ 0
(
y = 3x3+1 � $ � (

y = 4
√

x6−1 �

$ { (
y = 4sinx � $ �
(

y = 5cos x �

$ -'(
y = sin(x3+1)+lnx4 � $ �
( y = ln(x3− 4)− e3x �

$�&
(
y = 2arcsin 4x+3arccos 2x � xzy ( y = 4arctg 3x+5arcctg 2x �

x $ (
y = ln

√

1 + sin x

1− sin x

� x1x (
y = ln ctg

√
x
�

x 0
(
y = x3 · e3x � x � (

y = x2 · 2
√

x �

x1{ (
y = arcsin

√
x
� x �
(

y = ln

√

x

x− 1
�

x -'(
y = ex2 · cos 4x

� x �
(
y = 4x3−5 · arcsin 3x

�

x &
(
y =

sin x√
sin 2x

�

0 y (
y = arctg

x

a
+

1

2
ln(x2 + a2), a 6= 0

�



�

- � $ 04�4^��`q!p`gts 
 jlZ��Yfh^`^kmUcYgYq!u!gCu!^��1^kmU\�[`u!cYq!gYikjl_a^")
$ (

y = x3 − 2x2 + 3
� x (

y = x5 +3x4−2x2 +x
�

0
(
y =

√
1− x2 � � (

y =
√

3 + x3 �

{ (
y = (x3 + 1)3 � �
(

y = (2x− 3)4 �

-'(
y = x4 · ln x

� �
(
y = x5 · ex �

&
(
y = arcsin x

� $ y (
y = arctg x

�

$'$ (
y = e3x+4 � $ x (

y = 26x+7 �

$ 0
(
y = ln(x3 + 5x)

� $ � (
y = sin x + 3e5x �

$ { (
y = 4 + sin2 x

� $ �
(
y = ex · sin x

�
- � $ �1�4^��`q!p`gts 
 jlZ��Yfh^`^km

n
nojlu!^
u!^��1^km�\�[`u!cYq!gYikjl_a^")

$ (
y = ax � x (

y = amx �

0
(
y = sin x

� � (
y = cos x

�

{ (
y = sin ax

� �
(
y = cos ax

�

-'(
y = e2x � �
(

y = 23x �
- � $ { �4^��`q!p`gts 
 jlZ��Yfh^`^km b ^�
 gYu!gYZYfh^`[`_a^")

$ (
y = 2x2 + 3x− 14

� x (
y = 5

√
x +

1
3
√

x
+ x

�

0
(
y = sin 3x + ln 2x

� � (
y = ln 3x + 2x+1 �

{ (
y = (x2 − x + 1)2 � �
(

y = sin3 x
�

-'(
y = x2 · e4x � �
(

y = arccos 3x+arctg 6x
�

&
(
y = ln

ex − 1

ex

� $ y (
y = ln cos x

�

$'$ (
y = x4 log3 x

� $ x (
y =

5

x + x2

�

$ 0
(
y =

3
√

2x2 + 3
� $ � (

y = 3sinx + 2cos 3x �

$ { (
y =

x + 1

x− 1
� $ �
(

y =
x3 − 3

x2 + 2
�



���

- � $ �4� b ^�
 gYu!gYZYfh^`[`_a^kmam�[��1jl[`_agYi`^%s ^��`q!p`gts cY^`[���_aq!gYi`^%s:^CcYZY^kn
��p`ZYgY_aq!i`gYi`^")
$ (

6
√

67, 84
� x (

5
√

255, 15
�

0
(
1, 0157 � � (

0, 9956 �

{ (
3
√

28, 62
� �
(

e1,02 �

-'(
ln(e + 0, 544)

�
- � $ - �4cts:_a^`[`ZY^U[`cYq!ZY[��1gYi`^km 
 jlZ��Yfh^`[`[

(TR) = f(Q) = 300Q− 2Q2.

[�(�u![km!j b u!^km�cY[`u*� ^`ZY[`_�jlu!^A[`cYq!ZY[��1gYi`^km6
 jlZ��Yfh^`^km�cYZY^kn
��p`ZYgY_aq!i`["	�u!q!fh[

Q = 25
�

i�( �1[`cYqAs:p`[`_agts [`cYq!ZY[��1gYi`^km-
 jlZ��Yfh^`^km<fhp`_a^`_agYi`[-cYq4n
s ��q!p`ZY^km

∆Q = 5
gYuAs:g jl_a^%s �1[.+�u b ^km�[km
	hs3j�cYq4n

fhgYc jl_ cYq!cYgYZYd*��^
cYqAs ��q!p`ZY[`[
Q = 25

gYuAs:g jl_a^"�
- � $ �4�4cYqAs ��q!p`ZY^km 
 jlZ��Yfh^`['cYq!fhgYc jl_a^`[Ud!q!_aq!i`^%s

P = 80−Q.

[�(�cYq��YgYi`ZYgts cts:_a^`[`ZY^ [`cYq!ZY[��1gYi`^km 
 jlZ��Yfh^`^km�[ b [ cY^kn
m�^ ��g m�[`i`[`cY^km�^�cY[`u*� ^`ZY[`_�jlu!^�[`cYq!ZY[��1gYi`^km 
 jlZ��Yfh^`^km
�1[`cYq4m�[��`jl_agYi`gYi`^ �

i�( �1[`cYqAs:p`[`_agts cY[`u*� ^`ZY[`_�jlu!^U[`cYq!ZY[��1gYi`^"	lu!q!fh[
Q =

20
�

� (�^��`q!p`gts cts:_a^`[`ZY^ [`cYq!ZY[��1gYi`^km fhp`_a^`_agYi`["	:s3j cYqAs3n
��q!p`ZY[G^.+�u b gYi`[GgYuAs:^�gYuAs:g jl_a^%s b [���gY[ b [`u!gts ^��1^
cY[`u*� ^`ZY[`_�jlu!^�[`cYq!ZY[��1gYi`^km cYZY^���p`ZYgY_aq!i`[km

Q = 20
gYuAs:g jl_6+�g��

- � $�&4�*�1[`cYqAs:p`[`_agts cY[`u*� ^`ZY[`_�jlu!^ [`cYq!ZY[��1gYi`^"	Gs3j cYqAs ��q!p`ZY^km

 jlZ��Yfh^`['cYq!fhgYc jl_a^`[ ��gYc b g��1^'d!q!_aq!i`^%s6)



� �

[�(
P = 6− 2Q

�

i�(
P =

500√
3 + Q

�

� (
P = 3

√
200− 4Q .- � xzy �4cts:_a^`[`ZY^U[`cYq!ZY[��1gYi`^km 
 jlZ��Yfh^`['cYq!fhgYc jl_a^`[Ud!q!_aq!i`^%s6)

(TR) = ln
3

√

(

1− 3Q

1 + 3Q

)2

.

^��`q!p`gts cY[`u*� ^`ZY[`_�jlu!^U[`cYq!ZY[��1gYi`^"	lu!q!fh[
Q = 1

�
- � x $'�0m�[]\�[`u!cYq4m c j b cY^`p`^ b [`ZY[���[`u��C^`[ (FC) = 500 $

	 ��q4n
_aq fhp`_agYi`[ b ^ b [`ZY[���[`u��C^��`u!q b j��Yfh^`^km gYuAs:g jl_6+�g

�

(V C) = 3 $
�

[�(�^��`q!p`gts cts:_a^`[`ZY^ b [
cY[`u*� ^`ZY[`_�jlu!^ b [`ZY[���[`u��CgYi`^ �
i�( �1[`cYqAs:p`[`_agts cts:_a^`[`ZY^ b [`ZY[���[`u��C^"	lu!q!fh[ Q = 40

�

� ( �1[`cYqAs:p`[`_agts cts:_a^`[`ZY^ b [`ZY[���[`u��C^kmUfhp`_a^`_agYi`["	�s3j
cYqAs ��q!p`ZY[ �1[`^.+�u b gYi`[ � y gYuAs:g jl_a^ b [`Z � 0 gYuAs:g n
jl_a[`c b g��

- � x1x �4p%s��Yp`[%s6	1\�[`u!cYq!gYi`^kmKm�[��1jl[`_aq b [`ZY[���[`u��C^km 
 jlZ��Yfh^`[CcYq4n
fhgYc jl_a^`[
d!q!_aq!i`^%s6)

(AC) = 3Q + 4 +
15

Q
.

[�(�^��`q!p`gts cts:_a^`[`ZY^ b [`ZY[���[`u��C^km�[ b [ cY[`u*� ^`ZY[`_�jlu!^
b [`ZY[���[`u��C^km 
 jlZ��Yfh^`gYi`^ �

i�(�cYq��YgYi`ZYgts cY[`u*� ^`ZY[`_�jlu!^ b [`ZY[���[`u��C^km�m�[��1jl[`_agYi`^%s
�1[`cYqAs:p`_a^`_a^ m�u4jl_a^ b [`ZY[���[`u��C^km fhp`_a^`_agYi`["	�s3j
\�[`u!cYq!gYikjl_a^ �`u!q b j��Yfh^`^km�u![`q b gYZYq!i`[ cYfh^`u b gYi`[
xzy n b [`Z $ ��gYuAs:g jl_a[`c b g��



���

� ( �1[`cYqAs:p`[`_agtsEcts:_a^`[`ZY^ b [`ZY[���[`u��C^km +Tj�m�d!^ fhp`_a^kn
_agYi`["	�u!q!fh[

Q = 20
nom b [ �`u!q b j��Yfh^`^km�u![`q b gYZYq4n

i`[CcYfh^`u b gYi`[ x gYuAs:g jl_a^%s6��^��`q!p`gts m���p`[`q!i`[;cts:_a^kn
[`ZY^ b [`ZY[���[`u��C^km�+Tj�m�d b [CcY^`[���_aq!gYi`^%s cYZY^���p`ZYgY_aq4n
i`gYikm ��q!u!^km
�

