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რეზიუმე 

myari deformadi sxeulis meqanika dReisaTvis erT-erTi 
wamyvani dargia, romelic gamoiyeneba TiTqmis yvela sainJinro 
mimarTulebaSi. gansakuTrebiT kargadaa damuSavebuli drekadobis 
Teoriis is nawili, sadac mecnierebis miRwevebi dainerga XX 
saukuneSi Txelkedliani sivrciTi konstruqciebis gamoyenebiT 
manqanaTmSeneblobaSi, aviamSeneblobaSi, gemTmSeneblobaSi, 
nagebobaTa mSeneblobaSi  da teqnikis sxva dargebSi, aseve 
samrewvelo, sasoflo-sameurneo, savaWro, kulturul-sportuli 
nagebobebis gadaxurvis racionaluri gadawyvetis saqmeSi. 

naSromSi damuSavebulia drekadobis Teoriis sivrciTi 
amocanebis istoria. brtyeli amocanebis amoxsnis meTodebis da 
misi ganviTarebis istoria, teqnikis sxvadasxva dargSi myari 
deformadi sxeulis meqanikis gamoyenebis istoria da 
ganviTarebis etapebi meoce saukuneSi. 

gadmocemulia drekadobis wrfivi Teoriis istoria. 
aRniSnulia, rom drekadi tanis wonasworobis amocanaSi, 
rodesac ar arseboben masaTa Zalebi, moinaxeba zogadi 
gamosaxulebebi, romlebic SesaZleblobisdagvarad akmayofileben 
Cveulebriv diferencialur gantolebebs da ise arian agebuli, 
rom drekadobis Teoriis gantolebebi sruldebodes am 
gantolebebis ZaliT. drekadobis Teoriis gantolebis amoxsnis 
aseTi warmodgena mocemuli iqna p. papkoviCis mier da ramdenadme 
gvian g. neiberis mier. 

miCneulia, rom amonaxsnSi, iseve rogorc zogadi amonaxsnebis 
sxva formebSi, saWiroa vxedavdeT drekadobis Teoriis 
sasazRvro amocanebis amoxsnis sasargeblo damxmare saSualebas, 
romelic dauSvebs laplasis gantolebebis klasikuri kerZo 
amonaxsnebis uSualo gamoyenebas. konkretuli amocanis amoxsnis 
agebisas meoTxe harmoniuli funqciis SenarCuneba aadvilebs am 
amonaxsenTa arCevas, amitom ar saWiroebs masze uaris Tqmas. 

aRwerilia sen-venanisa da almanzis amocanebis istoria. 
rogorc cnobilia, prizmuli Reros Tavisufali grexis Sesaxeb 
amocana daiyvaneba harmoniul problemaze, romlis amoxsnaTa 
meTodebi kargadaa SemuSavebuli. adreuli naSromebi Reroebis 
grexaze miZRvnilia am amocanis Sekruli saxiT an 
trigonometriuli mwkrivebis saSualebiT amoxsnisadmi; maT 
miekuTvneba b. galiorkinis statiebi, romlebSic gamokvleulia 
prizmis grexa, romelsac tolferda marTkuTxa samkuTxedis 
saxis ganivi kveTi aqvs (1919) da paraboluri ganivi kveTis 
prizmebi (1924); amocana rigi kveTebis grexis Sesaxeb, romlebic 
SemosazRvrulia algebruli mrudebiT, gadawyvetilia d. benovis 
(1935, 1937) da d. gavras (1939) naSromebSi; mogvianebiT paraboluri 
prizmebis grexiT dakavebuli iyo v. bloxi (1959). mTliani an Rru 
lilvebis grexisas radialuri bzaris gavlena Seswavlilia 
a.lokSinis (1928) da v. liskovis (1930) statiebSi. grexis Teoriis 
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amocanebis amoxsnis sxvadasxva meTodebs (eqsperimentaluri 
meTodebis CaTvliT) moicavs a. dinikis monografia (1938). 

1925 wels g. kolosovma da d. gavrma grexis amocanis 
amoxsnisas pirvelad gamoiyenes kompleqsuri cvladebi; maT 
ganixiles amocana mcire centraluri kuTxiT arawriuli 
seqtoris grexis Sesaxeb. am mimarTulebiT fundamentaluri 
Sedegebi miiRo n. musxeliSvilma (1929), romelmac aCvena, rom 
caladbmuli da oradbmuli midamos grexis amocana, romelic 
asaxavs mocemul midamos Sesabamisad wresa da wriul rgolze, 
daiyvaneba kompleqsuri cvladis funqciis moZebnaze. prizmuli 
Reroebis grexis amocanebis amoxsnisas kompleqsuri cvladis 
funqciis Teoriis meTodebs iyenebdnen kvleviT muSaobaSi d. 
avazaSvili (1940), a. batirevi (1953), x. muStari (1938), a.ugodCikovi 
(1956) da sxva mecnierebi. 

r. kuzminma (1946) gamoiyena konformuli anasaxi sxva 
formaSi; man dasagrexi Reros sixistis uSualo gamoTvlisaTvis 
miiRo moxerxebuli formula, romelmac saSualeba mogvca 
gamogveTvala sixiste im profilebisaTvis, romelTa konturi 
Seicavs kuTxis wertilebs. SemdgomSi am sakiTxebze muSaobda 
p.kufariovi, romlis meTodi o. babakovma (1954) gamoiyena zeturi 
profilis  grexis ganxilvisas. 

maTematikuri drekadobis Teoriis Sereul amocanebad 
Cveulebriv drekadi wonasworobis iseT amocanebs gulisxmoben, 
roca sxeulis zedapirze ganlagebulia sxvadasxvagvari tipis 
sasazRvro pirobebis gamyofi xazebi. Tu gansaxilveli drekadi 
sxeulis zedapiri Sedgeba ramdenime gluvi waxnagisagan, maSin 
SeiZleba warmogvidges Sereuli amocanis xarisxobrivad 
gansxvavebuli ori ZiriTadi varianti. 

momdevno wlebSi drekadobis Teoriis zogadi gantolebebis 
gamoyenebaze da kerZod, papkoviC-neiberis funqciis gamoyenebaze 
dafuZnebuli meTodebis ganviTarebam, SesaZlebloba mogvca 
naxevarsivrcis drekadi wonasworobis bevri saerTo Sereuli 
amocana dagveyvana potencialis Teoriis Sereuli amocanebis 
zogierT klasebamde. potencialis Teoriis msgavsi amocanebis 
meTodurma damuSavebam saSualeba mogvca zustad amogvexsna  
zogierTi sakontaqto da msgavsi Sereuli amocanebi. am 
meTodebidan ZiriTadebi arian: sferoidaluri da elifsoidaluri 
koordinatebis gamoyeneba (a. lurie); grinis funqciis ageba da 
gamoyeneba (l. galini, m. leonovi, 1953); integralur gantolebaTa 
meTodi (i. Staermani, v. mosakovski, 1953); toroiduli 
koordinatebisa da integraluri gardaqmnebis gamoyeneba 
(i.ufliandi 1956, 1957); kompleqsuri potencialebis meTodi 
(m.rostovcevi, 1953, 1957). 

damuSavebulia Txelkedlian sivrciT sistemebSi myari 
deformadi sxeulis meqanikis ganviTarebis istoria. 

konkretuli Sinaarsis pirveli Sedegebi, romlebic 
ganekuTvneba brtyeli profilebis wonasworobas miRebuli iyo 
g.kolosovisa da n.musxeliSvilis mier. 
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n. musxeliSvilma mogvca pirveli da meore ZiriTadi 
amocanebis martivi amonaxsni wris, wriuli rgolisa da 
usasrulo sibrtyisTvis wriuli naxvretiT. damuSavebuli iqna 
mravali kerZo magaliTi sxvadasxva saxis gare zemoqmedebebisaTvis. 
amgvari saxis areebisaTvis ar moiTxoveba winaswari konformuli 
asaxva. gamoiyena ra konformuli anasaxi musxeliSvilma 
gadawyvita im droisaTvis rTuli amocana mTliani elifsis 
wonasworobis Sesaxeb.  

xarisxovani mwkrivebis meTodiT iyo gamokvleuli amocana 
Tanafokusuri elifsuri rgolis Sesaxeb (a. kalandia, 1953). am 
amocanis efeqturi amoxsnis algoriTmi kidev ufro adre 
miTiTebuli iqna m. Seremetievis mier, romelic iyenebda 
funqcionaluri gantolebebis meTods konformul asaxvebTan 
naerTSi. 

Catarebul gamokvlevaTa istoriuli mimoxilvisa da 
analizis safuZvelze SeiZleba gavakeToT Semdegi daskvnebi: 

− samecniero literaturaSi praqtikulad ar aris ganxiluli 
Txelkedliani sivrciTi sistemebis gaangariSebis meTodebis 
istoriuli analizi; 

− zogierTi Sromebis gamoklebiT, ganzogadoebuli impulsuri 
funqciebi gamoiyenebian mxolod diferencialuri gantolebebis 
CawerisaTvis, magram ara maTi amoxsnebis misaRebad. amave dros 
wyvetili funqciis SemoReba iZleva gaangariSebis iseTi, 
principulad axali meTodebis miRebis saSualebas, romlebic 
afarToeben amoxsnadi amocanebis klass da anzogadeben yvela 
amoxsnad amocanebs erTian meTodologiur safuZvelze. 
drekadobis wrfivi Teoriis istoriis safuZvelze dReisaTvis 
kidev ufro meti istoriuli masalis gadmocema da misi 
analizia Sesasrulebeli; 

− sen-venanisa da almanzis amocanebSi prizmuli Reros 
Tavisufali grexis amocana daiyvaneba harmoniul problemaze, 
romlis amonaxsnTa meTodebi kargadaa damuSavebuli da 
gaanalizebuli; 

− drekadi prizmuli Zelebis daZabul-deformirebuli 
mdgomareobis dadgena, rodesac Zelis boloebze moqmedebs 
nebismier ZalTa sistema, aseve warmoadgens drekadobis 
Teoriis erT-erT ZiriTad da rTul maTematikur amocanas. 
maTematikuri TvalsazrisiT igi ar aris bolomde  
gadawyvetili, Tumca e.w. `sen-venanis principis~ daxmarebiT 
xerxdeba am amocanis gadawyveta, romelic miaxloebiTia da ar 
SeiZleba CaiTvalos zustad. swored amgvar klasikur 
midgomadaa CaTvlili sen-venanis mosazreba, romelic 
literaturaSi damkvidrda `sen-venanis principis~, kerZod ki 
sen-venanis naxevrad Sebrunebuli meTodis saSualebiT.   

− musxeliSvilis gamokvlevebi problemebis farTo klass moicavs, 
misma Sromebma didi gavlena moaxdines meqanikisa da 
maTematikis mTeli rigi mimarTulebebis Semdgom ganviTarebaze. 
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Summary 
 

Nowadays the mechanics of elastic solid body is one of the leading fields. It is 
widely used in all engineering sciences. 

The section of the theory of elasticity is particularly well developed where 
scientific achievements have been implemented in the XX-th century, in particular 
thin walled space constructions were used in aircraft building, mechanical 
engineering, ship building, civil engineering and in other fields of technique and also 
in roof constructions of industrial, agricultural, trade, entertaining and sport building. 

The present work concerns the history of spatial problems of the theory of 
elasticity, as well as, the history of plane problems solution and its development, the 
history of using the mechanics of elastic solid body in various scientific fields and the 
stages of its development in the XX-th century. 

The history of the theory of linear elasticity is given. It is noted that in the 
problem of solid body equilibrium, in the absence of mass forces, general expressions 
can be found which, as far as possible, satisfy common differential equations and are 
set up in such a way that the equations of elastic theory be solved by these equations. 
Such representation of the solution of the equation of the theory of elasticity was 
given by P.Papkovich and later by G.Neibere. 

We think that in solution, as well as, in other forms of general solutions we 
have to presume the useful additional means of solution of boundary problems of the 
theory of elasticity which will allow using of classical partial solutions of Laplace 
equation. The preservation of the fourth harmonious function when constructing the 
solution of the concrete problem simplifies their choosing, therefore it should not be 
neglected. 

By using the theory of elasticity in isotropic solid we come to Galiorkin-
Busineski solution. 

The work also describes the history of Sen-Venan and Almanz problems. As it 
is well known the problem of prismatic rod twist is reduced to harmonious problem 
the solution methods of which are well developed. Early works about rod twist 
concerns the solution of this problem in closed form or with trigonometrical series. 
Among them are the articles by B.Galiorkin, in which twisting of prisms having cross-
section of isosceles right-angled triangle form (1919) and prisms with parabolic cross-
sections (1924) are investigated. The problem about twisting of some cross-sections 
limited by algebraic curves was solved in the works by D.Benov (1935, 1937) and 
D.Gavre (1939); later the problem of parabolic prisms was investigated by V.Block 
(1959). The study of the effect of radial crack at twisting of solid and hollow shafts 
was given in the works by A.Lokshin (1928) and V.Liskov (1930). Also, A.Dinnik’s 
monograph is dedicated to different methods (including experimental ones) of solution 
of twisting theory problems. 

In 1925 G.Kolosov and D.Gavre were the first who used complex variables 
when solving the problem of twisting. They considered the problem of noncircular 
sector twisting by small central angle. In this field fundamental results were obtained 
by N.Muskhelishvili (1929) who discovered that the problem of twisting of single- 
and double-brace medium which represents the given medium on circle and circular 
ring, respectively, is reduced to searching of the function of complex variable. When 
solving the problems of prismatic bar twisting the methods of complex variable 
function theory were used for different profiles of such bars by D.Avazashvili (1940), 
A.Batirev (1953), Kh.Mushtar (1938), A.Ugodchikov (1959) and others. 
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R.Kuzmin (1946) used the conformal image in other form. He was the first 
who received a convenient formula for direct calculation of twisted bar rigidity which 
allowed to calculate rigidity for the profiles, the contour of which contain angle 
points. Later, P.Kufariov was working on this problem whose method was used by 
O.Babakov (1954) while considering twisting of z-profile. 

When discussing mathematical elasticity problems, we generally mean such 
problems of elastic equilibrium when different type lines separating boundary 
conditions are distributed on the surface of the body. If the surface of the above given 
elastic body consists of several smooth faces then qualitatively differing two main 
versions of the mixed problem are received. 

In the following years the development of the methods based on using of 
common equations of the theory of elasticity, particularly on using of Papkovich-
Neibere function enabled to reduce many general mixed problems of half-space elastic 
equilibrium to some classes of mixed problems of potential theory. The elaboration of 
the problems analogous to potential theory allowed precise solution of some contact 
and complex problems. The basic of these methods are: use of spheroidal and 
ellipsoidal coordinates (A.Lourie); plotting up and use of Green’s function (L.Galin, 
M.Leonov, 1953); method of integral equation (I.Shtaermann, V.Mosakovski, 1953); 
use of toroidal coordinates and integral transformations (I.Yuflyand, 1956, 1957); 
method of complex potentials (M.Rostovtsev, 1953, 1957). 

The history of development of the mechanics of solid elastic body in thin 
walled spatial systems is given.  

The first concrete results in equilibrium of plane profiles were received by 
G.Kolosov and N.Muskhelishvili. 

N.Muskhelishvili elaborated the simple solution of the first and the second 
main problems for circle, circular ring and infinite plane with circular hole. A number 
of particular examples have been worked out for different external effects. For such 
areas preliminary conformal depiction is not necessary. Using conformal depiction 
N.Muskhelishvili solved a very complicated, for that time, problem about equilibrium 
of continuous ellipse. 

By the method of qualitative series the problem of co-focus elliptic ring was 
investigated (A.Kalandia, 1953). Earlier the algorithm of effective solution of this 
problem was given by M.Sheremetiev who used the method of functional equations 
together with conformal depiction.    

On the basis of historical review and analysis of the carried out researches the 
following solutions can be done: 
− In scientific literature there practically is not considered the historical analysis of 

calculation methods of thin walled spatial systems; 
− Except some works, the generalized pulse functions are used only for writing 

down differential equations but not for their solution. At the same time the 
introduction of interrupted function gives essentially new methods of calculation 
which widen the class of solvable problems and generalize them on uniform 
methodological basis. On the basis of the history of linear elasticity theory much 
more historical material can be compiled and analyzed.  

− In the problems of Sen-Venan and Almanz the problem of free twist of prismatic 
bar is reduced to harmonious problem, the methods of their solution being well 
developed and analyzed. 

− The establishment of stress-strained state of elastic prismatic beams when arbitrary 
force system is acting upon the beam ends, also represents one of the basic and 
complicated mathematical problem of the theory of elasticity. From the 
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mathematical point of view it is not solved to the end, though by means of the so-
called “Sen-Venan Principle” we can solve this problem which is approximated 
and cannot be considered as precise. The idea by Sen-Venan is considered as 
classical approach which in literature is establishes by means of “Sen-Venan 
principle”, particularly, by semi inverted method of Sen-Venan. 

− The researches by Muskhelishvili contain a wide class of problems. His works had 
a great influence on further development of a number of directions of mathematics 
and mechanics. 
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Sesavali 

 
myari deformadi sxeulis meqanika dReisaTvis erT-erTi wam-

yvani dargia, romelic gamoiyeneba TiTqmis yvela sainJinro mimar-

TulebaSi da didad mniSvnelovania misi ganviTarebisaTvis. 

gansakuTrebiT kargadaa damuSavebuli drekadobis Teoriis is 

nawili, sadac mecnierebis miRwevebi dainerga XX saukuneSi, 

kerZod Txelkedliani sivrciTi konstruqciebis gamoyenebiT 

manqanaTmSeneblobaSi, aviamSeneblobaSi, gemTmSeneblobaSi, 

nagebobaTa mSeneblobaSi da teqnikis sxva dargebSi, aseve 

sasoflo-sameurneo, savaWro, kulturul-sportuli nagebobebis 

gadaxurvis racionalurad gadawyvetis saqmeSi. Tanamedrove 

didmaliani nagebobebis mSenebloba da maRali simtkicis 

maxasiaTeblebis mqone mciremoduliani masalebis praqtikaSi 

danergvas mivyavarT Txelkedliani konstruqciebis gaangariSebis 

dros sisqesTan SedarebiT sakmaod didi CaRunvebis gaTvalis-

winebis aucileblobamde. mrewvelobisa da mSeneblobis sxvadasxva 

sferos ganviTareba dakavSirebulia arsebulis daxvewasa da iseTi 

axali konstruqciebis SeqmnasTan, romlebic Seicaven: gisosebs, 

firfitebs da Reroebs, SemagrebiT, texvebiT, xvretebiT, 

WrilebiT, wertilovani sayrdenebiT. 

konstruqciebSi geometriuli da fizikuri parametrebis 

araregularoba iwvevs Zabvebis mniSvnelovan koncentracias da 

qmnis bzarebis an plastikuri deformaciebis gavrcelebis saSiS 

zonebs. umetes SemTxvevebSi maTi mzidunarianoba ganisazRvreba 

simtkicis pirobebiT an Zabvebis mdgradobis dakargviT 

koncentraciis zonaSi. regularobis darRvevis sxva saxeebs 

ganekuTvneba zedapiris texva, rasac adgili aqvs naoWovan da 

mravaltalRovan gadaxurvebSi. daZabul mdgomareobaze gavleniT 

isini wiboebis analogiurni arian. 

regularobis darRvevis adgilebSi ZabvaTa koncentraciis 

zonebi (wibos bolo, diskretuli bmebi) arsebiT gavlenas 

axdenen Txelkedliani konstruqciebis zidvis unarze da 
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mdgradobaze. am dros tradiciuli analizebi da ricxviTi 

meTodebi wibovani Txelkedliani konstruqciebis daZabul-

deformirebuli mdgomareobis gamosakvlevad naklebad efeqturia. 

amitom saWiro xdeba maRali klasis amocanebis amoxsnis axali 

efeqturi meTodebis SemuSaveba. swored zemoTaRniSnulis gamo 

aucilebelia myari deformadi sxeulis meqanikis zedmiwevniTi 

Seswavla da misi ganviTarebis istoriis codna, romelic metad 

aqtualuria. winamdebare naSromi exeba am sakiTxebis ganviTa-

rebis etapebs meoce saukuneSi, roca es mecniereba gansakuT-

rebul aRmavlobas ganicdida. 

aqvea gadmocemuli drekadobis Teoriis sivrciTi amocanebis 

ganxilva, sen-venanisa da almanzis amocanebi, drekadi tanis 

statikis Sereuli sivrciTi amocanebi, brtyeli amocanebis 

amoxsnis meTodebi da misi ganviTarebis etapebi, kompleqsuri 

cvladis funqciis Teoriis meTodebi da misi ganviTarebis 

etapebi meoce saukuneSi, brtyeli drekadobis Teoriis amocanebis 

gamokvlevebis ZiriTadi Sedegebi. 

damuSavebulia drekadobis Teoriis sivrciTi amocanebis 

kvlevis istoria. brtyeli amocanebis amoxsnis meTodebis da misi 

ganviTarebis istoria, teqnikis sxvadasxva dargSi myari 

deformadi sxeulis meqanikis gamoyenebis istoria da 

ganviTarebis etapebi meoce saukuneSi. 

naSromis praqtikuli Rirebuleba mdgomareobs imaSi, rom 

myari deformadi sxeulis meqanikis ganviTarebis etapebs meoce 

saukuneSi, romelic gadmocemulia istoriul doneze, didi 

sargebloba eqneba am sakiTxebiT dainteresebulTa Soris, radgan 

misi gamoyeneba SesaZlebelia fizika-maTematikisa da teqnikis 

ganviTarebis nebismieri dargis specialistebisTvis, romlis 

realizebac aucilebelia aRniSnul dargebSi. 

Sedegebis efeqturoba ganpirobebulia, imiT, rom yvela 

aRniSnuli sakiTxi eyrdnoba meoce saukuneSi gamoqveynebul sxva-

dasxva avtoris mier miRebuli istoriuli masalidan, aseve 
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mravali saarqivo masalidan da damakmayofilebelia Tana-

damTxveviT. 

naSromis aprobacia. disertaciis ZiriTadi Sedegebi moxse-

nebul iqna: 

− saqarTvelos teqnikuri universitetis masalaTa gamZleobisa da 

drekadobis Teoriis kaTedris samecniero seminarze (Tbilisi, 

2005 - 2006w.); 

− saqarTvelos teqnikuri universitetis samSeneblo meqanikis da 

seismomedegobis samecniero seminarze (Tbilisi, 2006w.); 

− saqarTvelos teqnikuri universitetis masalaTa gamZleobisa 

da drekadobis Teoriis, Teoriuli meqanikis, samSeneblo 

meqanikis da seismomedegobis kaTedrebis gafarToebul 

samecniero seminarze (Tbilisi, 2006w.); 

− saqarTvelos teqnikuri universitetis samSeneblo meqanikisa 

da nagebobaTa seismomedegobis, masalaTa gamZleobisa da 

drekadobis Teoriis da xidebisa da gvirabebis kaTedrebis 

gafarToebul sxdomaze (Tbilisi, 2006w. oqtomberi). 
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1. ლიტერატურის მიმოხილვა 

1.1. drekadobis wrfivi Teoriis istoria 
 

1.1.1. zogadi amonaxsnebi da arsebobis Teoremebi 

 
drekadi tanis wonasworobis amocanaSi, rodesac ar 

arseboben masaTa Zalebi, moinaxeba zogadi gamosaxulebebi 

(gadaadgilebebis an Zabvebis), romlebic SesaZleblobisdagvarad 

akmayofileben martiv diferencialur gantolebebs da ise arian 

agebuli, rom drekadobis Teoriis gantolebebi sruldebodes am 

martivi gantolebebis ZaliT. `martivTa~ rols TamaSoben 

laplasisa da biharmoniuli gantolebebi; amasTan sasurvelia 

funqciaTa umciresi ricxvi. zogadi amonaxsnebis codna 

saSualebas iZleva drekadobis Teoriis gantolebebis kerZo 

amonaxsnebis Sedgenisas gamoviyenoT kargad cnobili `katalogebi~ 

`martivi~ gantolebebis amonaxsnebisa ama Tu im koordinatebSi; 

drekadobis Teoriis sasazRvro amocanebi, umartivesTa 

(naxevarsivrce, brunviTi tanis grexa da sxva) gamoklebiT, ver 

daiyvaneba, dirixlesa da neimanis tipis amocanebze laplasis 

gantolebisaTvis. SezRudva, rodesac ar gvaqvs masaTa Zalebi, ar 

aris arsebiTi, radgan kerZo amonaxsnis ageba, romelic 

Seesabameba am Zalebs, SesaZlebelia zogad SemTxvevaSi da 

advilad sruldeba maTi kerZo mocemulobaTaTvis (wona, 

centridanuli Zalebi da a.S.). adreuli gamokvlevebis mimoxilva 

zogadi amonaxsnebis mixedviT mogvca p. papkoviCma (1937) [1]; maTi 

agebis erTiani xerxi, dafuZnebuli Zabvis funqciis tenzoris 

gamoyenebaze, SemogvTavaza i. krutkovma (1949) [2]. 

zogadi amonaxsnebis agebis amocanaze yuradReba iqna 

mipyrobili 1930 wels gamoqveynebuli b. galiorkinis statiiT [3]. 

naCvenebi iqna, rom drekadobis Teoriis gantolebebi ZabvebSi 

( −T̂ ZabvaTa tenzori, σ - misi pirveli invarianti) 

,0ˆ =∇T  0ˆ)1( 2 =∇∇+∇+ σTv .                      (1) 



17 

SeiZleba dakmayofildes, Tu gamovsaxavT gadaadgilebaTa u 

veqtors biharmoniuli G veqtoriT TanafardobiT 

GvGu 2)1(22 ∇−−⋅∇∇=μ .                    (2) 

es amonaxsni im miTiTebiT, rom misgan miiRebian adre 

cnobili SemoTavazebuli iyo u. busineskis mier jer kidev 1889 

wels. p. papkoviCma (1937, 1939) miuTiTa, rom (2) warmoadgens 

gadaadgilebebSi drekadobis Teoriis zogad amonaxsns 

0)21( 2 =⋅∇∇+∇− uuv .                      (3) 

es gamomdinareobs iqidan, rom (3) gantolebis struqtura, 

marjvena nawilSi masaTa Zalebis arsebobisas imeorebs (2) 

amonaxsnis struqturas. amitom, (2)-Si u veqtorad drekadobis 

Teoriis sasazRvro amocanis amoxsnis miRebisas (romelic 

akmayofilebs O tanis zedapirze sam pirobas), Cven SegviZlia 

movelodeT, rom G veqtoric SeiZleba daeqvemdebaros kidev sam 

pirobas 0-ze, rac, rogorc Cans zedmetia. 

gadaadgilebaTa veqtoris povnisas harmoniuli veqtorisa 

da χ skalaris gradientis jamis formiT 

χ∇+−− Bvu )1(4 , 02 =∇ B . 