- � x 04�3\�[`u!cYq!gYi`^km 
 ^�� m�^`u!gYikjl_a^ b [`ZY[���[`u��C^`[ - { b q!_a[`u!^"	
��q4n
_aq fhp`[`_agYi`[ b ^ b [`ZY[���[`u��C^!�`u!q b j��Yfh^`^km gYuAs:g jl_a^km
\�[`u!cYq!gYi`^km�[%s:p`^km��

4 +
3

Q

�
[�( �1[`cYqAs:p`[`_agts cts:_a^`[`ZY^ b [`ZY[���[`u��C^ b [wcY[`u*� ^`ZY[`_�j�n
u!^ b [`ZY[���[`u��C^ �`u!q b j��Yfh^`^km Q

u![`q b gYZYq!i`^km�[%s:p`^km �
i�( �1[`cYqAs:p`[`_agts cts:_a^`[`ZY^ b [`ZY[���[`u��C^kmGfhp`_a^`_agYi`^km +Tj�n
m�d!^
cYZY^���p`ZYgY_aq!i`gYi`^
 �$ (UcYqAs ��q!p`ZY^km

∆Q = 3
gYuAs:g jl_a^%s��1[.+�u b ^km�[km
	

 x (UcYqAs ��q!p`ZY^km
∆Q = 4

gYuAs:g jl_a^%s ��gYcYfh^`u!g n
i`^km�[km
	

s3j�[��!gYikjl_ cYq!cYgYZYd*��^��`u!q b j��Yfh^`^km�u!gY[`_a^.+�[`fh^`^km b q!ZYgY[
Q = 50

gYuAs:g jl_a^"�
- � x �1��
 ^`u!cY^km�cY^`gYu b [��1g��1cY^`_a^ b [`ZY[���[`u��C^�cYq!^`fhgYcY[�
 jlZ��Yfh^`^%s6)

K(Q) = (TC) =
9

3
Q3 − 9Q2 + 3.

\�[`u!cYq!gYi`^km u![-cYq!f+jl_aq!i`^km b u!q4m ^��YZYgYi`[ b [`ZY[���[`u��CgYi`^
cY^`ZY^`cY[`_�jlu!^��

- � x1{ �3\�[`u!cYq!gYi`^kmwcts:_a^`[`ZY^ b [`ZY[���[`u��C^km 
 jlZ��Yfh^`[`[

K(Q) = 0, 03Q2 − 2Q + 300.

[�(�^��`q!p`gts m�[��1jl[`_aq b [`ZY[���[`u��C^km�[ b [ cY[`u*� ^`ZY[`_�jlu!^
b [`ZY[���[`u��C^km 
 jlZ��Yfh^`gYi`^ �



� 1
i�(�^��`q!p`gts m�[��1jl[`_aq b [`ZY[���[`u��C^ b [�cY[`u*� ^`ZY[`_�jlu!^ b [kn
ZY[���[`u��C^"	lu!q!fh[")
 �$ (

Q = 50
	  x (

Q = 100
�

� (U\�[`u!cYq!gYi`^km u![�cYq!f+jl_aq!i`^km�[%s:p`^km�^��YZYgYi`[<m�[��1jl[`_aq
b [`ZY[���[`u��C^UcY^`ZY^`cY[`_�jlu!^��

- � x �4�3\�[`u!cYq!gYi`^km�c j b cY^`p`^ b [`ZY[���[`u��C^`[ $ {zy b q!_a[`u!^"	*��q!_aq
fhp`[`_agYi`[ b ^ b [`ZY[���[`u��C^�� x b q!_a[`u!^"	 cYqAs ��q!p`ZY^km-
 j�n
Z��Yfh^`[`[

P + 2Q = 82.
�1[`cYq4m�[���gts cYq��1gYi`^km

Π

 jlZ��Yfh^`[

Q
nom
m�[��1jl[`_agYi`^%s6�

[�(�^��`q!p`gts m�[��Yq!ZY_a^kmwu!['u![`q b gYZYq!i`[
^��Y_agYp`[ xzy1y b q4n
_a[`u!^kmwd!q!_ cYq��1gYi`[km �

i�( �`u!q b j��Yfh^`^km u![Vu![`q b gYZYq!i`[�j/+�u4jlZYp`gY_ .Yq�
 m�cYq4n
�1gYi`^km�cY[�� m�^`cY[`_�jlu m�^ b ^ b g m �

- � x - �4cYqAs ��q!p`ZY^km�
 jlZ��Yfh^`[`[
P = 447 − 2Q

	 ��q!_aq m�[��1jl[`_aq

b [`ZY[���[`u��C^km 
 jlZ��Yfh^`[ � (AC) =
7

Q
+ 3

�T^��`q!p`gts �`u!q4n
b j��Yfh^`^km
^kmUu![`q b gYZYq!i`["	Tu!q!cYgY_a^`fVj/+�u4jlZYp`gY_ .Yq�
 mUcY[�� n
m�^`cY[`_�jlu cYq��1gYi`[km
�

- � x �4�4cYq!fhgYc jl_a^`[acts:_a^`[`ZY^C[`cYq!ZY[��1gYi`^km�[ b [Gcts:_a^`[`ZY^ b [`ZY[���[`u4n
�C^km 
 jlZ��Yfh^`gYi`^")

(TR) = −3Q2 + 40Q,

(TC) = 4Q + 5.
^��`q!p`gts cYq��1gYi`^km 
 jlZ��Yfh^`^km�cY[�� m�^`c jlcY^"�

- � x &4�*�`u!q b j��Yfh^`^km \�[`u!cYq!gYi`^km 
 ^�� m�^`u!gYikjl_a^ b [`ZY[���[`u��C^`[
(FC) = 80 $

	 ��q!_aq!�`u!q b j��Yfh^`^km gYuAs:g jl_6+�g<fhp`[`_ag n
i`[ b ^ b [`ZY[���[`u��C^ � (V C) = 4 $

�TcYqAs ��q!p`ZY^km 
 jlZ��Yfh^`[`[

P = 300−Q.



� �

[�(�^��`q!p`gts cY[`u*� ^`ZY[`_�jlu!^�cYq��1gYi`^km 
 jlZ��Yfh^`[ �
i�(�cY[`u*� ^`ZY[`_�jlu!^AcYq��1gYi`^kmAm�[��1jl[`_agYi`^%s�cY^`[���_aq!gYi`^%s �1[kn
cYqAs:p`[`_agts cYq��1gYi`^km�fhp`_a^`_agYi`["	�u!q!cYgY_a^`f ��gYg m�[`i`[`cYg n
i`[-\�[`u!cYq!gYikjl_a^��`u!q b j��Yfh^`^km u![`q b gYZYq!i`^km fhp`_a^kn
_agYi`[km

Q1 = 40
gYuAs:g jl_a^ b [`Z Q2 = 42

gYuAs:g jl_a[`c n
b g��

� ( �1[`cYqAs:p`[`_agts cYq��1gYi`^km�+Tj�m�d!^ fhp`_a^`_agYi`[
Q1 = 40

gYuAs:g jl_a^ b [`Z Q2 = 42
gYuAs:g jl_a[`c b g b [ ��gY[ b [`u!gts

i�( n ��^'cY^��!gYikjl_ cY^`[���_aq!gYi`^%s cYZY^���p`ZYgY_aq!i`[km
�
- � 0 y �4cYqAs ��q!p`ZY^km 
 jlZ��Yfh^`[`[

P = 40−Q,

��q!_aq m�u4jl_a^ b [`ZY[���[`u��C^km 
 jlZ��Yfh^`[ �

(TC) =
1

2
Q2 + 4Q− 10.

[�(U\�[`u!cYq!gYi`^km'u![ b q!ZYg!j/+�u4jlZYp`gY_ .Yq�
 m'cts:_a^`[`ZY^;[`cYq4n
ZY[��1gYi`^km�cY[�� m�^`c jlc m �

i�(U\�[`u!cYq!gYi`^km�u![
Q0

b q!ZYg-j/+�u4jlZYp`gY_ .Yq�
 m�cY[�� m�^`cY[kn
_�jlu cYq��1gYi`[km �U^��`q!p`gts cYq��1gYi`^km�g m�cYZY^���p`ZYgY_aq!i`["�

- � 04$'�4cYq*��cY[`u!gYi`^km 
 jlZ��Yfh^`[
cYq!fhgYc jl_a^`[
d!q!_aq!i`^%s

C(Y ) = 0, 01Y 2 + 0, 1Y + 25,
m�[ b [`f Y

gYu!q!p`Z jl_a^ ��gYcYq4m�[`p`[`_a^`["�
�1[`cYqAs:p`[`_agts cY[`u*� ^`ZY[`_�jlu!^�cY^ b u!gYe`^`_agYi`gYi`^�cYq*��cY[`u!g n

i`^km�[
(MPC) b [ b [.+�q��1p`^km�[ b cY^ (MPS

(�	`u!q b g m�[`f Y =

40
�1�1[`[`[`ZY[`_a^.+�gts cY^��!gYikjl_a^ ��g b g��1gYi`^"�

- � 0 x � b [`ZY[.+�q��1^km 
 jlZ��Yfh^`['cYq!fhgYc jl_a^`[Ud!q!_aq!i`^%s

S(Y ) = 0, 7Y + 90,
m�[ b [`f Y

gYu!q!p`Z jl_a^ ��gYcYq4m�[`p`[`_a^`["�



� �

^��`q!p`gts cY[`u*� ^`ZY[`_�jlu!^EcY^ b u!gYe`^`_agYi`gYi`^ b [.+�q��1p`^km�[
(MPS) b [
cYq*��cY[`u!gYi`^km�[ b cY^ (MPC)

�
- � 0 04�4cYq!fhgYc jl_a^`[
cYqAs ��q!p`ZY^km 
 jlZ��Yfh^`[

P = 500− 4Q.