(3)-Si Casmis Semdeg, mivdivarT gantolebamde B⋅∇−=∇ 22χ . 

misi amonaxsni warmodgeba kerZo amonaxsnis BR ⋅−=χ  jamiT (R-iT 

aRniSnulia veqtor-radiusi). ase, rom 

)( 0BBR +⋅−=χ , )()1(4 0BBRBvu +⋅⋅∇−−= .        (4) 

drekadobis Teoriis gantolebis amonaxsnis aseTi 

warmodgena mocemuli iqna p. papkoviCis mier (1932) da ramdenamde 

gvian g. neiberis [4] mier. p. papkoviCis gadmocemiT, igi ufro adre 

cnobili iyo g. grodskisaTvis. (4) gadaadgilebis veqtori 

warmodgenili harmoniuli veqtoris B da harmoniuli skalaris 

0B  jamiT an oTxi harmoniuli funqciis 0B , )3,2,1( =sBs  jamiT, 

sadac BBs − -s proeqciebia dekartes koordinatTa sistemis 

RerZebze. (4) amonaxsnis Caweris forma ekuTvnis i. arJanixsa [5] 

da m. slobodianskis (1954) da aqvs saxe 
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BRBRBvu ⋅∇−∇⋅+−= )1(4 .                   (5) 

igi gansxvavdeba (4)-gan (roca 00 =B ) harmoniuli veqtorisagan 

nulis toli divergenciiT (anu harmoniuli veqtoris rotoriT). 

SemoTavazebuli iyo agreTve amonaxsnTa formebi, gamosaxuli 

harmoniuli funqciebiT niutonis potencialebisagan moculobiTi 

integralebis meSveobiT; aseTia ter-mkrtiCianis midgoma (1947) 

∫
⋅∇

∇+−=
D

d
R

BBvu τ
π2
1)1(4 .                     (6) 

gadaadgilebaTa u veqtoris integraluri warmodgena misi 

divergenciisa da rotoris saSualebiT, agreTve sxeulis 

zedapirze u-sa da misi normaluri warmoebulis nu ∂∂  

mniSvnelobebi, mocemulia i. arJanixis mier. 

ramdenadac O sxeulis zedapirze gveZleva mxolod sami 

sasazRvro piroba, miiCneva dasaSvebad (4) zogadi amonaxsnis 

gamosaxulebaSi SenarCundes mxolod sami harmoniuli funqcia, 

ukuvagdebT ra masSi, magaliTad 0B -s an erTerTs sB  funqciaTagan 

(g. neiberi). am sakiTxs ganixilavda p. papkoviCi (1939) da ufro 

dawvrilebiTYm. slobodianski (1954) [6]. 

0B -is CarTva (4)-Si zedmetia, roca 0B∇  veqtors warmovadgenT 

romeliRac *B  harmoniuli veqtoriT, Tanafardobis meSveobiT 

**
0 )1(4 BRBvB ⋅∇−−=∇ .                      (7) 

magram maSin 0* =⋅∇ B , 0* =∇XB , ise rom θ∇=*B , 02 =∇ θ  da 

Tanafardoba (7) Caiwereba Semdegi saxiT 

∑
∞

=
=

∂
∂

−−=
0

2 ),()1(4
n

n
nYR

R
RvB λθθθ . 

aq gamoyenebulia 0B  harmoniuli funqciis warmodgena Sida 

caladbmul midamoSi harmoniuli polinomebis  mwkriviT n
nYR . 

maSin 

∑
∞

= −−
=

0 )1(4n

n
n

nv
YRθ ,                          (8) 
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da rodesac n=3, v=0,25, 3
3

0 YRB =  (7) Tanafardoba ar SeiZleba 

dakmayofildes ⎟
⎠
⎞

⎜
⎝
⎛ <<

2
10 v rom ,ivaraudeba . aqedan, miiReba ra 

mxedvelobaSi keldiS-lavrentievis Teorema sasrul caladbmul 

midamoSi harmoniuli funqciis Tanabrad krebadi harmoniuli 

polinomebis mwkrivad warmodgenis Sesaxeb, unda davaskvnaT, rom 

(7) warmodgena, roca v=0,25-s, SeuZlebelia. usasrulo 

midamosaTvis RruTi 0B -is warmodgenaSi unda Seicvalos n )1( +− n -

iT, mniSvneli (8) mwkrivSi 1)1(4 ++− nv  ar gadaiqceva nulad 

arcerTi mTeli n-saTvis da 
2
10 << v ; (5) amonaxsni warmoadgens 

zogads sasruli caladbmuli midamosaTvis, v=0,25 gamonaklisis 

gareSe, xolo usasrulo midamosaTvis RruTi 25,0≠v -isas. ufro 

zogadi amonaxsnebi SeiZleba moviZioT m. slobodianskisTan (1954).    

migvaCnia, rom (4) amonaxsnSi, iseve rogorc zogadi 

amonaxsnebis sxva formebSi, unda vxedavdeT drekadobis Teoriis 

sasazRvro amocanebis amoxsnis sasargeblo damxmare saSualebas, 

romelic dauSvebs laplasis gantolebebis klasikuri kerZo 

amonaxsnebis uSualo gamoyenebas. konkretuli amocanis amoxsnis 

agebisas meoTxe harmoniuli funqciis SenarCuneba aadvilebs am 

amonaxsnTa arCevas (a.i. lurie, 1955) [7]. 

v. bloxi (1958) [8] gamodis gadaadgilebaTa u veqtoris 

harmoniuli veqtorisa da χ skalaris gradientis jamis 

warmodgenidan. (4)-is amonaxsni bloxis warmodgenaSi moipoveba 

)( 0BBR +⋅−=χ -isas miiCnevs ra, rom CR ⋅∇−= 2χ , sadac C _ 

harmoniuli veqtoria, bloxi midis warmodgenamde 

CRCRvCRvu ⋅∇∇−×∇×−−⋅∇−= 2)()1(4)1(2 ,           (9) 

romelic SeiZleba SevavsoT harmoniuli skalaris gradientiTa 

da harmoniuli veqtoris rotoriT. bloxis warmodgenaSi 

Sesulia kidev Sesakrebebi, romlebic gamosaxulia sami brtyeli 

harmoniuli funqciiT.  
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amonaxsnTa formebi, miTiTebuli i. arJanixisa da f. 

Curikovis mier (1953) 

)(
2
1)21(2 BRBvu ××∇−−=μ ,                  (10) 

ar gansxvavdeba arJanixisa da slobodianskis (5)-isagan. 

ufro zogadi forma aqvs miTiTebuli v. deevs (1959) 

        [ ] +⋅∇+−−+−= RBBvvu )())(1(4)34(2 βδεβμ  

[ ] BRBRv ⋅∇∇+∇⋅−−= 2)34(2 εδε ,                   (11) 

amasTan β, ε, δ _ mudmivebia, romlebic SeiZleba nebismierad 

avarCioT. am mudmivebis jerovani arCevisas vubrundebiT (4), (5), 

(9) amonaxsnebs. (11)-Si Sedis agreTve amonaxsni 

,
87

1
87

)34(2)1(42 2 BR
v

BR
v

vBvu ⋅∇∇
−

+⋅∇
−
−

+−=μ       (12) 

romelic gamosaxulia B harmoniuli veqtoriT da misi ∇B 

divergenciiT. 

o. liavis [9] cnobili amonaxsni aqsialuri simetriis (z 

RerZis garSemo) SemTxvevisaTvis gamomdinareobs (2)-dan Tu 

miviRebT ),( zrGz χ= , 0=xG , 0=yG . ufro zogadi warmodgena 

cilindrul koordinatebSi (harmoniuli da biharmoniuli 

funqciebiT) mocemulia s. gutmanis mier (1948) [10]. 

mravalbmuli 0D  midamosaTvis, romelic SemosazRvrulia 

garedan O0 zedapiriT da Signidan Oi zedapirebiT ),,1( ki L= , 

mTlianad mdebareobs D-Si da erTmaneTTan da O0-Tan saerTo 

wertilebi ar gaaCnia, gadaadgilebis veqtori ≠v 0,25-isas 

warmovadginoT saxiT (m. slobodianski, 1959) 

∑
=

+=
k

i
iuuu

1
)0( ),(  ∑

=
+=

k

i
iBBB

1
0 )( , 

,)1(4 )0()0(0 BRBvu ⋅∇−−= ,  )()()( )1(4 iiii BRBvu ⋅∇−−= , 

sadac −)(iB veqtoria, harmoniul midamoSi, gareTa Oi-is mimarT, 

xolo −)0(B harmoniuli −0D Si, amasTan saTave Ωi Ri veqtorisa 

ganlagebulia RruSi, romelic SemosazRvrulia Oi. am amonaxsnis 
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forma _ `srulia~, Tu sxivi Ωi-dan kveTs Oi-s erT wertilSi; is 

iqneba `saerTo~, roca Ri-liapunovis Caketili zedapiria.   

aseve unda aRiniSnos, rom wrfivi diferencialuri 

gantolebebis sistemis `zogadi amoxsnebis~ agebis amocana 

0
0

=∑
=

n

j
jijuL   ),,2,1( ni L=  

(masSi ijL _wrfivi diferencialuri operatorebia mudmivi 

koeficientebiT mxxx ,,, 21 L  cvladebiT) daiyvaneba (a. lurie, 1937; 

ufro mogvianebiT (1953 w.) rumineli mecnieri g. moizeli) 

`potencialebis~ ),,1( nss L=ϕ  moZebnamde, romlebiTac ju  amonaxsni 

gamoisaxeba Tanafardobis meSveobiT, saxiT 

s

n

s
sjj Mu ϕ∑

=
=

1
 ),,2,1( nj L=  

sadac −sjM saZiebeli wrfivi diferencialuri operatorebia, xolo 

TiToeuli _ sϕ  potencialTagan, akmayofilebs erTi da imave 

diferencialur gantolebas 

0=sKϕ . ),,2,1( ns L=  

advilad SeiniSneba, rom operatori ijLK =  warmoadgens 

operatorebis ijL  kvadratuli matricis ganmsazRvrels, xolo 

sjM  _ am ganmsazRvrelis j-uri svetis algebrul damatebas. 

gadaadgilebebSi drekadobis Teoriis gantolebebisadmi 

moxmarebisas, izotropuli tanebisaTvis, aRweril gamoTvlas 

mivyavarT galiorkin-busineskis (2) amoxsnamde. aSkaraa, rom es 

xerxi, gamodgeba anizotropuli garemosaTvis, drekadobis 

Teoriis dinamikuri gantolebebisaTvis da a.S. 

 

1.1.2. ZabvaTa funqciis tenzori 
 

viciT, rom rotors Φ̂  tenzoris transponirebuli rotorisa 

ewodeba araTavsebadobis )( ikI  tenzori Φ̂ -ze: 
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T
nkI )ˆ(ˆ Φ×∇×∇=Φ .                         (13) 

es – simetriuli tenzoria, Tu Φ̂  tenzori simetriulia. Φ̂nkI -is 

sxvagvar warmodgenas aqvs saxe 

( )Φ∇∇−∇Φ⋅∇⋅∇−Φ⋅∇+Φ−∇=Φ 22 ˆˆˆdet2ˆˆ EEInk ,          (14) 

aq −Ê erTeulovani tenzoria, −Φ−Φ=Φ ˆ)ˆ(1I is pirveli invarianti; 

( )−∇+∇= 2

2
1 aadefa operacia a veqtorze, romelsac uwodeben am 

veqtoris `deformacias~. magaliTisaTvis gamodgeba deformaciis 

wrfivi tenzori defu=ε̂ . uwyveti (sen-venanis) pirobebi 

gamoxataven am tenzoris nulad gadaqcevas: 

0ˆ == defuII nknkε .                      (15) 

sazogadod, yoveli veqtorisaTvis 0=defaInk . piriqiT, Tu 

0ˆ =ΦnkI , maSin −=Φ defaˆ arsebobs veqtori, romlis deformaciebi 

warmoadgens Φ̂  tenzors. 

 kerZod, tenzorisaTvis )ˆ(,ˆˆ Φ=Φ iIEE  

Φ∇∇−∇=Φ )ˆ(ˆ 2EEInk ,                      (16) 

xolo nulis toli divergenciis tenzorisaTvis )0( =Φ⋅∇  

Φ+Φ−∇=Φ EII nknk
ˆˆˆ 2 .                      (17) 

moculobiTi Zalebis ar arsebobisas aseT tenzors 

warmoadgens ZabvaTa T̂  tenzori; Tu SemovitanT )ˆ(1 TI=σ  

aRniSvnas, (16) da (17) Tanaxmad gveqneba 

( )σ)ˆˆˆ 22 ∇∇−∇+−∇= ETTInk , )0ˆ( =⋅∇ T .               (18) 

 Tu mivmarTavT axla hukis kanons izotropuli tanisaTvis 

E
v

vT ˆ
1

ˆˆ2 σεμ
+

−= ,                        (19) 

(15) da (17)-is Tanaxmad gveqneba 

( ) ,0ˆ
1

1ˆ 22 =∇∇−∇
+

+∇− σE
v

T   02 =∇ σ .              (20) 

amasTan meore Tanafardoba miRebulia tenzoris pirveli 

invariantis warmoSobiT (20)-is marcxena nawilSi. amrigad, 

miRebulia beltrami-mitCelis damokidebulebebi 
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0
1

22 =
+

∇∇
+∇

v
T σ

.                         (21) 

cnobilia, rom tenzori nulis toli divergenciiT 

gamosaxvadia meore tenzoris rotoriT: _ Tu 0ˆ =⋅∇ T , maSin 

CT ˆˆ ×∇= ; Tu, amasTanave tenzori T̂  simetriulia ( )TTT ˆˆ = , maSin 

simetriuli Φ̂  tenzoris ganxilvaSi Semotanisas, gvmarTebs 

miviRoT Te )ˆ(ˆ Φ×∇= ; maSin Φ=Φ×∇×∇= ˆ)ˆ(ˆ
nk

T IT , ( ) TIIT nk

T

nk
T ˆˆˆˆ =Φ=Φ= , 

radganac pirobis mixedviT Φ=Φ ˆˆ T . aqedan gamomdinareobs, rom 

uwyveti garemos statikis gantolebebi, masaTa Zalebis ar 

arsebobisas )ˆˆ,0ˆ( TTTT ==⋅∇  kmayofildeba, Tu miviRebT 

Φ= ˆˆ
nkIT , )ˆˆ( TΦ=Φ .                        (22) 

i. krutkovis (1949), v. bloxis (1964) da b. fincis mier 

Semotanil Φ̂  tenzors uwodeben ZabvaTa funqciis tenzors. 

ZabvaTa T̂  tenzori rCeba ucvleli, Tu Φ̂ -is gamosaxulebaSi 

Semotanilia Sesakrebi saxiT defa, sadac a – nebismieri veqtoria. 

es iZleva Φ̂  tenzoris mocemis formis gamartivebis saSualebas, 

SevinarCunebT ra mis gamosaxulebaSi mxolod sam komponents. 

aseTia maqsvelis (tenzori −Φ̂ diagonaluria) da moreris ( −Φ̂ Si 

SenarCunebulia mxolod aradiagonaluri komponentebi) 

warmodgenebi. v. bloxis wignSi (1964) miTiTebulia dekartul 

koordinatebSi Φ̂ -is kidev sami komponenturi forma; iqve 

CamoTvlili cilindrul koordinatebSi −Φ̂ is samkomponenturi 

warmodgenis cxra varianti brunvis simetriis SemTxvevisaTvis (i. 

krutkovi, 1949, gv. 108). 

i. krutkovis gardaqmna. vubrundebiT ra drekad izotropul 

garemos da viTvaliswinebT ra, rom (20) da (16)-is mixedviT 

σσ EInk
ˆ−=∇∇ , SeiZleba warmovadginoT beltrami-mitCelis 

damokidebulebebis saxiT 

0ˆ
1

ˆ =⎟
⎠
⎞

⎜
⎝
⎛

−
−Φ E

v
Ink

σ
.                       (23) 
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ase, rom frCxilebSi tenzori warmoadgens deformacias, 

romeliRac C veqtorze 

defcE
v

=
+

−Φ∇ ˆ
1

ˆ2 σ
.                        (24) 

amasTan erTad (22)-is Tanaxmad 

bII nk ⋅∇−Φ∇=Φ⋅∇⋅∇−Φ∇=Φ= 22
1

ˆ)ˆ(σ , Φ⋅∇= ˆb ,         (25) 

es iZleva saSualebas (24) CavweroT saxiT 

( ) defcb
v

E
=⋅∇−Φ∇

+
−Φ∇ 22

1

ˆˆ .                  (26) 

am Tanafardobidan gamoiricxeba veqtori c; tenzorze 

pirveli invariantebis SeqmniT (26)-Si, mivdivarT tolobamde 

0
1
2

1
3

=⎟
⎠
⎞

⎜
⎝
⎛ −Φ∇

+
−

−
+

⋅∇ c
v
vv

v
, 

romelic gamosaxavs frCxilebSi veqtoris divergenciis nulad 

gadaqcevas; es veqtori warmoadgens sxva veqtoris rotors, 

magram es ukanaskneli SeiZleba CavrToT b veqtoris 

SemadgenlobaSi. amiT ganisazRvreba c da mere defc; (25)-Si Casmas, 

mivyavarT gantolebamde 

( ) Φ∇∇
−
−

−
+

+⋅∇−Φ∇
+

=Φ∇
v
vdefb

v
bE

v 1
2

1
3ˆ

1
1 22 .         (27) 

 Tu −Φ∇ ˆ2 s gamovricxavT (14), (22) da (27) gamosaxulebebidan, 

mivalT izotropul drekad garemoSi ZabvaTa T̂  tenzoris 

warmodgenamde: 

( ) ( )Φ∇∇−
+
−

−⋅∇−Φ∇
+

= defb
v
vbE

v
vT

1
21ˆ

1
ˆ 2 .             (28) 

axla (19)-is Tanaxmad ganisazRvreba deformaciis ε̂  tenzori 

da masze dayrdobiT gadaadgilebis u veqtori (myari tanis 

gadaadgileba ukuigdeba): 

( )bdef
v
v

−Φ∇
+
−

=
1

21ˆ2 εμ , b
v
vu −Φ∇

+
−

=
1

212μ .           (29) 

i. krutkovis (28) da (29) formulebi warmoadgenen 

drekadobis wrfivi Teoriis gantolebebis zogad amonaxsnTa erT 

formaTagans; maTi meSveobiT ganisazRvreba ZabvaTa Φ̂  funqciis 
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tenzori, romelic akmayofilebs (27) diferencialur gantolebas, 

ZabvaTa T tenzori da gadaadgilebaTa u veqtori. es ukanasknelni 

aRmoCndnen mxolod Φ=Φ)ˆ(1I  da Φ⋅∇= ˆb -ze damokidebulebebi. 

amitom sakmarisia (27)-is saSualebiT, davadginoT Tanafardoba 

mxolod am sidideebs Soris. Sesabamisad, Tu SevadgenT 

divergencias (27)-is marjvena da marcxena nawilebSi, miviRebT 

Φ∇∇
−
−

=
−
⋅∇∇

+∇ 22

21
)1(2

21 v
v

v
bb .                   (30) 

igulisxmeva, rom 

 ,2Gb ∇=  
)1(2 v

G
−

∇
=Φ .                     (31) 

Cven davakmayofilebT am (30) gantolebas, Tu veqtori c –

biharmoniulia. (29)-is Tanaxmad amas mivyavarT, galiorkin-

busineskis (2) amonaxnamde. 

(30) gantolebis kerZo amonaxsnad gamodgeba Φ∇=b , xolo 

Sesabamisi erTgvarovani gantoleba (nulis toli marjvena 

nawilia) mxolod mudmivebis mniSvnelobebiT gansxvavdeba (1.3) 

gantolebisagan gadaadgilebaTa veqtorisaTvis. amitom b veqtori 

SeiZleba agebuli iqnas papkoviCis amoxsniT (4) tipis mixedviT: 

[ ] Φ∇++⋅∇−−
−
+

= )()1(4
21

1
0BBRBv

v
vb             (32) 

da (1.29)-Si Casmas mivyavarT u veqtoris (4)-iT warmodgenamde. 

(30), (28) da (29) formulebze dayrdnobiT a. krutkovma miiRo 

mravalricxovani sxva `zogadi amonaxsnebi~. magaliTad, Tu 

SemovitanT ganxilvaSi K veqtors nulis toli divergenciiT da 

rotoriT, romelic ganisazRvreba b veqtoriTa da ∇Φ-iT: 

0=⋅∇ K , 
)1(2 v

bK
−

−Φ∇=×∇ , 

maSin (29) da (30) Tanaxmad, ukuvagdebT ra ara arsebiT mudmiv 

Tanamamravls, mivalT kornis amoxsnamde 

( )0   ,)21( 2 =⋅∇×∇=∇−−×∇= KbKbvKu . 

 

 



26 

1.1.2.1. sivrciTi amocanis integraluri gantolebebi 
  

sivrciTi sasazRvro amocanebis integraluri gantolebebis 

Sedgena, maT SeswavlasTan dakavSirebuli siZneleTa gadalaxva, 

arsebobis damtkiceba da maTi amoxsnebis agebis efeqturi 

xerxebis povna _ v. kupraZis da misi TanamSromlebis mravalwliani 

muSaobis Sedegia. am gamokvlevebis meTodebisa da Sedegebis 

Sinaarsis gadmocema, dawvrilebiTi bibliografiiT, moipoveba 

agreTve v. kupraZis, T. gegelias, o. baSaleiSvilis da 

T.burWulaZis monografiaSi, romelic gamoqveynda 1968 wels [11]. 

am naSromSi ganvixilavT sivrciTi drekadobis Teoriis 

mxolod pirveli da meore sasazRvro amocanebi izotropuli 

erTgvarovani garemosaTvis. Cven amasTan SemovifarglebiT 

calbmuli sasruli moculobisaTvis −)( iV Sida (i) amocaniT da 

gare (e)-Ti. RruTi aRWurvili usasrulo garemosTvis )( eV  

ivaraudeba O zedapiris sigluve, romelic sazRvravs iV -s 

garedan ( −eV DSignidan). 

drekadobis Teoriis potencialebi. ganvixilavT Semodis 

),(ˆ QMu  kelvin-somilianis tenzori, romelic gansazRvravs 

SemousazRvreli drekadi garemos M wertilis ),( QMu  

gadaadgilebas, gamowveuls Q wertilSi erTeulovani Seyursuli 

Zalis moqmedebiT: 

,),(ˆ),( eQMUQMu ⋅=  ⎥
⎦

⎤
⎢
⎣

⎡
−

∇∇
−=

)1(4

ˆ

4
1),(ˆ

v
K

R
EQMU

πμ
,           (33) 

( −Ê erTeulovani tenzoria, QMQMR Γ−Γ== , RR = ), Zabvis veqtoris 

gamosaxuleba 

,),(ˆˆ eQMTn Φ=⋅μ  ( )[ −−−
−

=Φ μμπ
RnRnv

Rv
QM )21(

)1(8
1),(ˆ

3  

⎥⎦
⎤∇∇⋅⋅−−

R
RnRRnEv 1ˆ)1(2 3

μμ .                            (34) 

vTqvaT O _ Caketili zedapiria )0( ⊂M ; maSin 
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∫∫ =Φ×
0

0),(ˆ
μdOQMR                          (35) 

da adgili aqvs gausis ganzogadebul Teoremas 

∫∫ −=Φ
0

)(ˆ).(ˆ QEdOQM δμ , 
⎪
⎩

⎪
⎨

⎧

⊂
⊂
⊂

=

t

i

VQ
OQ
VQ

Q
0
21

1
)(δ              (36) 

( −iV moculoba O-s SigniT, −eV O-s gareT). 

v. kupraZis mier Semotanili drekadobis Teoriis veqtorebi 

potencialebidan ganixileba ori: pirveli, msgavsi O zedapirze. 

martivi fenis )(QA  potenciali da meore msgavsi ormagi fenis 

)(QB  potenciali 

∫∫ ⋅=
0

),(ˆ)()( μdoQMUMaQA ,                     (37) 

∫∫ Φ⋅=
0

),(ˆ)()( μdoQMMbQB .                     (38) 

aSkaraa, rom A(Q) da B(Q), −⊄ 0Q isas, warmoadgenen drekadobis 

Teoriis gantolebebis amonaxsns gadaadgilebebSi, rodesac ar 

gvaqvs moculobiTi Zalebi. 

pirveli potencialis zRvruli mniSvnelobebi O-ze 

Signidan da garedan, romlebic aRniSnulia 

),((lim)(
0

0 QAQA
QQVi

i →⊃
=  −=

→⊃
)((lim)(

0
0 QAQA

QQVe
i

Ti 

toli arian misi pirdapiri mniSvnelobis, gansazRvrulis 

arasakuTrivi krebadi integraliT 

∫∫ ⋅=
0

000 ),(ˆ)()( μdoQMUMaQA .               (39) 

meore potencialis zRvruli mniSvnelobebisaTvis adgili 

aqvs Tanafardobebs 

),(
2
1)()( 000 QbQBQBi −=   )(

2
1)()( 000 QbQBQBe += ,      (40) 

analogiurebs plemelis formulebisa, amasTan pirdapiri 

mniSvneloba ganisazRvreba integraliT, romelic krebadia mxolod 

mTavari mniSvnelobis azriT 

     ∫∫∫∫
−

→
Φ⋅=Φ−=

)(
0

0 000
0

),(ˆ)(lim),(ˆ)()(
ε

μεμ
Qoo

doQMMbdoQMMbQB , 
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( 00 ),( QQO −ε  wertilis O-ze midamoa, 2ε diametriT). 

eVQ ⊂  wertilis sakmarisi moSorebiT O zedapiridan, 

QrR −→  Tanaxmad (33) da (37)-isa gvaqvs ( )QQQ re ν=  

[ ] ;)(ˆ)43(
)1(16

1)(lim ∫∫−−
Γ−

=
∞→ a

QQ
Q

QQ
doMaeeEv

v
QA μπμ

 

es – Q-Si gadaadgilebis veqtoria, koordinatTa saTaveSi 

modebuli Zalis moqmedebiT, romelic moicema integraliT O-ze 

simkvrivisagan a(M). 

meore potenciali ∞→QQ isas ufro nela ara xdeba nuli, 

vidre  2−Γa  da is SeiZleba ganimartos rogorc gadaadgileba, 

romelic iqmneba ZalTa sistemiT, ganawilebuliT O zedapirze, 

nulis toli mTavari veqtoriT. 

integraluri gantolebebi. pirvel sasazRvro amocanaSi 

u(Q) gadaadgileba, romelic iRebs O zedapirze ( iV  moculoba 

Sida amocanaSi, Rru gare amocanaSi) mocemul mniSvnelobas, 

iZebneba drekadobis Teoriis meore potencialis formiT, ucnobi 

simkvriviT b(M): 

∫∫ Φ⋅==
0

.),(ˆ)()()( μdoQMMbQBQu                    (41) 

gare amocanis SemTxvevaSi es warmodgena miiCnevs, rom 

)( ∞Qu -s aqvs 2−
Qr  rigi; im ZalTa mTavari veqtori, romlebic unda 

iyvnen ganawilebuli Rrus O zedapirze, rom mianiWon maT 

wertilebs )( 0Qu  gadaadgilebis veqtori, toli unda iyos nulis. 

amitom pirveli sasazRvro amocanis amonaxsni (41) formiT 

SeiZleba arsebobdes mxolod )( 0Qu  specialuri amocaniT, xolo 

zogad SemTxvevaSi amonaxsni iqneba warmodgenili (41) jamiT da 

ubralo fenis potencialiT (`robenis elastostatikuri 

amocanis~ amonaxsni). 