[�( �1[`cYqAs:p`[`_agts cYqAs ��q!p`ZY^km;m�[��1jl[`_aq gY_a[km�d!^`ekjlu!q!i`[

 [km�^km
fhp`_a^`_agYi`^kmUcY^`cY[`uAs6	Ts3j �`u!q b j��Yfh^`^kmUgYuAs:g n
jl_a^km 
 [km�^�e`_agYikjl_aq!ikm $ xzy b q!_a[`u!^ b [`Z $ y1y b q4n
_a[`u![`c b g��

i�( �1[`cYqAs:p`[`_agts cYqAs ��q!p`ZY^km  +/�!p`u4jl_a^�( gY_a[km�d!^`ekj�n
u!q!i`["	Cu!q!fh[

P = 120
� �1[`[`[`ZY[`_a^.+�gts cY^��!gYikjl_a^

��g b g��1gYi`^"�
- � 0 �1�4cYqAs ��q!p`ZY^km 
 jlZ��Yfh^`[`[

P = 75− 3Q.

�1[`cYqAs:p`[`_agts cYqAs ��q!p`ZY^km  +/�!p`u4jl_a^�(�gY_a[km�d!^`ekjlu!q!i`["	
u!q b g m�[`f

[�(
P = 6

� i�(
P = 60

�
- � 0 { �4cYq!fhgYc jl_a^`[
cYqAs ��q!p`ZY^km 
 jlZ��Yfh^`[

P = 90−Q.

[�( �1[`cYqAs:p`[`_agts cYqAs ��q!p`ZY^km m�[��1jl[`_aq gY_a[km�d!^`ekjlu!q4n
i`[ 
 [km�^km#fhp`_a^`_agYi`^km#cY^`cY[`uAs6	�s3j��`u!q b j��Yfh^`^km#gYu4n
s:g jl_a^km 
 [km�^ �1[`^.+�[`u b [�0 y b q!_a[`u!^ b [`Z 0 { b q4n
_a[`u![`c b g��

i�( �1[`cYqAs:p`[`_agts cYqAs ��q!p`ZY^km  +/�!p`u4jl_a^�( gY_a[km�d!^`ekjlu!q4n
i`["	�u!q b g m�[`f P = 30

�
- � 0 �4�4cYqAs ��q!p`ZY^km 
 jlZ��Yfh^`[`[

P = −Q2 − 2Q + 57.



� �

[�( �1[`cYqAs:p`[`_agts cYqAs ��q!p`ZY^km  +/�!p`u4jl_a^�( gY_a[km�d!^`ekjlu!q4n
i`[ 
 [km�^km�cY^`cY[`uAs6	lu!q!fh[

P = 22
�

i�(�u!q��1q!u!^`[�cYqAs ��q!p`ZY^km �`u!q!fhgYZYd4jl_a^�fhp`_a^`_agYi`["	1s3j

 [km�^km �`u!q!fhgYZYd4jl_a^Ufhp`_a^`_agYi`[`[

3 %
�

- � 0 - �4cYq!fhgYc jl_a^`[
cYqAs ��q!p`ZY^km 
 jlZ��Yfh^`[

P = −2Q2 − 7Q + 1000.

[�( �1[`cYqAs:p`[`_agts cYqAs ��q!p`ZY^km  +/�!p`u4jl_a^�( gY_a[km�d!^`ekjlu!q4n
i`[ 
 [km�^km�cY^`cY[`uAs6	 s3j�cYqAs ��q!p`ZY[`[

Q = 20
�

i�( 
 [km�^km�u!q��1q!u!^ �`u!q!fhgYZYd4jl_a^ fhp`_a^`_agYi`[ �1[`cYq!^]\Tn
p`gYpkm�cYqAs ��q!p`ZY^km

2 %
nr^`[`Zafhp`_a^`_agYi`[km �

- � 0 �4�*�1[`cYqAs:p`[`_agts cYqAs ��q!p`ZY^km  +/�!p`u4jl_a^�( gY_a[km�d!^`ekjlu!q!i`[

 [km�^kmwcY^`cY[`uAs6	 s3j

P = 12 b [
cYqAs ��q!p`ZY^km 
 jlZ��Yfh^`[
cYq4n
^`fhgYcY[
d!q!_aq!i`^%s

P =
√

500− 3Q .

- � 0'&4�4cYq!fhgYc jl_a^`[
cY^]\�q b gYi`^km 
 jlZ��Yfh^`[

Q = 0, 5P 2 + 2P + 10.

[�( �1[`cYqAs:p`[`_agts cY^]\�q b gYi`^km
m�[��1jl[`_aq gY_a[km�d!^`ekjlu!q!i`[

 [km�^km ZY[.+�u b ^km cY^`cY[`uAs6	#s3j �`u!q b j��Yfh^`^km gYuAs:g n
jl_a^km 
 [km�^ �1[`^.+�[`u b [ � b q!_a[`u!^ b [`Z & b q!_a[`u![`c n
b g��

i�( �1[`cYqAs:p`[`_agts cY^]\�q b gYi`^km  +/�!p`u4jl_a^�( gY_a[km�d!^`ekjlu!q4n
i`[ 
 [km�^km�cY^`cY[`uAs6	lu!q!fh[

P = 6
�

- � � y �4^��`q!p`gts cY^]\�q b gYi`^kmAm�[��1jl[`_aq�gY_a[km�d!^`ekjlu!q!i`[6
 [km�^km�ZY[.+�u4n
b ^km�cY^`cY[`uAs6	 s3j�cY^]\�q b gYi`^km 
 jlZ��Yfh^`[`[

Q = 0, 01P 2 + 0, 5P + 60



� �

b [ �`u!q b j��Yfh^`^km gYuAs:g jl_a^km 
 [km�^�e`_agYikjl_aq!ikm {zy b q4n
_a[`u!^ b [`Z � � b q!_a[`u![`c b g����1[`cYqAs:p`[`_agts +/�!p`u4jl_a^�gY_a[km`n
d!^`ekjlu!q!i`["	lu!q b g m�[`f�
 [km�^`[ {zy b q!_a[`u!^"�

- � �1$'�4cY^]\�q b gYi`^km 
 jlZ��Yfh^`[`[

Q = 0, 007P 2 + 3P + 4.

[�( �1[`cYqAs:p`[`_agts cY^]\�q b gYi`^km  +/�!p`u4jl_a^�( gY_a[km�d!^`ekjlu!q4n
i`[ 
 [km�^km�cY^`cY[`uAs6	lu!q!fh[

P = 15
�

i�(�u!q��1q!u!^`[acY^]\�q b gYi`^km �`u!q!fhgYZYd4jl_a^afhp`_a^`_agYi`["	�s3j

 [km�^km �`u!q!fhgYZYd4jl_a^Ufhp`_a^`_agYi`[`[

10 %
�

- � � x �0m�[`e`q!ZYfhgYu!d!q b [`u!i`[.+�^'^`d!gYpkm & y1y1y cY[ . jlu!gYi`gY_�m
�ls3j i`^kn
_agts:^km6
 [km�^!^��YZYgYi`[ � b q!_a[`u!^"	�cY[���^`Zh^ .Y^ b gYi`[*- {zy1y i`^`_ag n
s:^"�4i`^`_agts:^km�
 [km�^km x b q!_a[`u!^%s �1[`^`[�
 gYi`[`c �1[ .Y^ b jl_a^
i`^`_agts:gYi`^km u![`q b gYZYq!i`[��1[.+�[`u b [ $ {zy1y nr^%s6�Cu![�
 [km�[ b
jlZ b [ �1[`^ .Y^ b q4m<i`^`_agts:^"	 u!q!c;cts:_a^`[`ZY^�[`cYq!ZY[��1gYi`^w^ .Yq4m
cY[�� m�^`cY[`_�jlu!^"	3s3j b [`cYq!e`^ b gYikjl_agYi`[ i`^`_agts:^km 
 [km`m�[ b [
�1[ .Y^ b jl_a^Ui`^`_agts:gYi`^km�u![`q b gYZYq!i`[km ��q!u!^kmU\�u�
 ^`p`^`[��

- � � 04�0m��`q!u!d4jl_a^�e`q4m�d4jlcY^km 
 [km�^-�1[`^.+�[`u b [�$ x b q!_a[`u!^ b [`Z
$ { b q!_a[`u![`c b g��;[`cY^km �1[`cYq ZY[`fhp`_a[ b � y1y1y nr^km�[ s:p`g���^
^ .Y^ b gYi`[ {zy1y1y fh[`_a^
e`q4m�d4jlcY^"�lfhZYq!i`^`_a^`["	 u!q!c b [`cYq!e`^kn
b gYikjl_agYi`[ 
 [km`m�[ b [ �1[ .Y^ b jl_a^
m��`q!u!d4jl_a^Ue`q4m�d4jlcYgYi`^km
u![`q b gYZYq!i`[km ��q!u!^kmU\�u�
 ^`p`^`["�l^��`q!p`gts6)
[�(�cYqAs ��q!p`ZY^km 
 jlZ��Yfh^`[ �
i�(�u!q��1q!u!^ jlZ b [ ^ .Yq4m m��`q!u!d4jl_a^ e`q4m�d4jlcY^km�
 [km�^"	
u!q!cacts:_a^`[`ZY^U[`cYq!ZY[��1gYi`^U^ .Yq4m�cY[�� m�^`cY[`_�jlu!^��

- � � �1�0m�[`p`[`v`u!q 
 ^`u!cY[km�[��Ypkm���gYZYq!i`["	�u!q!cYgY_ ��^`f �1[`ZY_a[��1gYikjl_a^`[
$ {zy q�
 ^km�^"�Cs3j .Yq!p`gY_Cs:p`^kjlu!^ �1[ b [km�[���[ b ^ s:^%s:q!g jl_



� �

q�
 ^km�+�g'^��YZYgYi`[ 0 {zy b q!_a[`u!^"	hcY[���^`Z#.Yp`gY_a[-q�
 ^km�^ �1[��Y^kn
u![`p b gYi`["�3cY[`u!e`gYd!^`Z���jl_acY[ [`ZY[`_a^.+�cY[ [ � p`gYZY["	0u!q!c �1[ b [kn
m�[���[ b ^km � b q!_a[`u!^%s �1[��Yp`^`u!gYi`[�^]\�p`gYpkm �1[��Y^`u![`p`gYikjl_a^
q�
 ^km�gYi`^km x nr^%s-��gYcYfh^`u!gYi`[km
��u![��1[ b [km�[���[ b ^!jlZ b [ b [`[]\�g n
m�q4m 
 ^`u!cY[`c�	Au!q!c<cY^`^��!q4mVcY[�� m�^`cY[`_�jlu!^Vcts:_a^`[`ZY^�[`cYq4n
ZY[��1gYi`^��  ^���jl_a^km���cYgYi`["	+u!q!c �1[ b [km�[���[ b ^ �1[��Y^`u![`p`gYikjl_a^
q�
 ^km�gYi`^kmwu![`q b gYZYq!i`^km�\�u�
 ^`p`^ 
 jlZ��Yfh^`[`["� (