Sida (i) da gare (e) amocanebis integraluri gantolebebi 

miiReba (41)-dan, zRvruli gadasvlis )()(lim 0
0

QvQu
QQ

=
→

 gziT, 

plemelis (4) formulebis daxmarebiT: 
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∫∫ −=Φ⋅−
0

000
)( ),(),(ˆ)()(

2
1 QvdoQMMbQbI i

μL              (42) 

∫∫ −=Φ⋅+
0

000
)( )(),(ˆ)()(

2
1 QdoQMMbQbI e υμL .            (43) 

(30) da (36)-ze dayrdnobiT, roca 
2
1)( =Qδ , ar aris Zneli 

davrwmundebiT, rom b(M)-is mocema myari tanis gadaadgilebis 

formiT 

RrMb Q
x ×+Γ×+=×+= ωωυωυ μ 000)(             (44) 

warmoadgens (43)-is Sesabamisi erTgvarovani gantolebis amonaxsns 

∫∫ =Φ⋅=
0

00
)(

0 0),(ˆ)()(
2
1

μdoQMMbQbI e L .            (45) 

amasTan erTad )()( MbMB −=  warmoadgens (42) gantolebis 

amonaxsns, roca O zedapiri gadaadgildeba rogorc myari tani, 

maSin mTeli iV  moculoba aseve gadaadgildeba rogorc myari 

tani; rac gamomdinareobs (41) da (36)-dan, roca _ 1)( =Qδ .  

meore sasazRvro amocanaSi O-ze moicema zedapiruli Zalebi 

0)ˆ( TnF ⋅= , xolo gadaadgilebaTa veqtori iZebneba pirveli 

potencialis formiT 

∫∫ ⋅=
0

),(ˆ)()( MdoQMUMaqu .                   (46) 

(34)-is gamoyenebiT, aq gamotovebuli (magram aratrivialuri) 

gardaqmnebis Semdeg, mivdivarT integralur gantolebamde  

∫∫ ⋅==⋅Φ+
0

00000
)( ,)ˆ()()(),(ˆ)(

2
1 TnQFdoMaMQQaII M

i L        (47) 

∫∫ ⋅=−=⋅Φ−
0

00000
)( )ˆ()()(),(ˆ)(

2
1 TnQFdoMaMQQaII M

e L .      (48) 

amasTan −− ia Vn isadmi gare normalia. 

zemoT vaCveneT, rom (42)-(43), (47)-(48) veqtorul gantolebebSi 

integralebi ganixileba maTi mTavari mniSvnelobebis azriT – 

gantolebaTa es sistema singularulia. Semdgomi gamokvlevebis 

sirTule mdgomareobs maT mimarT Teoremisa da fredholmis 

alternativis miyenebis damtkicebaSi (μ  da v-isas, romlebic 
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uzrunvelyofen deformaciis potenciuri energiis dadebiTobas); 

ix. v. kupraZe (1963, 1968) da agreTve s. mixlini (1962) [12].  

gadavweroT miRebuli gantolebebi aseTi TanmimdevrobiT: 

⎪
⎪
⎭

⎪⎪
⎬

⎫

−=⋅Φ−

=Φ⋅−

∫∫

∫∫

0
000

)(

0
00

)(

)()(),(ˆ)(
2
1

)(),(ˆ)()(
2
1

QFdoMaMQQaII

QdoQMMbQbI

M
e

M
i

L

L υ
,              (49) 

⎪
⎪
⎭

⎪⎪
⎬

⎫

=⋅Φ−

=Φ⋅+

∫∫

∫∫

0
000

)(

0
0000

)(

)()(),(ˆ)(
2
1

)(),(ˆ)()(
2
1

QFdoMaMQQaII

QdoQMMbQbI

M
i

M
e

L

L υ
.               (50) 

( ))()( , ei III  da ( ))()( , ie III  warmoadgenen mokavSire wyvilebs. 

Sesabamisi erTgvarovani gantolebebi Caiwereba Semdegnairad: 

∫∫ =Φ⋅−
0

00
)()(

0 ,0),(ˆ)()(
2
1, M

ei doQMMbQbII λL             (51) 

∫∫ =⋅Φ−
0

00
)()(

0 .0)(),(ˆ)(
2
1, M

ei doMaMQQaIIII λL            (52) 

amasTan 1=λ  −)(
0

)(
0 , ei III Tvis da 1−=λ  −)()(

0 , ie III Tvis. 

)(iI  da )(eII  amocanebis amoxsnis arseboba da erTaderToba. 

sakmarisia SevamowmoT, rom 1=λ  ar warmoadgens )(eII  erTgvarovani 

gantolebis sakuTar ricxvs (maSasadame, misi mokavSire 
)(

0
iI  

gantolebisac). mtkicdeba, rom daSveba −)(eII is amonaxsnis 

arsebobis Sesaxeb, romelic gansxvavdeba trivialurisagan 

( )0)( ≠Ma , SeuTavsebelia deformaciis xvedriTi potencialuri 

energiis dadebiTobis moTxovnasTan. fredholmis Teoremis 

Tanaxmad aqedan gamomdinareobs )(eII  da )(iI  araerTgvarovani 

gantolebebis amonaxsnebis arseboba da erTaderToba )( 0QF -is 

nebismierad mocemisas pirvelSi da υ(Q)-is meoreSi. 
)(iII  meore Sida sasazRvro amoxsna. −)(iII sTan mokavSire 

)(
0

eI -s aqvs aratrivialuri amonaxsni (44). amitom aratrivialuri 

amonaxsni aqvs )(
0

iII -sac, da fredholmis erTerTi Teoremis 



31 

Tanaxmad araerTgvarovan gantolebas )(iII  SeiZleba qondes 

amonaxsni, mxolod im pirobis gaTvaliswinebiT, rom misi 

Tavisufali wevri (44)-is orTogonaluria: 

0)()()()(
000

00 =×+=⋅×+ ∫∫∫∫∫∫ QQQQQ doQFrdoQFdoQFr ωυωυ . 

−0υ isa da ω-s nebismierobis gamo amas mivyavarT zedapiruli 

Zalebis mTavari momentisa da mTavari veqtoris nulad qcevis 

pirobebamde. maTi Sesrulebisas )(iII  amocanis amoxsna gansazRvrulia 

myari tanis gadaadgilebis Sesakrebis _ )(
0

eI  mokavSire gantolebis 

sakuTar amonaxsnis sizustemde. 

 

1.1.2.2. robenis elastostatikuri amocana 
 

robenis elastostatikur amocanas uwodeben potencialis 

gansazRvras velSi, romelic gars artyia Caketil gamtar 

zedapirs masze mocemuli muxtiT. drekadobis TeoriaSi termini 

Semoitana v. kupraZem (1963) [13] iZebneba daZabuli mdgomareoba 

SemousazRvrav drekad garemoSi, roca masSi CarCilul myar 

sxeuls eniWeba gadaadgileba 

QuQ Γ×+= ωω 00 )( .                       (53) 

amocanis amonaxsni iZebneba martivi fenis potencialis 

formiT 

MdoQMUMaQ ),(ˆ)()(
0

0∫∫=ω ,                (54) 

da mtkicdeba, rom simkvrivis )(0 Ma  veqtorad am SemTxvevaSi unda 

miviRoT )(iII  amocanis sakuTari amonaxsni, amasTan _ )()( 0
0

0 QaQF =  

(es uSualod gamomdinareobs )(eII  integraluri gantolebidan). 

amrigad, _ )( 0
0 Qa  gansazRvravs O gadaadgilebuli myari tanis 

zedapirze reaqciuli garemos masze ganawilebas. vuwodoT )( 0Qak  

da )( 0
3 Qak+  O-ze am Zalebis ganawilebas, romelic tanze 

erTeulovani Zalis −=
+ k

k

k
iV

3
s, romelic modebulia ki  RerZze da 



32 

Sesabamisi erTeuli momentis k

k

r
im =

+

+

3

3
, moqmedebiTaa gamowveuli. 

vTqvaT, Semdeg r

r
iu = , )(

0

3
e

r

r
IiU −×=

+

ω  sakuTar amonasxnTa sistemaa. 

aseTi aRniSvnebisas 

∫∫ =⋅
0

krQ

r
k doua δ  )6,,2,1,( L=rk .               (55) 

 amiT ganisazRvreba )(
0

iII  integraluri gantolebis sakuTar 

amonaxsnTa sistema, orTonormirebuli −)(
0

eI sakuTari amonaxsnebis 

sistemasTan. 

pirveli gare sasazRvro amocana. ( ))(eI  amocanas aqvs 

amonaxsni, Tu Tavisufali wevri )(eI  gantolebisa orTogonaluria 
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)(eI  amocanas, )( 0
* Qυ -is toli Tavisufali wevrisas, aqvs 

amonaxsni da misiT ganisazRvreba VQ ⊂ -isas veqtori )(* Qu . 

robenis amocana (54) formaSi ixsneba gansazRvruli (58) Tanaxmad 
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gadaadgilebisaTvis 
00 Qru ×+ω  da )(eI  amocanis saZiebeli amonaxsni 

warmoadgens jams 

)()()( 0
* QQuQu ω+= , ).( eVQ ⊂                   (60) 

v. kupraZis wignebSi (1963, 1964, 1967, 1968) ganxilulia 

integraluri gantolebebi  da maTi amonaxsnebis arsebobis 

sakiTxebi ara marto statikis amocanebisaTvis, aramed drekadi 

garemos damyarebuli rxevebisTvisac. ganxilulia anizotropuli 

da araerTgvarovani garemoebebi, rigi sxva sasazRvro amocanebi, 

daTmobili aqvs adgili Termodrekadobis amocanebs, agreTve 

amocanebs SemosazRvruli moculobebisa da usasrulo 

garemosaTvis ramdenime darTuli RruTi. daZleulia Sesaswavli 

integraluri gantolebebis singularobasTan dakavSirebuli 

siZneleTa rigi. SemoTavazebulia ideaSi (magram ara 

realizaciisas) am gantolebaTa ricxviTi amoxsnebis martivi 

xerxebi. 

)(iI  amocanis integralur gantolebas 1907 wels ganixilavda 

j.lauriCela; d. Sermanma (1962) ganazogada amonaxsni sasruli 

moculobis drekadi tanis SemTxvevisaTvis ramdenime RruTi. 

amoxsnis miaxloebiTi meTodebi, dafuZnebuli variaciuli 

principebis gamoyenebaze. ganviTarebulia l.leibenzonis (1951) [14] 

monografiaSi. variaciuli meTodebis krebadobis Seswavlisa da 

cdomilebaTa Sefasebisadmia miZRvnili bevri gamokvleva (s. 

mixlini [15], m. slobodianski). 

 

1.1.3. drekadobis Teoriis sivrciTi amocanebis  
Sesaxeb 

 
drekadobis Teoriis sivrciTi amocanebis sistematuri 

SeswavliT dakavda b. galiorkini. iyenebda ra sami biharmoniuli 

funqciiT drekadobis Teoriis gantolebebis zogadi integralis 

warmodgenas (1930) da mwkrivebs, is anviTarebda ocdaaTiani 

wlebis dasawyisidan sqeli filebis angariSis meTods, romelic 

gulisxmobda pirobebis Sesrulebas nebismieri datvirTvebisaTvis 
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torsebze da integraluri pirobebisa gverdiT zedapirze; man 

Seiswavla marTkuTxa, mrgvali, seqtoruli, samkuTxa filebi (1931, 

1932). 1931-Si galiorkinma aago amocanis amoxsna normaluri 

datvirTvis moqmedebis qveS moqceuli fenis wonasworobis 

Sesaxeb mwkrivebis daxmarebiT, romlebic Seicaven beselisa da 

hankelis funqciebs. galiorkinma ganixila amocana Rru cilindrisa 

da misi nawilis wonasworobis Sesaxeb (1933), xolo mogvianebiT 

miiRo Rru sferos RerZulsimetriuli deformaciis amocanis 

kerZo amonaxsnebi (1942). 

am gamokvlevaTa kvaldakval gamoCnda g. maslovis (1938)  

naSromi, romelSic ganixileboda Termodrekadi wonasworoba 

sqeli filis, Rru cilindrisa da sferos stacionaruli 

Termuli nakadis moqmedebisas. 

 busineskis amocanis ganzogadeba naxevarsivrcisTvis 

mocemulia v.korotkovis mier (1938), romelmac gamoikvlia 

marTkuTxedze _ mudmivi da wrfivi kanoniT cvladi datvirTvis 

modebis SemTxveva. naxevarsivrcis amocanebi mocemulobisaTvis 

gadanacvlebis sazRvarze da erTmaneTTan SeuRlebuli 

naxevarsivrceebis SemTxveva ganixileboda d. Sermanis (1943, 1945) 

mier. `centr~-is tipis Taviseburebis mqone amonaxsni, 

naxevarsivrcis romeliRac wertilSi, miRebulia v. fedianinis 

mier (1965). 

ormocdaaTiani wlebis meore naxevridan gamoCnda naSromebi, 

romlebic ganixilaven naxevarsivrcis (n. rostovcevi, 1955 [16]; 

b.mincbergi, 1957) da drekadi fenis grexas (i. ufliandi, 1959). 

mravalfeniani garemos (fuZis) grexis SemTxveva ganxilulia v. 

petriSinis mier (1965); orfeniani garemos grexa Seswavlilia d. 

grilickis mier (1961) [17]. 

busineskis tipis amocanebi anizotropuli garemosaTvis 

ganixila c.sveklom (1964). Cndeba gamokvlevebi, romlebic 

Seiswavlian araerTgvarovani garemosagan naxevarsivrcis qcevas: 

s. lexnickim (1962) gamoikvlia naxevarsibrtye da soli 

drekadobis cvladi moduliT, l. ter-mkrtiCianma (1961) ganixila 
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sivrciTi amocanebi araerTgvarovani garemosaTvis (busineskis 

amocana, simetriulad datvirTuli cilindri). araerTgvarovani 

naxevarsivrcisa da naxevarsibrtyis ufro zogadi saxe 

Seiswavleboda n.rostovcevis mier (1964); busineskis amocana 

wrfivi deformadi mTliani garemos specialuri tipisaTvis 

daisva da amoixsna a. vinogradovis mier (1966) [18]. Termodrekadi 

amocana naxevarsivrcisaTvis, romelic esazRvreba garemos da 

romlis temperaturac gveZleva ganawilebis gausis kanoniT, 

ganxilulia i. kilis mier (1966). 

drekadi fenis wonasworoba furies integralis meSveobiT 

Seiswavleboda g. Sapiros mier (1942, 1944); man Seiswavla amocana 

wnevis gadacemis Sesaxeb farTobze ganawilebuli wrisaTvis; d. 

aizenbergTan (1950) TanaavtorobiT mis mier ganxilul iqna wnevis 

gadacema wriuli xvrelis mqone fenidan. wnevis gadacema feniT,  

romelic  devs drekad  fuZeze,  fenasa da fuZis sruli 

Serwymis pirobisas Seswavlilia r. rapoportis mier (1948).  

sqeli filis Runva zedapiruli harmoniuli datvirTvis 

moqmedebisas gamoikvlia s. gutmanma (1940); mis miervea amoxsnili 

sqeli filis sakuTari woniT Runvis Sesaxeb amocanas (1941); 

ufro mogvianebiT sqeli filebis Runvis sakiTxebiT bevri 

avtori iyo dakavebuli (a. aleqseevi, 1946; v. bloxi, 1954, m. husein-

zade, 1956; v. prokopovi, 1963). 

1942 wels a. luriem SemogvTavaza drekadi fenisa da sqeli 

filis wonasworobis Sesaxeb amocanis amoxsnis axali simboluri 

meTodi, dafuZnebuli drekadobis Teoriis sivrciTi amocanis 

gantolebebis amoxsnis warmodgenaze laplasis organzomilebiani 

operatoris mTeli transcendenturi funqciebis saxiT. aseTma 

warmodgenam saSualeba mogvca gagvemartivebina kompaqturad 

Caweril xarisxovan mwkrivebze simboluri operatorebis 

meSveobiT moqmedebebi da amis garda bunebrivi saxiT migviyvana 

axali klasis amoxsnebis moZebnamde, romlebic filis gverdiT 

zedapirze sasazRvro pirobebis Sesrulebis dazustebis 

saSualebas iZlevian. am amonaxsnebs luriem `erTgvarovani~ 
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uwoda, radganac isini filis torsebze datvirTvis ar arsebobis 

pirobas Seesabamebian. 

luries simboluri meTodi SemdgomSi filebis Teoriis 

sferoSi gamoiyenes e. krugim (1956), i. teregulovma (1961), t. 

xaCaturianma (1963) da u. nikulinma (1963). v. agariovis (1963) [19] 

monografiaSi filebis Teoriisadmi simboluri meTodis 

gamoyenebis sfero farTovdeba. filebis Teoriisadmi simboluri 

meTodis Semdgomi miyeneba potencialuri energiis minimumis 

principTan SerwymiT mocemulia v. prokopovis mier (1965). 

s.lexnickis naSromebSi simboluri meTodi gamoiyeneba 

transversalur-izotropuli fenisa da sqeli filis 

wonasworobis ganxilvisas; mis mier miRebulia agreTve 

Sesabamisi erTgvarovani amonaxsnebi. p. nedorezovma (1964) amoxsna 

simboluri meTodiT amocana mravalfeniani Rru cilindris 

grexis Sesaxeb. 

amonaxsnebis simboluri warmodgenis daxmarebiT a. luriem 

(1955) advilad daadgina, rom SemousazRvrel filaSi ( )hz <  

nulisagan gansxvavdeba Tburi Zabvis tenzoris mxolod xσ , ,yσ  xyτ  

komponentebi. isini gamoisaxebian M(x, y, z) funqciiT, romelic aq 

TamaSobs brtyel amocanaSi r-is funqciis msgavs rols. funqcia 

M ganisazRvreba kvadraturebiT temperaturis mocemuli 

stacionaruli ganawilebis kanonis mixedviT. 

furies gardaqmnebis daxmarebiT s. dimkovma (1966) amoxsna 

amocana drekadi fenis wonasworobis Sesaxeb. aseTma midgomam 

saSualeba misca avtors mieRo aseve asimptoturi formulebi 

amoxsnisaTvis.  

d. martinenkom (1964) miiRo amonaxsni mwkrivebSi fenisaTvis, 

mis sazRvrebze mocemuli gadaadgilebebisas (meore ZiriTadi 

amocana). fenis Seyursuli Zalis moqmedeba ganixiles o. Sexterma 

da o. prixodCenkom (1964); maT mier miRebul iqna amonaxsni 

vertikaluri Zalis moqmedebis Sesaxeb fenis SigniT, romelic 

devs kldovan fuZeze. cvladi sisqis fenisa da cvladi sisqis 
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mrgvali filis SemTxveva datvirTvisas, romelsac gaaCnia 

RerZuli simetria garCeulia i. semionovas mier (1965). 

mrgvali sqeli filis wonasworoba, romelzec moqmedebs 

Tanabrad ganawilebuli datvirTva, Seswavlili iqna 

erTgvarovani amonaxsnebis saSualebiT g. buxarinovis mier (1952), 

romelmac gamoiyena p. papkoviCis (1940) ganzogadoebuli 

orTogonalurobis Tanafardoba; es Tanafardoba papkoviCis mier 

miTiTebuli iyo erTgvarovan amonaxsnTa funqciebis sasazRvro 

pirobebisaTvis, romlebic Seesabamebian TviT am funqciebis da  

maTi pirveli warmoebulebis nulad gadaqcevas fenis paralelur 

gverdebze; papkoviCis meTodis mkacri dasabuTeba mocemuli iyo 

mogvianebiT g. grinbergis mier (1953). 

mrgvali filis wonasworoba nebismieri RerZulsimetriuli 

datvirTvisas gamokvleuli iyo erTgvarovani amonaxsnebis 

daxmarebiT v.prokopovis mier (1958). mrgvali filis 

RerZulsimetriuli Runva  zogadad ganxilulia b. abramianisa da 

a. babloianis mier (1958); zusti amonaxsni amocanisa, gverdiTi 

zedapiriT Camagrebuli filis wonasworobis Sesaxeb, algebrul 

gantolebaTa usasrulo sistemis saSualebiT mogvces v.grinCenkom 

da a. ulitkom (1963). analogiuri Sedegebi miiRo g. valovma (1962). 

sqeli filebis RerZulsimetriuli Runvis zogierTi kerZo 

SemTxveva ganxilulia n. glazunovas (1963) mier. a. babloianma 

(1964) gamoikvlia mrgvali filis araRerZulsimetriuli datvirTva, 

roca gverdiT zedapirze mocemulia gadaadgilebebi (amonaxsni 

warmodgenilia ormag mwkrivebSi, romelTa koeficientebi iZebneba 

usasrulo sistemebidan). 

usasrulo sqeli fila mrgvali naxvretiT ganixileboda o. 

aqsentianis (1965) naSromSi; erTgvarovani amonaxsnebis gamoyenebam 

saSualeba mogvca gadagvewyvita amocana xvrelis axlos Zabvebis 

koncentraciis Sesaxeb, gantolebaTa usasrulo sistemaze dayvaniT 

koeficientebisaTvis erTgvarovani amonaxsnebiT; m. abenovam (1965) 

msgavsi amocana daiyvana fredholmis tipis integralur 

gantolebebamde. 
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arastacionaruli amocana sqeli filis Termodrekadi 

(kvazistatikuri) wonasworobis Sesaxeb ganxilulia a. Sevelevis 

(1965) mier. r. rapoportma (1962) miiRo miaxloebiTi erTgvarovani 

amonaxsnebi sqeli filisaTvis, romlebic agebulia rodesac ar 

gvaqvs ganivi deformaciebi. ukanasknel daSvebas mivyavarT 

orTogonalur sakuTar funqciebamde. 

usasrulo cilindris drekadi wonasworoba Seiswavleboda 

bevri avtoris mier. RerZulsimetriuli amocana Rru cilindrze 

normaluri wnevis moqmedebis Sesaxeb, romelic modebulia 

gverdiTi zedapiris ubanze, ganxiluli iyo 1943 w.-s g. Sapiros 

mier; es amocana man gadawyvita furie-beselis integralebis 

saSualebiT (es gadawyveta mogvianebiT gaimeora v. popovma, 1956). 

mTliani da Rru cilindrebisaTvis erTgvarovani amonaxsnebi 

maTi RerZulsimetriuli deformaciebisas ganixileboda v. 

prokopovis mier (1949, 1950) [20]. RerZulsimetriuli amocana 

usasrulo mTliani cilindrisaTvis, romelic datvirTulia 

normaluri ZalvebiT gverdiT zedapirebze, Seswavlili iyo a. 

luries (1953) mier; am amocanis amonaxsni warmodgenili furies 

integralebis formiT konturuli integrebis meSveobiT, 

gamosaxulia funqciebiT, romlebic Seesabamebian cilindris 

Sesaxeb amocanis erTgvarovan amonaxsnebs. zRvruli gadasvliT 

miRebulia amocanis amonaxsni `Semosartyluli~ cilindris 

Sesaxeb. mxebi datvirTvis SemTxveva da aseve zedapiruli ZalvebiT 

usasrulo cilindris Runvis Sesaxeb amocana, gamokvleulia imave 

meTodiT p. livSicis (1960, 1963, 1964) statiebSi. 

usasrulo cilindris gverdiT zedapirebze moqmedi rTuli 

datvirTvis SemTxvevaSi, roca datvirTva warmoidgineba furies 

integraliT RerZul koordinatze da furies mwkrivebiT kuTxeze, 

gamokvleuli iyo k. solianik-krasis mier (1960) [21]. mis miervea 

ganxiluli ufro zogadi amocana brunvis tanis wonasworobis 

Sesaxeb, roca meridianuli kuTxis trigonometriuli funqciebi 

SeiZleba iyos gamoyofili amonaxsnSi calkeuli Tanamamravlebis 

saxiT (1958); Rru cilindrisaTvis mis mier iqna gamokvleuli 
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(1965) datvirTvis gavlena, romelic ganawilebulia gverdiT 

zedapirze ϕ kuTxis mimarTulebiT nebismieri saxiT da romelic 

warmoadgens polinoms RerZuli z koordinatiT (torsebze 

sruldeboda integraluri pirobebi). 

Sereuli RerZulsimetriuli amocana usasrulo mTliani an 

Rru cilindrisadmi ganixileboda b. koganis, a. xrustaliovis, f. 

vainSteinis (1958, 1959, 1963) statiebSi; liavis ZabvaTa funqcia 

igeboda maT mier konturuli integralis saxiT, romelic 

Seicavda saTanadod SerCeul funqciebs, damokidebulebs 

erTgvarovani amonaxsnebis parametrebze cilindrisaTvis; b. 

koganisa da a. xrustaliovis  naSromSi  (1959) gamoyenebulia 

wyvil integralur gantolebaTa meTodi. 

Rru Tu mTliani sasruli cilindris wonasworoba 

RerZulsimetriul SemTxvevaSi Seiswavleboda erTgvarovani 

amonaxsnebis saSualebiT v.prokopovis (1950, 1958) mier; g. 

buxarinovma (1956) daiyvana sasruli sigrZis mTliani cilindris 

RerZulsimetriuli deformaciis Sesaxeb amocanis amoxsna 

damatebiTi funqciis moZebnamde, romlisTvisac igeba integro-

diferencialuri gantoleba. ormocdaaTiani wlebis Semdgom 

gamoCnda bevri naSromi, miZRvnili sasruli sigrZis mTliani 

cilindris _ wonasworobis amocanisadmi, romlebSic amocanis 

amoxsna dadis wrfiv algebrul gantolebaTa usasrulo 

simravleze (b. abramiani, 1954, g. valovi, 1962; v. lixaCovi, 1965). 

mrgvali cilindris kumSvas ikvlevdnen g. miroSniCenko (1957) da g. 

valovi (1961) (1957); mbrunavi cilindris wonasworoba ganixila v. 

grinCenkom (1964); mis miervea mocemuli detaluri analizi 

RerZulsimetriul amocanaze sasazRvro pirobebis yvela aspeqtis 

zusti Sesrulebis Sesaxeb naxevrad usasrulo cilindrisaTvis 

(1965). sasruli sigrZis cilindris RerZulsimetriuli 

deformacia, romelic gakeTebulia transversalurad izotropuli 

masalisagan, Seiswavleboda a. babloianis mier (1961). 

calkeul SemTxvevebSi xerxdeba, rom dakmayofildes yvela 

sasazRvro piroba sasrulo sigrZis cilindris wonasworobis 
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Sesaxeb amocanaSi, ise rom ar mivmarToT am dros usasrulo 

sistemaTa amonaxsnebs (ix. b. abramiani, 1958; g. valovi, 1957, 1958). 

cilindris zedapirebze yvela sasazRvro pirobebis 

erTdrouli zusti Sesrulebis sirTulem gvaiZula veZeboT 

amocanis amoxsnis miaxloebiTi gzebi; ase, s. treninma (1952) [22] 

warmoadgina daZabuli mdgomareoba ori tenzoriT: ZiriTadiT da 

makoreqtirebeliT, amasTan ukanaskneli ar iZleva Zabvebs 

gverdiT zedapirebze (erTgvarovani amonaxsni) da misi 

parametrebi ganisazRvreba energetikuli gziT. ufro zogadi (ara 

RerZulsimetriuli) amocana Rru cilindrze ganixileboda 

analoguri saxiT v. ionovis (1957) mier; s. Sainma (1962) mogvca 

makoreqtirebeli tenzoris ageba pirvel miaxloebaSi. 

sqelkedliani cilindris araRerZuli deformacia iyo 

Seswavlili maTi mwkrivebSi warmodgenis saSualebiT, romlebic 

Seicavdnen beselisa da makdonaldis funqciebs i. smolovikis da 

a. Sepetevis (1961) naSromSi da v. sumcovis (1957-1959) naSromebSi. 