- � � { �0m�[`p`[`v`u!q�
 ^`u!cY[ .Yq!p`gY_ s:p`g���^ .Y^ b ^km {zy1y fh[`_ c m`jlikj��:[`pkn
d!q!cY[`Z��Y[`ZY[km
	:s:^%s:q!g jl_�m x1{zy1y b q!_a[`u![ b �4cY[`u!e`gYd!^`Z���j�n
_a^K[`ZY[`_a^.+�^ �1p`^ � p`gYZYgYikm
	�u!q!c xzy1y b q!_a[`u!^%s�
 [km b [`e`_ag n
i`[<^]\�p`gYpkm �1[ .Y^ b jl_a^<[`p`d!q!cYq!i`^`_agYi`^km u![`q b gYZYq!i`^km {zy n
^%s +�u b [km
�
[�(�^��`q!p`gts cYqAs ��q!p`ZY^km 
 jlZ��Yfh^`["	ls3jV^kmU\�u�
 ^`p`^`[ �
i�(�u![ 
 [km�^-jlZ b [ b [`g b q4m�c m`jlikj��U[`p`d!q!cYq!i`^`_�m
	4u!q!c
cts:_a^`[`ZY^U[`cYq!ZY[��1gYi`^
^ .Yq4m�cY[�� m�^`cY[`_�jlu!^��

� ( 
 ^`u!cY^km .Yq!p`gY_Cs:p`^kjlu!^ b [`ZY[���[`u��CgYi`^km 
 jlZ��Yfh^`[��1[`cYq4n
^km�[���gYi`[Ud!q!_aq!i`^%s6)

K(Q) = 45000 + 100Q.

u!q��1q!u!^wjlZ b [<^ .Yq4m�[`p`d!q!cYq!i`^`_a^km 
 [km�^"	0u!q!c
cY^kn
p`^��!qAs cY[�� m�^`cY[`_�jlu!^�cYq��1gYi`[��

- � � �4�*�kjlu!^km �Y[`u*��[`ZY[#.Yq!p`gY_ b �!^kjlu![ b .Y^ b ^km�0 y1y1y fh[`_ �kjlu4m
	
s:^%s:q!g jl_�m y 	 { b q!_a[`u![ b ���kjlu!^km 
 [km�^km��1[.+�u b [`c y 	 x
b q!_a[`u!^%s �1[`cYq!^]\�p`^`[ �1[ .Y^ b jl_a^ �kjlu!^km u![`q b gYZYq!i`^km
$ y1y nr^%s���gYcYfh^`u!gYi`["�
[�(�^��`q!p`gts cYqAs ��q!p`ZY^km 
 jlZ��Yfh^`["	�s3j ^km �1[ .Y^ b jl_a^ �kj�n
u!^km�u![`q b gYZYq!i`[.+�gC\�u�
 ^`p`[ b [`[ b [`cYq!e`^ b gYikjl_a^ �



� �

i�(�u![6
 [km�^AjlZ b [ b [`g b q4m �kjlu4m
	zu!q!c4cYq��1gYi`[�^ .Yq4macY[�� n
m�^`cY[`_�jlu!^"	4s3j cY^km b [km�[`c,+�[ b gYi`_a[ b ^���[`u��CgYi`[ y 	 0
b q!_a[`u!^��

- � � - �4cY[`d![`u!gYi`gY_ ��^V[`u!^km $ { p`[��1q!ZY^"��s:^%s:q!g jl_ p`[��1q!Z���^ � y
[ b �1^`_a^`["�hs3j cY[`d![`u!gYi`_a^km<i`^`_agts:^km-
 [km�^w[`u!^km $ y b q4n
_a[`u!^"	hcY[���^`Z#^ .Y^ b gYi`[ { � y i`^`_agts:^"� +�[�
 �`jl_a^km-�`gYu!^`q b n
��^�i`^`_agts:^km �!^`u!gYikjl_agYi`[ �1[.+�[`u b g m $ b q!_a[`u!^%s6	zu![`cY[`f
�1[`cYq!^]\�p`^`[ �1[ .Y^ b jl_a^Ai`^`_agts:gYi`^kmGu![`q b gYZYq!i`^km x &�nr^%s���g n
cYfh^`u!gYi`["�
[�(�^��`q!p`gts cYqAs ��q!p`ZY^km 
 jlZ��Yfh^`["	�s3j b [`cYq!e`^ b gYikjl_agYi`[

�1[ .Y^ b jl_a^�i`^`_agts:gYi`^km u![`q b gYZYq!i`[km�[ b [ i`^`_agts:^km

 [km`m ��q!u!^kmU\�u�
 ^`p`^`[ �

i�(�u!q��1q!u!^�jlZ b [�^ .Yq4m<i`^`_agts:^km 
 [km�^"	 u!q!c'cts:_a^`[`ZY^
[`cYq!ZY[��1gYi`^ ^ .Yq4m cY[�� m�^`cY[`_�jlu!^�� ^��`q!p`gts g m cY[�� m�^kn
cY[`_�jlu!^
[`cYq!ZY[��1gYi`^"�

- � � �4�4^��`q!p`gts cYq!ZYq!d!q!Z jlu!q!i`^km �1jl[`_ag b gYi`^")
$ (

y = 2x3 + 3x2 + 4x
� x (

y = −x3 + 2x2 − 5x
�

0
(
y = x3 − 27x + 2

� � (
y =

1

3
x3−7

2
x2+10x+3

�

{ (
y = (x− 5)2 � �
(

y =
1

2x + 3
�

-'(
y = ln x− 8

3
x3 � �
(

y = ln(4− x2)
�

- � �
&4�4^��`q!p`gts ��gYc b g��1^ 
 jlZ��Yfh^`gYi`^km�g�� m�d!u!gYc jlcYgYi`^")
$ (

y = 2x2 + 8x− 1
� x (

y = 4x− x2 �

0
(
y = 2x3+3x2−36x+5

� � (
y = x4−4x3 +4x2 +1

�

{ (
y =

x4

4
− x3 � �
(

y =
x4

4
− 2x2 �

-'(
y =

4
√

x5 + 1
� �
(

y = 3x− 2
√

x
�



� �

&
(
y =

1

1 + x2

� $ y (
y =

x3

1 + x2

�

$'$ (
y =

x2

x− 3
� $ x (

y = ex2 �

$ 0
(
y =

ex

x

� $ � (
y = x · e−x �

$ { (
y = ln x +

2

x

� $ �
(
y = x ln2 x

�
- � {zy �4^��`q!p`gts ��gYc b g��1^�
 jlZ��Yfh^`^km j b ^ b g m�^ b [<jlcYfh^`u!g m�^ cYZY^kn

��p`ZYgY_aq!i`gYi`^UcY^%s:^%s:gYikjl_ �1jl[`_ag b ��^")
$ (

y = x2 − 2x, [0; 3]
�

x (
y = x4 − 8x2 + 3, [−3; 3]

�

0
(
y = x +

√
x, [0; 4]

�

� (
y = (x− 3)2e−x, [0; 6]

�
- � { $'�4^��`q!p`gts [`cYq�+�ZYg��Y^`_aq!i`^km b [ � [.+�ZYg��Y^`_aq!i`^km �1jl[`_ag b gYi`^

b [ �1[ b [��4jlZYp`^km�\�gYu!d!^`_agYi`^")
$ (

y = x3 − 6x2 + 3
� x (

y = 2x− 5x3 �

0
(
y = 3x5−5x4+3x−2

� � (
y = x4 +6x3−60x2 +3

�

{ (
y = x ex � �
(

y = 2x2 + ln x
�

-'(
y =

x

x + 1
� �
(

y = x4 + x2 + ex �

&
(
y =

√
x− 2

� $ y (
y =

1

x2 + x + 1

�
- � {1x �4^��`q!p`gts ��gYc b g��1^ 
 jlZ��Yfh^`gYi`^km �1u![�
 ^`e`gYi`^km�[km�^`c��`d!q!d!gYi`^")

$ (
y =

3

x + 5
� x (

y =
4

(x− 3)(x− 7)
�

0
(
y =

2

x2 − 9
� � (

y =
x

x2 − 16
�



� �

{ (
y =

9(x2 − 5)

3x2 + 7

� �
(
y =

x

(x + 3)2

�

-'(
y =

x2 − 3x + 5

x2 + x− 6

� �
(
y =

x3 + x + 2

2x3 − 16

�

&
(
y =

2− 3x

4 + 5x
� $ y (

y =
1− x2

1 + x2

�

$'$ (
y = x +

1

x

� $ x (
y = 2x +

2

x + 1
�

$ 0
(
y =

x2 − 5x + 6

x− 2
� $ � (

y =
x3

x2 + x− 2
�

$ { (
y =

5x5

x4 − 9
� $ �
(

y =
2x7

4 + x6

�

$ -'(
y = ln(1− x2)

� $ �
(
y =

2x3 ln x

x2 + 1

�
- � { 04�*�1[`cYq!^`e`p`_a^`gts ��gYc b g��1^�
 jlZ��Yfh^`gYi`^ b [![`[��1gts cY[%s:^��1u![�
 ^kn

e`gYi`^")
$ (

y = x2 + x
� x (

y = x2 +
1

x

�

0
(
y = x3 − 12x2 + 36x

� � (
y = x3−3x2−24x+1

�

{ (
y =

x + 2

3x− 1
� �
(

y =
2x + 1

x− 1

�

-'(
y =

x2

1− x

� �
(
y =

x2

x− 3

�

&
(
y = x +

1

x

� $ y (
y = e−x2/2 �

$'$ (
y = ln(1 + x2)