Rru cilindris datvirTvis zogad SemTxvevaSi sasazRvro 

pirobebis mkacri Sesruleba, romelTac mivyavarT usasrulo 

sistemebamde iyo ganxorcielebuli e. baidas (1959, 1960) mier. 

a. kvitkas (1959) statiebi miZRvnilia xerxebis SemuSavebisadmi, 

romlebSic saSualeba mogvecemoda sqeltaniani cilindris 

RerZulsimetriul deformaciaze gamokvlevebi dagveyvana 

gamomTvleli manqanebis gamoyenebaze. 

f. goxbaumma (1964) gamoiyena a. luries simboluri meTodi 

mTliani da Rru cilindrebis mimarT, romlebic ganicdidnen 

ZiriTadad RerZuli simetriuli datvirTvis moqmedebas. 

Rru (da mTliani) cilindrebis gaangariSebis miaxloebiTi 

meTodi maTi RerZulsimetriuli datvirTvisas iyo 

SemoTavazebuli v. bidermanis (1946; 1950) mier; warmoadgenda ra 

mxeb Zabvebs RerZuli da radialuri funqciebis namravlis jamis 

saxiT, bidermani iRebda radiusis Sesaferis funqciebs, xolo 

RerZuli funqciebisaTvis Rebulobda potencialuri energiis 

minimumis principidan gamomdinare Cveulebriv diferencialur 
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gantolebebs, romlebic Seicavdnen marjvena nawilebSi 

funqciebs, damokidebuls cilindris gverdiT zedapirebze 

modebul normalur Zalebze. meTodis gavrcoba mxebi Zalebis 

arsebobis SemTxvevaze ganaxorciela SemdgomSi v. gorskim (1963). 

Rru cilindrebis gaangariSebis sxva miaxloebiTi xerxi, 

romlebic datvirTulia gverdiT zedapirze, miTiTebulia s. 

boiariSnikovis (1953) mier, romelmac SemogvTavaza 

gadaadgilebebisaTvis gamosaxulebis gamoyeneba, rac Tavis mxriv 

warmoadgens Txeli drekadi garsebis TeoriaSi gamoyenebuli 

meTodebis ganzogadebas. TandaTanobiTi miaxloebis originaluri 

meTodi, misadagebuli amocanasTan cilindris wonasworobis 

Sesaxeb, SeimuSava f. detinkom (1953) [23]; man aago amonaxsni 

mwkrivebSi mcire parametris xarisxebad (puasonis koeficienti). 

stacionaruli amocana Rru cilindris (RerZuli simetriis 

SemTxvevaSi) Termodrekaduli wonasworobis Sesaxeb Seiswavleboda 

jer p. ogibalovis (1954), xolo Semdeg i. SevCenkos (1958) mier, 

romelmac gaiTvaliswina masalis drekadobis modulis cvlileba 

cilindris RerZis gaswvriv. a.podgornim (1965) gaiTvaliswina 

cilindris torsebis gavlena da aseve centridanuli Zalebis 

gavlena; amocana amoxsnilia miaxloebiT, lagranJis variaciuli 

principis gamoyenebiT. p. ermakovma (1961) da v. SaCnevma (1962) 

ganixiles Termodrekadobis stacionaruli amocana sasruli 

sigrZis mTliani cilindrisaTvis misi RerZulsimetriuli 

deformaciisas; am naSromTagan pirvelSi pirobebi torsebze 

sruldeba miaxloebiT, Tanaxmad bidermanis meTodisa, xolo 

meoreSi – amocanis amoxsna dayvanilia integralur-diferencialuri 

gantolebis amoxsnamde. Termodrekadobis stacionaruli amocana 

usasrulo cilindrisaTvis ramdenime RruTi formulirebulia a. 

kosmodamianskis (1962) [24] mier – rogorc temperaturuli veli, 

aseve temperaturuli mdgomareoba ganisazRvreba bubnov-

galiorkinis meTodiT. 

Termodrekadobis arastacionaruli amocana mbrunavi Rru 

cilindrisaTvis  Seiswavleboda i. SevCenkos (1961) mier, romelic 
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asrulebda pirobebs torsebze, kastilianos variaciuli meTodis 

saSualebiT. a.Sevelevi (1966) xsnida Termodrekad amocanas 

usasrulo cilindrisaTvis, romlis garSemoc temperatura 

icvleba eqsponencialuri kanoniT drois mixedviT. is sazRvravda 

maqsimaluri Tburi Zabvebis damokidebulebas gacxelebis 

parametrebze, rac saSualebas iZleva CamovayaliboT optimaluri 

amocana. a. uzdaliovma (1962) [25] ganixila Termodrekadobis 

arastacionaruli brtyeli RerZulsimetruli amocana 

anizotropuli mTliani da Rru cilindrebisaTvis. 

erTgvarovani amonaxsnebi Rru sferosaTvis, misi simetriuli 

deformaciis  SemTxvevaSi iyo miTiTebuli 1943 wels a. luries 

mier; am amonaxsnebis gamoyenebam saSualeba mogvca amogvexsna 

hipoTezebis saSualebiT sfero, romelic moWrilia konusuri 

zedapiriT da romelsac aqvs mwvervali centrSi erT an orive 

polusTan; luriem Caatara agreTve im amonaxsnebis sizustis 

Sefaseba, romlebic dafuZnebulia kirhxof-liavis kinematikuri 

hipotezebiT sargeblobaze sferul garsTan mimarTebaSi. 

Rru sferos wonasworobis Sesaxeb amocana misi nebismieri  

deformaciisas amoxsnilia a. luries (1953) mier p. papkoviCis 

zogadi amonaxsnis saSualebiT; meoTxe funqciis marjve arCevisa 

da harmoniuli veqtorebis wyalobiT avtorma moaxerxa arsebiTad 

Seekveca gamoTvlaTa moculoba Rru sferosaTvis rogorc meore 

ZiriTadi amocanis SemTxvevaSi, aseve pirveli ZiriTadi amocanis 

SemTxvevaSic. drekadobis Teoriis sivrciTi amocanebis 

gamokvlevaTa Sedegebi Tavmoyrilia mis monografiaSi (1955), 

sadac Sesulia aseve amocanebis amonaxsnebi mZime da mbrunavi 

burTis Sesaxeb sferuli Rrus SemousazRvrel garemoSi da sxva. 

sferos Sesaxeb amocanis amoxsnis meore xerxi, dafuZnebuli 

drekadobis Teoriis brtyel da RerZulsimetriul amocanebs 

Soris kavSirze  da analizur funqciaTa Teoriis gamoyenebaze, 

SemogvTavazes a. aleqsandrovma da i. soloviovma (1962) [26], 

kumSva, sufTa Runva da Runva im Rru sferosi, romelic moWrilia 
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polusebis konusuri zedapirebiT ganxilulia k.solianik-krasas 

(1962) [27] mier; 

daZabuli mdgomareoba sferul sartyelSi, romelic 

imyofeba Sida wnevis moqmedebis qveS, Seiswavleboda a. ulitkos 

(1962) mier. 

amocana vertikaluri cilindruli siRruvis siaxloves mZime 

drekadi masivis daZabuli mdgomareobis Sesaxeb pirvelad 

dasmuli iyo a. dinikis (1925) [28] mier, samTo qanebis wnevis 

Sesaxeb sakiTxTan kavSirSi; ufro dawvrilebiT es amocana 

SemdgomSi Seiswavleboda s. lexnickis (1938, 1940) mier, maT 

ricxvSi transversalur izotropuli naxevarsivrcisaTvisac. 

Zabvebis koncentraciaze cilindruli siRruvis gavlena 

sivrciTi daZabuli mdgomareobisas gamoikvlia s. gutmanma (1960). 

cilindruli siRruvis zedapiris ubanze modebuli gare Zalebis 

gaTvaliswineba moaxdina g.CakvetaZem (1956, 1959); mis sxva 

naSromebSi ganixileboda drekadi naxevarsivrce sferuli (1955) 

da cilindruli (1956) siRruveebiT; gamokvlevis misi xerxi 

dafuZnebulia RerZulsimetriul amocanaSi kompleqsuri cvladis 

Semotanasa da n. musxeliSvilis meTodebis misadagebaze. sferuli 

siRruvis siaxloves ZabvaTa koncentracia mZime naxevarsivrceSi 

gamoikvleoda n.fleiSmanisa da v. gnatikovis (1954) mier. 

r. kaufmanma (1958) [29] ganixila sferuli siRruvis 

Semcveli drekadi fenis amocana; misi amoxsnis meTodi Sedgeba 

sferuli koordinatTa sistemis saTavis gadatanaSi da sferul 

funqciebisaTvis gadatanis formulebis SemotanaSi; sxva statiaSi 

kaufmanma imave meTodiT amoxsna amocana sferos wonasworobis 

Sesaxeb arakoncentrirebuli sferuli RruTi. p.perlinma (1964) 

aago meore ZiriTadi amocanis amonaxsni Rru brunviTi 

elifsoidis Sesaxeb, romlis Sida zedapirs warmoadgens sfero; 

i.podilCukma (1965) Seiswavla sferul koordinatebSi Sida da 

gare amocanebi brunviTi elifsoidisaTvis. aq naxseneb oTx 

naSromSi amonaxsni igeba mwkrivebSi, romelTa koeficientebi 

unda ganisazRvron gantolebaTa usasrulo sistemidan. 
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v. Jarovma (1963) dasva mniSvnelovani amocana Termodrekadi 

Zabvebis Sesaxeb magravitirebel sferoSi temperaturis ganawilebis 

nebismieri kanonisas; Termodrekadobis stacionaruli amocana 

Rru sferosaTvis, romlis modulic aris radiusis xarisxovani 

funqcia, gadawyvita i.danilinam (1962). 

sakiTxi konusis (mTliani da Rru) wonasworobis Sesaxeb 

RerZulsimetriuli datvirTvis moqmedebisas ganixila g. Sapirom 

(1944); man miiRo amocanis polinomuri amonaxsni zedapiruli 

datvirTvebis zogierTi tipisa da simZimis Zalis moqmedebisaTvis; 

sxvagvari xerxiT es amocana gamoikvlia a.aleqsandrovma (1962) 

[30]. konusis mwvervalze modebuli Seyursuli momentis moqmedeba 

ganixila a. ulitkom (1960); mis sxva naSromSi (1960) melinis 

gardaqmnebis saSualebiT ixsneba zogadi amocana drekadi 

konusis wonasworobis Sesaxeb. RerZulsimetriulad datvirTuli 

konusis drekadi wonasworoba ganixila agreTve k. solianik-

krasma (1955, 1962); amonaxsni man warmoadgina furies integralebis 

saxiT. v. ionovma (1965) mogvca amocanis amonaxsni konusuri tanis 

RerZulsimetriuli deformaciis Sesaxeb; sasazRvro pirobebis 

Sesrulebas mivyavarT gantolebaTa usasrulo simravlisaken 

makoreqtirebeli tenzoris mudmivebisaTvis. zedapirulad 

datvirTuli konusis grexa ganxilulia k. solianik-krasas (1965) 

da p.nedorezovis (1965) mier. 

mZime brunviTi paraboloidis wonasworobis Sesaxeb amocana 

gadawyvetilia g. Sapiros (1950) [31] mier; paraboloidis gaWimva da 

Runva, da aseve tanis, romelic Seicavs paraboloidur Rrus, 

gaWimva da Runva ganxilulia k. solianik-krasas (1958) mier; mis 

sxva naSromSi (1958) gamokvleulia elifsoidisa da calRruiani 

hiperboloidis kumSva; hiperboloidis grexa gamoikvlies n. 

lebedevma da s. skalskaiam (1966). 

toroidaluri koordinatebis saSualebiT a. zaxareviCma (1952) 

[38] ganixila brunviTi toris wonasworoba; v. levSinma (1962) aago 

gare da Sida wnevis moqmedebis qveS moqceuli Rru toris amocanis 

amonaxsni. mrgvali ganivi kveTis mqone toris grexa, xraxnuli 
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zambarebis gaangariSebasTan kavSirSi, romelTac xveulTa mcire 

biji aqvT, dawvrilebiT Seiswavla k.solianik-krasam (1950); 

amonaxsni man miiRo bipolaruli koordinatebis gamoyenebiT da 

igi Seicavs mwkrivebs, romlebSic hiperboluri, trigonometriuli 

funqciebi da mierTebuli leJandris funqciebia CarTuli. 

mcire elifsoidaluri Rrus Semcveli mrgvali Reros 

gaWimva gamokvleulia k.solianik-krasis (1958) mier elifsoidaluri 

koordinatebis gamoyenebiT. n. forsmanma (1958) [32] gadawyvita 

amocana mrgvali ganivi kveTis mqone gaWimul ReroSi Zabvebis 

koncentraciis Sesaxeb, romlebic sisqis cvlilebis adgilSia: 

miRebulia gansazRvruli integralebis amonaxsni, romlebic 

Semdeg gamoiTvleba miaxloebiTi formiT. 