� $ x (
y =

3
√

x3 − 3x
�



s:[`p`^��#XYXYX

��� ��,&��
!	)��,�
 ��"�	�� ����������	�����	

�4� $'�*�1[`cYq4m�[���gts cY[`uAs:ekj s ��g b ^km S

 [`uAs:q!i`^"	hu!q��1q!u!f cY^km�^

a
�1p`gYu b ^km�[ b [ b b ^`[��1q!ZY[`_a^km 
 jlZ��Yfh^`["�

�4� x �*�1[`cYq4m�[���gts cts:_a^`[`ZY^<[`cYq!ZY[��1gYi`^
(TR)

	 u!q��1q!u!f m�[��Yq!Z n
_a^km

Q
u![`q b gYZYq!i`^km�[ b [�[`cCm�[��Yq!ZY_a^km<gYuAs:^�gYuAs:g jl_a^km

P

 [km�^km 
 jlZ��Yfh^`["�

�4� 04�*�1[`cYqAs:p`[`_agts 
 jlZ��Yfh^`^kmVcYZY^���p`ZYgY_aq!i`[�cY^%s:^%s:gYikjl_ \�gYu4n
d!^`_ ��^")
$ (

z = x2y3 − 4xy − 8x, M(1;−2);
x (

z = ln(x2 + y2), M(−1; 2);0
(
z = (x2 + 1) ln(x + y2), M(0; 2).

�4� �1�4^��`q!p`gts 
 jlZ��Yfh^`^km �1[`Z m�[.+/�!p`u!^km�[`u!g�)

1) z = x2 + y;

2) z =
1

x2 + y2
;

3) z =
xy

x− y
;

4) z = ln(16− x2 − y2);

5) z =
√

25− x2 − y2;

6) z =
1

√

x2 + y2 − 9
;

� �



� 1

7) z =
2

√

x2 + y2 − 5
;

8) z =
5

x2 − 4y2
;

9) z = ln x(y2 + 1);

10) z = ln x2(y − 2)2 ;

11) z = ln(x− 3)y2.

�4� { �*�1[`cYqAs:p`[`_agts +/�!p`[`u!^")
$ (

lim
x→1
y→2

(3x2 − 2xy + y2)
�

x (
lim

x→−1
y→0

(5x2 + 7xy − 8y2)
�

0
(
lim

x→−1
y→2

√

8x2 + 4y2 �

� (
lim
x→1
y→0

ln(x + ey)
√

4x2 + y2

�

{ (
lim
x→1
y→2

3xy

x2 + y2 + 5

�

�
(
lim
x→1
y→2

3−√xy + 4

x2 + y2 + 1
�

�4� �4�%��gY^km%\�[`p`_agts

f(x, y) =







xy

x2 + y2
,
u!q!fh[

x2 + y2 6= 0

0,
u!q!fh[

x2 + y2 = 0


 jlZ��Yfh^`^km
j�\
.Yp`gYd!q!i`^kmUm�[`e`^%s ��^"�



� �

�4� - �%��gY[`cYq:\�cYgts6	Tj�\
.Yp`gYd!^`[�s3j�[`u![ 
 jlZ��Yfh^`[

f(x, y) =







x2y

x4 + y2
,
u!q!fh[

x4 + y2 6= 0,

0,
u!q!fh[

x4 + y2 = 0.
�4� �4�4^��`q!p`gts�
 jlZ��Yfh^`^km �`^`u!p`gY_a^�u!^��1^km-e`gYu��Yq \�[`u!cYq!gYikjl_ag n

i`^")
$ (

z = x2y3 − 4xy2 + 7x3 + 10
�

x (
x = 4x3y2 − 2xy − 3y2 + 5

�

0
(
z = 5x2 + 7xy4 − 14x + 15y + 11

�

� (
z = x2(y3 − x3)

�

{ (
z = (y − 3) ln2 x

� �
( x2

3x2 − y2

�

-'(
z = y3e4x2 � �
(

z =
x2 + 5y

4x2 + 7y2

�

&
(
z =

4x2 + 5y3

4x− 8
� $ y (

z =
4y2

5x2 − 18
�

$'$ (
z =

x2 + y3

4xy

� $ x (
z =

3xy

4x2 + 3y3

�

$ 0
(
z = (5x2 + y3)4 � $ � (

z = (4x2− 7y2 +5)3 �

$ { (
z=

√

4x2+7y3+11
� $ �
(

z = 4x2e5y �

$ -'(
z = −3y3e5x2

+ 4xy
� $ �
(

z = e
x

y
�

$�&
(
z = e5x2+7y3+8xy+15 � xzy (

z = 3xy2+5xy+7 �

x $ (
z = ln

5x

y2 + 5
� x1x (

z = ln
4x2

7x2 + 2y
�

x 0
(
z = y2 log5 x

� x � (
z = 7x3 log2 y

�

x1{ (
z = xy � x �
(

z = logx y
�



� �

�4� &4�*�1[`cYqAs:p`[`_agts 
 jlZ��Yfh^`^km'm�u4jl_a^ b ^�
 gYu!gYZYfh^`[`_a^
cY^%s:^%s:g n
ikjl_ \�gYu!d!^`_ ��^")
$ (

z = 7x2y2, M(1;−1)
�

x (
z = x3 − 2xy + y2, M(−2; 1)

�

0
(
z =

1

2
ln(x2 + y2), M(1; 2)

�

� (
z =

x

y
+ 5x2, M(2; 1)

�

{ (
z = 4e5x2+y3

, M(3; 2)
�

�
(
z = x3y, M(2; 1)

�

-'(
z = 5x3e8y + 11, M(1; 2)

�

�
(
z = 3 log2 x + 4y, M(4; 2)

�
�4� $ y �4^��`q!p`gts 
 jlZ��Yfh^`^kmUcYgYq!u!gCu!^��1^km�e`gYu��Yq \�[`u!cYq!gYikjl_agYi`^")

$ (
z = 3x2y4 + 4xy − 9x + 17y

�

x (
z = 7xy3 − 11x2 + 9

�

0
(
z = 4x ln y

�

� (
z = ln(x2 + y3)

�

{ (
z =

y3

x2 − 9
�

�
(
z = 4ex ln y

�

-'(
z = 5 ln(x2 + 9xy)

�

�
(
z = 2e8xy �

&
(
z = (x2 − 9y3)4 �

$ y (
z =

x3

2 + y3
+ e4y �



� �

�4� $'$'�4^��`q!p`gts uAs3jl_a^ 
 jlZ��Yfh^`^kmU\�[`u!cYq!gYikjl_a^")

$ (
z =

5x2

7y3
, x = 2et, y = t2

�

x (
z = ln(x3 + y) , x = t2, y =

√
t
�

0
(
z = ln(5x2 + 7xy) , x = et, y = ln t

�

� (
z = 5x2y3 + 11xy − 9x2 , x = 4t, y = t3

�

{ (
z = 7xy − 15x + 12y − 11 , x = 5t, y = t2

�

�
(
z = (x + y)4 , x = et, y =

4
√

t
�

-'(
z =

√

x + y

x− y
, x = t4, y = t2

�

�
(
z = 4y ln x , x = 4et, y = t

�
�4� $ x �4^��`q!p`gts [`u![`f ��[ b ^ 
 jlZ��Yfh^`^km
\�[`u!cYq!gYikjl_a^")

$ (
x2 − 2xy + 7y2 = 10x3 − 11x + 12y − 5

�

x (
4x3 − 2xy − 9 = 11x2 + 12y − 18xy2 �

0
(
y3 + xy = ln(x2 + 2y)

�

� (
4y3 − 15x2 + 17xy2 = 0

�

{ (
ey + xy = 0

�

�
(
x ln y + 7 · 2x + 15 = 0

�

-'(
4ex + 9x2y = xy − 15

�

�
(
7e3x + 4y3 = ln(3x− 4y)

�

&
(
8ex2+y3

= ln(x + y)
�

$ y (
3 log2 y = x · 5y �



� �

�4� $ 04�4[ � p`gYZYgts6	�u!q!c
z = f(x, y)

[`u!^km
m
u!^��1^kmGgYuAs��1p`[`u!q!p`[`ZY^


 jlZ��Yfh^`[")
$ (

z =
5x2 + 8xy + 4y2

10x + y
, m = 1

�

x ( √

5x2 + 7xy − 10y2 , m = 1
�

0
(
z = 5x + 10y, m = 1

�

� (
z =

ax + by

cx + dy
, m = 0

�

{ (
z = x2 + 2xy + 3y2, m = 2

�

�
(
z =

x3 + 4xy2

x + y
, m = 2

�

-'(
z = 7x4 + 7x3y + 8y4, m = 4

�

�
(
z =

√

2x4y2 + 4x3y3 , m = 3
�

�4� $ �1�4[ � p`gYZYgts6	Au!q!c<p`^�� m�gY_
�

e`q��
�

b [��1_a[km�^km�
 jlZ��Yfh^`[ \�[`u!cYq4n
[ b �1gYZ m m

u!^��1^km�gYuAs��1[`u!q!p`[`Z 
 jlZ��Yfh^`[km
)
$ (

Q = CK
1

4 L
1

2 , m =
3

4
�

x (
Q = CK

1

3 L
2

5 , m =
11

15
�

�4� $ { �4cYqAs ��q!p`ZY^km 
 jlZ��Yfh^`[km�[��Ypkm
m�[���g

Q = 270− 3P − 4PA + 0, 2Y.

^��`q!p`gts cYqAs ��q!p`ZY^km
[�(�e`gYu��Yq gY_a[km�d!^`ekjlu!q!i`[ 
 [km�^km�cY^`cY[`uAs �
i�( �Cp`[`u!g b ^`ZY^UgY_a[km�d!^`ekjlu!q!i`[ �
� (�e`gYu��Yq gY_a[km�d!^`ekjlu!q!i`[ ��gYcYq4m�[`p`_a^kmwcY^`cY[`uAs6	ls3j

P = 15 $, PA = 20 $, Y = 500 $.



� �

�1[`cYqAs:p`[`_agtsIcYqAs ��q!p`ZY^km �`u!q!fhgYZYd4jl_a^ fhp`_a^`_agYi`["	�s3j
m�[��Yq!ZY_a^km 
 [km�^ �1[`^.+�u b gYi`[ { gYuAs:g jl_a^%s6�

�4� $ �4�4cYq!fhgYc jl_a^`[
cYqAs ��q!p`ZY^km 
 jlZ��Yfh^`[

Q = 400− 5P − 3PA + 0, 01Y 2.

^��`q!p`gts cYqAs ��q!p`ZY^km
[�(�e`gYu��Yq gY_a[km�d!^`ekjlu!q!i`[ 
 [km�^km�cY^`cY[`uAs �
i�( �Cp`[`u!g b ^`ZY^UgY_a[km�d!^`ekjlu!q!i`[ �
� (�e`gYu��Yq gY_a[km�d!^`ekjlu!q!i`[ ��gYcYq4m�[`p`_a^kmwcY^`cY[`uAs6	ls3j

P = 10 $, PA = 20 $, Y = 100 $.

�1[`cYqAs:p`[`_agtsIcYqAs ��q!p`ZY^km �`u!q!fhgYZYd4jl_a^ fhp`_a^`_agYi`["	�s3j
[`_ad!gYu!ZY[`d!^kjl_a^ �`u!q b j��Yfh^`^km 
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 [��Yd!q!u!^���gYcYfh^`u b gYi`[ $�&-gYuAs:g jl_a^%s  ^���j�n
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$
��
 ^`u!cY^km m�[]\�[`u!cYq!q!
 jlZ�� n

fh^`[`[

Q = 6LK + 5L2.

\�[`u!cYq!gYi`^km
K b [ L


 [��Yd!q!u!gYi.+�g ��[`u��C^km�[%s:p`^km �1[`cYq4n
.Yq�
 ^`_a^�[��Ypkm 
 ^�� m�^`u!gYikjl_a^ s:[`Z���[ xzy1y

$
�3^��`q!p`gts \�[`u4n
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P = fD(Q) = 1000− 0, 2Q− 0, 06Q2.

^��`q!p`gts cYq!c���cY[`u!gYi`_a^km b [`ZY[.+�q��1^"	hs3j p`[`v`u!q!i`^km b q!ZYgY[
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s:g jl_a^km 
 [km�^`[

P0 = 6
	 ��q!_aq cYqAs ��q!p`ZY^km 
 jlZ��Yfh^`[")

[�(
P = 38− 4Q
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i�(
P =

18√
Q + 2

�
&4� 0'&4�4^��`q!p`gts cYq!c���cY[`u!gYi`_a^km

(CS) b [`ZY[.+�q��1^"	�s3j�cYqAs ��q!p`ZY^km
fD(Q)
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�

i�(
P = fD(Q) = 50−Q2, Q0 = 6
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p`ZY^km 
 jlZ��Yfh^`[`[

P = fP (Q) = 30− 2Q,

��q!_aq cY^]\�q b gYi`^km 
 jlZ��Yfh^`[ �

P = fS(Q) = 10 + 2Q.
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Q0
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cYqAs ��q!p`ZY^km 
 jlZ��Yfh^`[
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 jlZ��Yfh^`[

P = fS(Q) = Q2 + 3Q + 6.
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$ y � $'�4[`e`cY[ .Yq�
 ^`_agYikm s3j [`u![-cYq!fhgYc jl_ b ^�
 gYu!gYZYfh^`[`_�jlu �1[`Z n
d!q!_agYi`[km

y = f(x)

 jlZ��Yfh^`[��

$ (
xy′ = 2y, y = 5x2 �

x (
y′′ = x2 + y2, y =

1

x

�

0
(
y′′ − 2y′ + y = 0, y = xex �

� (
y′′ − 4y = 0, y = e2x �

{ (
(x− y + 1)y′ = 1, y = x + 6ex �

�
(
x + y + x

dy

dx
= 0, y = e3x + 4

�

-'(
y′′ − 2y′ + y = 0, y = (1 + 2x)ex �

�
(
y′′ + 2y = 0, y = xex �

$ y � x �4^��`q!p`gts b ^�
 gYu!gYZYfh^`[`_�jlu!^��1[`ZYd!q!_agYi`^km +�q��1[ b ^A[`cYq!ZY[��`n
m�gYZY^")
$ (

y′ = 2x + 5
�

x (
y′ = x + e2x �

0
(
y′ = 6

�

� (
y′ = 4x + 3

�

{ (
y′′ = 3− 2x

�

� �
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(
y′′ = 6x + e2x �

$ y � 04�4^��`q!p`gts b ^�
 gYu!gYZYfh^`[`_�jlu!^-�1[`ZYd!q!_agYi`^km e`gYu��Yq [`cYq!ZY[��`n
m�gYZY^")
$ (

y′ = 4x3 + 3x2 	�s3j y(0) = 1
�

x (
y′ = xex 	�s3j y(0) = 2

�

0
(
y′ =

2x

1 + x2

	�s3j
y(1) = 0

�

� (
y′ = ln x

	ls3j
y(1) = 1

�

{ (
y′′ = 3x2 + 4

	ls3j
y(0) = 2

	
y′(0) = 1

�

�
(
y′′ = 2 + ex 	ls3j y(0) = 3

	
y′(0) = 1

�
$ y � �1�4[`cYq*�`m�gYZY^%s �1[`ZYfh[`_agYi`[ b fhp`_a[ b gYi`^`[`ZY^ b ^�
 gYu!gYZYfh^`[`_�jlu!^

�1[`ZYd!q!_agYi`[")
$ (

xyy′ = 1− x2 �

x (
xy′ = y2 	ls3j y(1) = 1

�

0
(
yy′ =

1− 2x

y

	�s3j
y(0) = 3

�

� (
(xy2 + x)dx + (y − x2y)dy

�

{ (
yy′ + x = 0

�

�
(
(1 + y2)dx + xy dx = 0

�

-'(
y′ = ex+y �

�
(
(1 + ex)yy′ = ex �

$ y � { �4[`cYq*�`m�gYZY^%s��`^`u!p`gY_a^�u!^��1^km<gYuAs��1p`[`u!q!p`[`ZY^ b ^�
 gYu!gYZYfh^kn
[`_�jlu!^ �1[`ZYd!q!_agYi`gYi`^")
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x dy − y dx = y dy
	�s3j

y(2) = 1
�

x (
y′ =

y

x
− 2
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y′ =

x + y

x− y

�

� (
(y − 2x)dy + 2y dx = 0

	ls3j
y(0) = 1

�

{ (
(y − x)y dx + x2dx = 0

�

�
(
y dx + (2

√
xy − x)dy = 0

�

-'(
y2dx + (x2 − xy)dy = 0

�

�
(
(x− y)dx + (x + y)dy = 0

	�s3j
y(1) = 0

�
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x
= x

�

x (
y′ +

y

x
=
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x

�

0
(
y′ +

2

x
y = x3 �

� (
y′ +

2x

1− x2
y = x + 1

�

{ (
y′ + y = e−x 	�s3j y(0) = 2

�

�
(
y′ + 2xy = 3x2e−x2 	ls3j

y(0) = 1
�

-'(
xy′ + y = x + 1

	�s3j
y(2) = 3

�

�
(
xy′ + 2y = 3x

	ls3j
y(−2) = 0

�
$ y � - �4[`cYq*�`m�gYZY^%s ��gYc b g��1^ b ^�
 gYu!gYZYfh^`[`_�jlu!^ �1[`ZYd!q!_agYi`gYi`^")

[�(
y′′ = 3x2 + 2x

�

i�(
y′′ = x + ex �

� (
y′′ = 6 + 4e2x �

b ( y′′ =
1

x3
− 4.

$ y � �4�4[`cYq*�`m�gYZY^%s cYgYq!u!g
u!^��1^km�c j b cY^`p`e`q!g 
 ^`fh^`gYZYd!gYi`^`[`ZY^<\�u4n

 ^`p`^
gYuAs��1p`[`u!q!p`[`ZY^ b ^�
 gYu!gYZYfh^`[`_�jlu!^ �1[`ZYd!q!_agYi`gYi`^")
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$ (
y′′ − 9y′ = 0

	ls3j
y(0) = 1

	
y′(0) = 2

�

x (
y′′ + 4y′ = 0

	�s3j
y(0) = 1

	
y′(0) = 4

�

0
(
y′′ − 4y′ + 3y = 0

�

� (
y′′ + 5y′ + 6y = 0

�

{ (
4y′′ + 4y′ + y = 0

�

�
(
y′′ − 6y′ + 9y = 0

	ls3j
y(0) = 1

	
y′(0) = 3

�

-'(
4y′′ − 12y′ + 9y = 0

�

�
(
y′′ + 2y′ + y = 0

	�s3j
y(0) = 2

	
y′(0) = 1

�

&
(
y′′ + 4y′ = 0

	�s3j
y(0) = 1

	
y′(0) = 2

�

$ y (
y′′ + 2y′ + 5y = 0

�

$'$ (
y′ + y = 0

	�s3j
y(0) = 0

	
y′(0) = 1

�

$ x (
y′′ + 4y′ + 8y = 0

�
$ y � &4�4^��`q!p`gts cYgYq!u!gAu!^��1^km'c j b cY^`p`e`q!g 
 ^`fh^`gYZYd!gYi`^`[`ZY^;\�u�
 ^`p`^

[`u![`gYuAs��1p`[`u!q!p`[`ZY^ b ^�
 gYu!gYZYfh^`[`_�jlu!^ �1[`ZYd!q!_agYi`^km +�q4n
�1[ b ^
[`cYq!ZY[��`m�gYZY^")
$ (

y′′ − 4y′ + 4y = x2 �

x (
y′′ − y = x2 − x + 1

�

0
(
y′′ + y′ = 3

�

� (
y′′ − 3y′ = 2− 6x

�

{ (
y′′ + 2y′ + y = e2x �

�
(
y′′ + y = 4ex �

-'(
y′′ − 2y′ − 3y = 6xex �

�
(
y′′ − 2y′ + y = ex �

$ y � $ y �0m�[���gY_ac \�^�
 q4m-i`u4jlZYp`[���^�[��YpkmwgYu!q!p`Z jl_a^�p`[`_�jld!^km �<cY^kn
_a^`[`u b ^�gYuAs:g jl_a^"�Ccts:[`p`u!q!i`[`c �1[ b []\
.Yp`^`d![ i`u4jlZYp`[���^
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 jl_a^km;[���[`_a^KZY^���ZYgYi`^"� .Yq!p`gY_ b �!^kjlu![ b i`[`ZYekn
��^ ��g b ^km { cY^`_a^`q!ZY^'gYuAs:g jl_a^km ��g m�[`i`[`cY^km�^ �Yp`gY_a^'ekj��`^kn
jlu!["	�cY^kmwZY[`fhp`_a[ b i`u4jlZYp`[���^ �1[ b ^km ��g m�[`i`[`cY^km�^�u![`q b g n
ZYq!i`^kmw[���[`_a^ 
 jl_a^km�ZY^���ZYgYi`^"�
$ ( ��gY[ b �1^`ZYgts b ^�
 gYu!gYZYfh^`[`_�jlu!^��1[`ZYd!q!_agYi`["	 u!q!cYg n
_a^`f [��:\�gYu4m�[���[`_a^Up`[`_�jld!^km�i`u4jlZYp`[���^ ��g m�p`_a[km �

x (�u![ b u!q b [km�v`^`u b gYi`[ �Yp`gY_a^'p`[`_�jld!^km � y � nr^%s���g n
fhp`_a[km �

$ y � $'$'�0m�[���gY_ac \�^�
 q4mwi`u4jlZYp`[���^
[��Ypkm �wcY^`_a^`[`u b ^UgYuAs:g jl_a^
p`[kn
_�jld!["�Gm�[`v`^`u!q![ ��gYcYq!^��!gYikjl_ ^��YZY[km 
 jl_a^km [���[`_a^ ZY^kn
��ZYgYi`^"� .Yq!p`gY_ b �!^kjlu![ b i`[`ZYe���^ ��g b ^km $ y cY^`_a^`q!ZY^VgYu4n
s:g jl_a^km ��g m�[`i`[`cY^km�^ �Yp`gY_a^Uekj��`^kjlu!["	+cY^kmwZY[`fhp`_a[ b i`u4j�n
ZYp`[���^ �1[ b ^km ��g m�[`i`[`cY^km�^wu![`q b gYZYq!i`^km-[���[`_a^ 
 jl_a^km�ZY^kn
��ZYgYi`^"�
$ (�u![`c b gYZ ��[`Z���^ b [`u � gYi`[�i`u4jlZYp`[���^ �Yp`gY_a^�p`[`_�jld!^km

1
4

�

x (�u![ b u!q b [km�v`^`u b gYi`[ �Yp`gY_a^ p`[`_�jld!^km cts:_a^`[`ZY[ b
��gYfhp`_a[km �

$ y � $ x �0m�[���gY_ac \�^�
 q4mwi`u4jlZYp`[���^
[��Ypkm �wcY^`_a^`[`u b ^UgYuAs:g jl_a^
p`[kn
_�jld!["�0m�[`v`^`u!q![-��gYcYq!^��!gYikjl_ ^��YZY[km 
 jl_a^km [���[`_a^�ZY^��1n
ZYgYi`^"��.Yq!p`gY_ b �!^kjlu![ b i`[`ZYe���^ ��g b ^km � cY^`_a^`q!ZY^�gYuAs:g n
jl_a^km ��g m�[`i`[`cY^km�^ �Yp`gY_a^ ekj��`^kjlu!["	'cY^km ZY[`fhp`_a[ b i`u4j�n
ZYp`[���^ �1[ b ^km ��g m�[`i`[`cY^km�^wu![`q b gYZYq!i`^km-[���[`_a^ 
 jl_a^km�ZY^kn
��ZYgYi`^"�4u![`c b gYZY^ b �!^km���gYc b g�� ^��YZYgYi`[�i`u4jlZYp`[���^ q!u��CgYu
cYgYd!^
[���[`_a^Uekj��`^kjlu![ �Yp`gY_Cs:[`Z6��g b [`u!gYi`^%s6�

$ y � $ 04� b [`pkj1��p`[%s t b u!q!^km�[%s:p`^km<m�[���gY_ac \�^�
 q*��^-cYq4m�[���_agYq!i`^km
u![`q b gYZYq!i`[`[ P = P (t)

	lfhZYq!i`^`_a^`["	 u!q!c ��q!i`[ b q!i`[ b [
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m�^`e`p b ^`_a^`[`ZYq!i`[ b u!q!^kmKgYuAs:g jl_ ��^6�`u!q��`q!u!fh^kjl_a^`[KcYq4n
m�[���_agYq!i`^km�u![`q b gYZYq!i`^km
	��`u!q��`q!u!fh^kjl_aq!i`^km�e`q!g 
 ^`fh^kn
gYZYd!^`["	���g m�[`i`[`cY^km�[ b 	 1

16
b [ 1
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	%�1[`u b [ [`cY^km�["	0m�[���gY_ac n
\�^�
 q*��^w[`u!^km-gYcY^��1u![`fh^`["	 u!q!cY_a^kmwm�^ � �Y[`u!gY[ $ {zy1y e`[`fh^
\�gY_a^]\�[ b ��^"���1[`ZYpkm�[.+/�!p`u!qAs cYq4m�[���_agYq!i`^km u![`q b gYZYq!i`[
b u!q!^kmwZYgYi`^km�cY^`gYu!^UcYq!cYgYZYd!^km�[%s:p`^km
	+s3jVfhZYq!i`^`_a^`["	lu!q!c
t = 0

cYq!cYgYZYd!^km�[%s:p`^kmUcYq4m�[���_agYq!i`^km�u![`q b gYZYq!i`['d!q!_a^`[
35 · 106 �

$ y � $ �1�4p%s��Yp`[%s6	Am�[`f ��q!p`u!gYi`gY_a^ �1[`u!gYcYq4m�[ b [ m�[`e`p`gYi`^ u!g m`jlu4n
m�gYi`^km ��g,+/�4j b jl_aq!i`^km �1[`cYq cYq4m�[���_agYq!i`^km cY[�� m�^`cY[`_�j�n
u!^ u![`q b gYZYq!i`["	Au!q!cYgY_a^`f ^`[`u4m�gYi`gYikm b [ �1[`cYq!^`e`p`gYi`gYi`[
[`u4m�gYikjl_a^Uu!g,+�gYu!p`gYi`^%s6	�d!q!_a^`[ { cY^`_a^`q!ZY^km
�lcYq!fhgYc jl_a^
t b u!q!^km�[%s:p`^km<cYq4m�[���_agYq!i`^km<u![`q b gYZYq!i`[`[ P (t)

	1��q!_aq
cYq4m�[���_agYq!i`^km +�u b ^kmAm�[ � �Y[`u!g��`u!q��`q!u!fh^kjl_a^`[ 1

250
P (t)·

[5 · 106 − P (t)]
m�^ b ^ b ^km
�/�1[`ZYpkm�[.+/�!p`u!qAs cYq4m�[���_agYq!i`^km

u![`q b gYZYq!i`[ t
cYq!cYgYZYd!^km�[%s:p`^km
	ls3j�m�[]\
.Y^km

t = 0
cYq!cYgYZYd4n

��^
cYq4m�[���_agYq!i`^km�u![`q b gYZYq!i`[`[ 4, 5 · 106 �



s:[`p`^ �#X

� ���%	�,�	)" ������ �( � ��������	�����
!��������������	
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.Yg�)
$ (

x ≥ 5
� x (

y < −3
�

0
( −2x ≥ 7
� � ( −y

5
≤ 1, 2

�

{ (
2x− 3y ≥ 3

� �
(
4x− 5y ≤ 1

�

-'(
y ≥ 2x

� �
(
y ≤ x + 1

�

&
( −x + 40y ≤ 160
� $ y (

0, 1x + 0, 2y ≥ 2, 75
�

$'$ (
0, 3x + 2, 1y − 3 ≤ 0

� $ x (
2x + 4y ≥ 5x− 1

�
$'$'� x � b [���d!u!^���gts b [km�[���p`gYiVcYZY^���p`ZYgY_aq!i`[%s:[�[`u!g b [ ^��`q!p`gts

cY^km�^'\�p`gYu!q!gYi`^")

$ (
{

x + y ≤ 5,

x ≥ 0;

x (
{

2x + y ≤ −3,

4x− 2y ≥ 12;

0
(
{

7x + y ≤ 11,

2x− 3y ≥ −10;

� (










x + 3y ≤ 9,

4x− y ≥ 10,

y ≥ 0;

{ (










4x + 2y ≤ 5,

−x + y ≤ 0,

y ≥ 0;

�
(



















2x + 3y ≤ −5,

3x− 2y ≥ 12,

x ≥ 0,

y ≥ 0;

� 1



� �

-'(



















3x + 2y ≥ 6,

3x + y ≤ 9,

x ≥ 0,

y ≥ 0;

�
(










x + y ≤ 4,

x + y ≥ 1,

−x + y ≥ −1;

&
(



















x + y ≥ 1,

x + y ≤ 4,

−x + y ≤ 1,

y ≥ 0;

$ y (



























2x + y ≤ 10,

x + y ≤ 7,

x + 2y ≤ 12,

x ≥ 0,

y ≥ 0;

$'$ (



























3x + y ≤ 21,

x + y ≤ 9.

x + 3y ≤ 21,

x ≥ 0,

y ≥ 0;

$ x (



















x + y ≥ −3,

x− y ≤ 5,

y ≤ 3,

x ≥ 0;

$ 0
(



























2x + y ≥ 8,

2x− 3y ≤ 0,

y ≤ 10,

x ≤ 12,

x ≥ 0;

$ � (



























2x + y ≤ 12,

4x− 3y ≤ 0,

y ≤ 10,

x ≤ 3,

x ≥ 0.

$'$'� 04�4^��`q!p`gts
f(x, y) = −x + 2y

cY^.+�ZY^km 
 jlZ��Yfh^`^km-j b ^ b g m�^
b [;jlcYfh^`u!g m�^'cYZY^���p`ZYgY_aq!i`gYi`^"	ls3j x b [ y

[`e`cY[ .Yq�
 ^`_agYikm
��gYc b g�� �`^`u!q!i`gYikm
)

$ (










2x + 3y ≤ 18,

y ≥ 0,

x ≥ 0;

x (










x− y ≤ 1,

x + y ≤ 6,

x ≥ 1;



� �

0
(










2x + 5y ≤ 0,

2x− 5y ≤ 20,

x ≥ 0.$'$'� �1�4^��`q!p`gts ��gYc b g��1^'[`cYq!fh[`ZY^km�[`cYq!ZY[��`m�gYZY^")
$ (

max(x + 2y)
x (

max(10x + 15y)










x− y ≤ 0,

x ≥ 0,

y ≥ 0;



















2x + y ≤ 100,

0, 1y ≤ 4,

0, 1x ≥ 1,

y ≥ 20;
0
(

max(2x + 3y)
� (

min(8x + 12y)


























x + y ≤ 7,

x + 2y ≤ 12,

2x + y ≤ 10,

x ≥ 0,

y ≥ 0;



















x + y ≤ 10,

x ≥ 1,

x ≤ 3,

y ≥ 0;

{ (
min(5x + 15y)

�
(
min(x + y)



















x + y ≤ 0,

−2x + y ≥ 1,

x ≥ 0,

y ≥ 0;



























x + 2y ≥ 11,

3x + 2y ≥ 17,

3x + y ≥ 10,

x ≥ 0,

y ≥ 0;
-'(

max(5x + 50y)
�
(

min(100x + 125y)


















−x + y ≥ −4,

−x + y ≤ 0,

y ≥ 1,

y ≤ 4;



















x + y ≥ 5,

−2x + 2y ≤ 2,

−2x + y ≤ 2,

y ≥ 0;



� �

&
(
max(x + 2y)

$ y (
max(5x + 10y)



























x + y ≤ 6,

x− 2y ≥ 0,

y ≤ 4,

x ≥ 0,

y ≥ 0;



























x + 3y ≤ 36,

x + y ≤ 16,

2x + y ≤ 24,

x ≥ 0,

y ≥ 0.
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ZY^���ZYq4m
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A
d!^��`^km �`u!q b j��Yd�+�gac j b cY^`p`[ b [`u4m�gYi`q!ikm

cYqAs ��q!p`ZY[ xzy gYuAs:g jl_a^km q b gYZYq!i`^%s6	4u!q!cYgY_a^`f 
 ^`u!cY[`c
jlZ b [ b [`[`e`cY[ .Yq�
 ^`_aq4m
� A d!^��`^km �`u!q b j��Yd!^kmwm�[`u!gY[`_a^kn
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 [km�^`[ � y b q!_a[`u!^"	1��q!_aq B

d!^��`^km�[ � � y b q4n
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 ^`u!cY[`c�.Yq!p`gY_ae`p`^`u!g jl_a^
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 ^"	agYuAs:^���[`u!p`_a^km ��g m�[`e`gYu![ b e`^ � x cYgYd4n
u!^ � m�q!p`^`_a^ b [�$ y �1u![`cY^ �Y[�
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cYgYd!u!^ � m�q!p`^`_a^ b [ { e`^`_aq��1u![`cY^��Y[�
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s:g jl_�m
��gYuAs:^��`^.�C[`e`^kmGu!gY[`_a^.+�[`fh^`^km ��g b g��1[ b cY^��!gYikjl_a^
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� y b q!_a[`u!^"�4u![`c b gYZY^ �`^.�C[`e`^ b [ ��[`u!p`[`_a^-jlZ b [ ��gYe`g n
u!q4m<m�[]\�[`u!cYq!cUcY[�� m�^`cY[`_�jlu!^ ��gYcYq4m�[`p`_a^km cY^��!gYi`^km�cY^.+Tn
ZY^%s �U^��`q!p`gts cY[�� m�^`cY[`_�jlu!^ ��gYcYq4m�[`p`[`_a^"�

$'$'� - �0m�[`[`u � gYp`ZYq e`[`c��`[`ZY^`[���^ cYq!ZY[]\�^`_ag �`[`u!d!^`gYikm m�[���gY_ac \�^kn

 q m�s:[`p`[.+�q!ikm
j 
 [km�q m�[`u!gYe`_a[`cYq gts:gYu4m
d!gY_agYp`^.+�^`^%s:[
b [ u![ b ^`qAs:^"�4s:^%s:q!g jl_a^��`[`u!d!^`^km�[%s:p`^km \�^`ZY[<m�[`[`u � g n
p`ZYq �`gYu!^`q b ��^!m�[`u!gYe`_a[`cYq b u!q�[`u jlZ b [�[��!gYcY[`d!gYi`q b g m
�C[`c���^ { m�[`[%s3m
	�[`cY[km�s:[`Z�	`m�[`d!gY_agYp`^.+�^`qVu!gYe`_a[`cY^km b [km�[��1n
p`gYi`^<cY[�� m�^`cY[`_�jlu!^�q b gYZYq!i`[`[ xzy1y \Tj s:^"	 ��q!_aq u![ b ^`q
u!gYe`_a[`cY^km � x1{zy \Tj s:^"�hd!gY_agYu!gYe`_a[`cY^km b u!q [`u jlZ b [
[��!gYcY[`d!gYi`q b g mCu![ b ^`q!u!gYe`_a[`cY^km {zy�� nom
��fhZYq!i`^`_a^`["	zu!q!c
d!gY_agYu!gYe`_a[`cY[ { n �CgYu j 
 u!q g 
 g��Yd4jlu!^`["	:p`^ b u!g�u![ b ^kn
q!u!gYe`_a[`cY["�zu![���[`Z��1u��Y_a^`p`q!i`^kmKd!gY_ag b [�u![ b ^`q!u!gYe`_a[`cY[
j/+�u4jlZYp`gY_ .Yq�
 m \�^`ZY[km�[`[`u � gYp`ZYqLe`[`c��`[`ZY^`^km cY[�� m�^`cY[`_�jlu
m�[`u��1gYi`gY_�m �

$'$'� �4�4[`p`d!q��Y[`u*��[`ZY[ j1��p`gYikm q!u!^
A b [ B

cYq b gY_a^km [`p`d!q!cYq4n
i`^`_�m
�zm�[]\�[`u!cYq!q��`u!q!fhg m�^ ��jl_a^km���cYq!ikm#Xhm�[`[`c��Yu!q*��^ �Y[kn
u!^km
[]\
.Yq!i`[km
	�XYX:m�[`[`c��Yu!q*��^ ��g��!gYi`p`[km b [#XYXYX4m�[`[`c��Yu!q*��^
[`p`d!q!cYq!i`^`_a^km�d!g��YZY^`ekjlu �1[`cY[`uAs:p`[km
�

A
cYq b gY_a^km'[`p`d!q!cYq!i`^`_a^km �1[`cYq4m�[���p`gYi`[ b X3m�[`[��Yu!q4m

g m�[`v`^`u!q!gYi`[ x m�s6	�XYX3m�[`[`c��Yu!q4m � �4m�s6	�XYXYX0m�[`[`c��Yu!q4m �
x m�s6�

B
cYq b gY_a^km#[`p`d!q!cYq!i`^`_a^km �1[`cYq4m�[���p`gYi`[ b X0m�[`[��Yu!q4m

g m�[`v`^`u!q!gYi`[ �4m�s6	�XYX3m�[`[`c��Yu!q4m � x m�s6	�XYXYX0m�[`[`c��Yu!q4m �
x m�s6�
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cYq��1gYi`[  � (

b [`i`[`Z b gYi`^km
cY[�� m�^`cY[`_�jlu!^
q b gYZYq!i`[  cY_aZ�� (

gYZYgYu��1gYd!^`e`[ $ y $ x 	 {
e`[`p���^`u��1[`i`c jl_aq!i`[ � $ {

[`cY[km�s:[`Z�	%m���p`[`q!i`[AgYZYgYu��1gYd!^`e`[km�[ b [!e`[`p���^`u��1[`i`c jl_aq4n
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[��!gYcY[`d!gYi`q b g m { cY^`_a^`q!Z b q!_a[`u4m
�Te`q!c��`[`ZY^`[km#m`jlu4m b [kn
[ b �1^`ZYq4m
	As3j u!q��1q!uIcYq![�� b ^`ZYq4m 
 jl_a^km�^`ZYp`g m�d!^`u!gYi`[
cY[�� m�^`cY[`_�jlu!^;cYq��1gYi`^km;cY^.+�ZY^%s6��u!^km�^Cd!q!_a^C^��YZYgYi`[KcY[�� m�^kn
cY[`_�jlu!^UcYq��1gYi`[��

$'$'� $ y ��
 gYu!cY[km-[��Ypkm {zy �Yu!q*��^km�[ b [ xzy1y f ��p`u!^km�m�[ b �1q!cY^"� 
 g n
u!cY^km m�[��Yq!p`u!gYi`^km 
 [`uAs:q!i`^`[!- x �`["�K\�_a^km �1[`ZYcY[`p`_aq4n
i`[���^�gYuAs:^��Yu!q*��^km �1[`cYq4m�[`e`p`gYi`[ b m�[`v`^`u!q![ $ �`[<m�[��Yq4n
p`[`u!^"	 ��q!_aq gYuAs:^ f ��p`u!^km �1[`cYq4m�[`e`p`gYi`[ b � y 	 x �`["�
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3

nom
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e`[`u![ b ^km u!gY[`_a^.+�[`fh^`^km ��g b g��1[ b cY^��!gYikjl_a^ cYq��1gYi`[ e`^
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