1963 wlidan gamoCnda i. voroviCisa da misi mowafeebis 

naSromebi miZRvnili filebisa da garsebisaTvis asimptoturi 

amonaxsnebis agebisadmi, amasTan aseTi agebis safuZvlad miiReba 

drekadobis Teoriis samganzomilebiani amocanis Sesabamisi 

erTgvarovani amonaxsnebi; lagranJis variaciuli meTodiT dgeba 

gantolebaTa usasrulo sistemebi saZiebeli funqciebis 

konturuli mniSvnelobebisaTvis; am sistemaTa amonaxsni igeba 

mwkrivebSi filis an garsis sisqis xarisxebis mixedviT. am 

meTodiT gamokvleulia filis Runvis amocana (o. aqsentiani da i. 

voroviCi (1963, 1964), da aseve cilindruli da sferuli garsebis 

Sesaxeb RerZulsimetriuli amocanebi (n. bazarenko da i.voroviCi, 

1965; t. vilenskaia da i. voroviCi, 1966) [33]. 

lames klasikuri amocana marTkuTxa paralelepipedis 

wonasworobis Sesaxeb, romelic datvirTulia waxnagebze 

mocemuli ZalvebiT, ipyrobs bevri mkvlevaris yuradRebas, 

dawyebuli m. filonenko-borodiCis Sromebidan. am mimarTulebis 

pirvel statiaSi, romelic 1946 wels gamoqveynda, m.filomenko-

borodiCma Semoitana ganxilvaSi kosinus-binomi – mimdevroba 

araorTogonaluri funqciebisa, romlebsac gaaCniaT sisrule maTi 

gansazRvris intervalSi da iqcevian nulad Tavis pirvel 

warmoebulebTan erTad intervalis sazRvrebze. 
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m. filonenko-borodiCis Semdgom naSromebSi kosinus-binomi  

mis mier gamoiyeneboda marTkuTxa paralelepipedis wonasworobis 

Sesaxeb amocanaSi miaxloebiTi amoxsnisaTvis. amocanis amoxsnis 

idea Sedgeboda ZabvaTa tenzoris or nawilad gayofaSi: ZiriTadi 

tenzori, romelic akmayofilebs wonasworobis gantolebebsa da 

paralelepipedis waxnagebis datvirTvis pirobebs da 

makoreqtirebeli tenzori, romelic aigeboda kosinus-binomebisa da 

maTi warmoebulebis saSualebiT. ukanaskneli tenzori, romelic 

akmayofilebda ra wonasworobis gantolebebsa da nulovan 

sasazRvro pirobebs, Seicavda nebismier mudmivebs, romlebic 

ganisazRvreba kastilianos variaciuli meTodiT. m. filonenko-

borodiCma (1951) Seiswavla amocana paralelepipedis toli da 

sapirispirod mimarTuli datvirTvebiT SekumSvis Sesaxeb da 

ganixila paralelepipedis Termodrekadi wonasworoba; mogvianebiT 

(1953) man ganavrco es meTodi cilindruli koordinatebis 

SemTxvevaze: masve ekuTvnis mosazreba ZiriTadi tenzoris 

SerCevis Sesaxeb nebismierad datvirTuli paralelepipedisaTvis. 

drekadi paralelepipedis wonasworobis Sesaxeb amocanis 

amoxsnisadmi sxva midgomaa ganviTarebuli b. bondarenkos (1961, 

1963) naSromebSi, romelic iyenebda gadaadgilebebSi drekadobis 

Teoriis gantolebebis polinomur amonaxsns, amasTan nebismieri 

koeficientebi am amonaxsnebSi ganisazRvreba umciresi kvadratebis 

meTodiT. 

zogierTi kerZo amocanebi marTkuTxa paralelepipedisaTvis, 

gadawyvetili mwkrivebSi, ganxilulia g. valovis (1959), 

a.melqonianis   (1960),  a .babloianis da s. saakianis (1960) mier. 

paralelepipedis  wonasworobis  Sesaxeb amocanis Seswavlas,  

usasrulo sistemebis saSualebiT, eZRvneba e. vaidas (1958, 1959) 

ori statia. ufro dawvrilebiTi gamokvlevebi paralelepipedis 

wonasworobis Sesaxeb, sxvadasxva tipis datvirTvebisa da 

sxvadasxva sasazRvro pirobebisaTvis usasrulo sistemebis 

saSualebiT, Catarebulia g. balovis (1957-1959, 1966) s.saakianis 

(1965), a. babloianis da s. saakianis (1964) SromebSi; am ciklSi 
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ganxilulia rogorc pirveli da meore ZiriTadi amocanebi, ise 

Sereuli da sakontaqto amocanebis zogierTi tipebi, amasTan 

gansakuTrebuli yuradReba eTmoba miRebuli usasrulo 

sistemebis regularobis (anu kvazi-sruli-regularobis) 

damtkiceba. 

 

1.1-is daskvnebi 
 
literaturis mimoxilvidan SeiZleba Semdegi daskvnebis 

gakeTeba: 

− samecniero literaturaSi praqtikulad ar gvxvdeba 

Txelkedliani sivrciTi sistemebis gaangariSebis meTodebis 

istoriuli analizi; 

− zogierTi Sromebis gamoklebiT, ganzogadoebuli impulsuri 

funqciebi gamoiyenebian mxolod diferencialuri gantolebebis 

CawerisaTvis, magram ara maTi amoxsnebis misaRebad. amave dros 

wyvetili funqciis SemoReba iZleva gaangariSebis iseTi 

principulad axali meTodebis miRebis saSualebas, romlebic 

afarToeben amoxsnadi amocanebis klass da anzogadeben yvela 

amoxsnad amocanebs erTian meTodologiur safuZvelze. 

drekadobis wrfivi Teoriis istoriis safuZvelze dReisaTvis 

kidev ufro meti istoriuli masalis gadmocema da misi 

analizia gasakeTebeli. 
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2. შედეგები და მათი განსჯა 

2.1. sen-venanisa da almanzis amocanebis 
warmodgena 

 

rogorc cnobilia, prizmuli Reros Tavisufali grexis 

amocana daiyvaneba harmoniul problemaze, romlis amoxsnaTa 

meTodebi kargadaa SemuSavebuli. adreuli naSromebi Reroebis 

grexaze miZRvnilia am amocanis Caketili saxiT an 

trigonometriuli mwkrivebis saSualebiT amoxsnisadmi; maT 

miekuTvneba b. galiorkinis statiebi, romlebSic gamokvleulia 

tolferda marTkuTxa samkuTxedis formis ganivi kveTis mqone 

prizmis grexa (1919) [3] da paraboluri ganivi kveTis prizmebi 

(1924) [3]; amocana rigi kveTebis grexis Sesaxeb, romlebic 

SemosazRvrulia algebruli mrudebiT, gadawyvetilia d. benovis 

(1935, 1937) da d. gavras (1939) [34] naSromebSi; mogvianebiT  

paraboluri prizmebis grexas ikvlevda v. bloxi (1959). mTliani 

an Rru lilvebis grexisas radialuri bzaris gavlena 

Seswavlilia a. lokSinis (1928) da v. liskovis (1930) statiebSi. 

grexis Teoriis amocanebis amoxsnis sxvadasxva meTodebisadmi, 

(eqsperimentaluri meTodebis CaTvliT), miZRvnilia a. dinikis 

monografia, romelic gamoqveynebulia 1938 wels. 

1925 wels g. kolosovma da d. gavrma grexis amocanis 

amoxsnisas pirvelad gamoiyenes kompleqsuri cvladebi; maT 

ganixiles amocana mcire centraluri kuTxiT arawriuli 

seqtoris grexis Sesaxeb. am mimarTulebiT fundamenturi 

Sedegebi miiRo n. musxeliSvilma (1929), romelmac aCvena, rom 

calmbuli da oradbmuli midamos grexis amocana, romelic 

asaxavs mocemul midamos Sesabamisad wresa da wriul rgolze, 

daiyvaneba kompleqsuri cvladis funqciis moZebnaze. prizmuli 

Reroebis grexis amocanebis amoxsnisas kompleqsuri cvladis 

funqciis Teoriis meTodebi gamoiyeneboda aseTi Reroebis 

sxvadasxva   profilebisaTvis  d. avazaSvilis (1940), a. batirevis    
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(1953), x. muStaris (1938), a. ugodCikovis (1956) da sxvaTa statiebSi. 

r. kuzminma (1946) gamoiyena konformuli asaxva sxva 

formaSi; man miiRo dasagrexi Reros sixistis uSualo 

gamoTvlisaTvis moxerxebuli formula. am formulam saSualeba 

mogvca gamogveTvala sixiste im profilebisaTvis, romelTa 

konturi Seicavs kuTxis wertilebs. sxva naSromSi, romelic 

ekuTvnis p. kufariovs (1937), kompleqsuri cvladis funqciaTa 

meTodi vrceldeba iseT konturis SemTxvevaze, romelic Seicavs 

kuTxis wertilebs. kufariovis meTodi o. babakovma (1954) 

gamoiyena zeturi profilis  grexis ganxilvisas. 

konformuli asaxvis meTodiT e. Siriaevma ganixila lilvis 

grexa, romelsac radialuri da aseve grZivi rkaluri bzari aqvs 

(1956). sxva naSromSi Siriaevma gamoikvlia mrgvali lilvis grexa, 

romelsac sxvadasxva siRrmis Wrili aqvs (1958). wriuli 

amonaCarxebis mqone lilvis grexas swavlobda a. skorobogatko 

(1958, 1962) [35]. Rru saaviacio profilebis grexa, kompleqsuri 

cvladis funqciis Teoriis saSualebiT ganixila g.tirskim (1959). 

kuTxovanisebri, jvarisebri da tesebri profilebis grexis 

amocanis miaxloebiTi amonaxsni konformuli asaxvis saSualebiT 

miiRo v.maxovikovma (1957). ganaviTara ra konformuli asaxvis 

miaxloebiTi xerxebi, a. ugodCikovma (1956) [36] ganixila mrgvali 

lilvis grexa, romelsac kbilakebi (Rarobebi) aqvs da milovani 

lilvi, romelsac Siga kbilakebi (Rarobebiani quro) aqvs. 

Rru Reroebis grexisa da Runvis amocanis amoxsnis axali 

xerxi 1948 wels SemogvTavaza d. Sermanma [37]. man Semoitana 

damxmare funqcia, romelic dakavSirebulia oradbmuli midamos 

erT-erT sazRvarze grexis kompleqsur funqciasTan raRac 

TanafardobiT; es damxmare funqcia akmayofilebs fredholmis 

integralur gantolebas, romlis amoxsnac daiyvaneba 

kvaziregularul (xolo xandaxan sruliad regularul) wrfiv 

algebrul gantolebaTa usasruli sistemis amoxsnamde. Sermanma 

am xerxiT amoxsna wrewirebiTa da elifsebiT (1950, 1951, 1953) 
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SemosazRvruli oradbmuli profilebis grexis rigi konkretuli 

amocanebi. 

Semdgomi Teoriuli Ziebani am mimarTulebiT, romlebmac 

migviyvanes Rru Reroebis grexis rigi amocanebis amoxsnamde, 

tardeboda d. Sermanis (1953, 1955, 1969) [38], r. stepanovis da d. 

Sermanis (1952) [39], i. amenzades (1958) [40] mier. Sermanis meTodi iyo 

gamoyenebuli l. kapanianis (1952) [41], v.iakovlevis (1956) da 

agreTve i. baxtiarovis (1959) naSromebSi kolofa Reroebis 

grexisaTvis, m. ismailovis (1959) naSromSi ki samkuTxa prizmuli 

Rrus mqone mrgvali lilvis grexisaTvis. m. neimanis (1958) 

naSromSi mravalwaxnaga TanaRerZuli Rrus mqone mrgvali 

lilvis grexis amocanaSi. 

prizmuli Reroebis, romelTac aqvT gadamkveTi wrewirebis 

ori rkaliT SemosazRvruli ganivi kveTi, grexisa da Runvis 

amocanebis zusti amonaxsnebi, miRebuli iyo 1949 wels i. 

ufliandis mier bipolaruli koordinatebis gamoyenebiT; im 

midamoebisaTvis, romlebic uSveben amonaxsns bipolarul 

koordinatebSi, Runvisa da grexis amocanebis amoxsnis 

dawvrilebiT gadmocema moyvanilia mis monografiaSi (1950) [42]. 

mogvianebiT v. bloxma (1956) gamoaqveyna statia, miZRvnili 

orTogonaluri wrexazebis rkalebiT Seqmnili marTkuTxedis 

grexis amocanisadmi bipolarul koordinatebSi. 

linzisebri kveTis mqone Reros grexas ganixilavdnen 

i.buraki da m.leonovi (1960) [43]. s. gridnevma bipolaruli 

koordinatebi gamoiyena oradbmuli profilis grexis amocanis 

Seswavlisas (1963) da daiyvana aseTi amocanis amoxsna usasrulo 

sistemebamde. 

rgolis  seqtoris  midamosaTvis  grexis  amocanis  

amoxsna  miiRo k.kitoverma (1954) [44] elifsebisa da hiperbolebis 

rkalebiT Seqmnili rigi midamoebisaTvis. grexis amocanis zusti 

amonaxsnebi elifsur koordinatebSi miiRo v. bloxma (1964). 

Reroebis grexisa da Runvis Sesaxeb amocanis amoxsnis 

miaxloebiTi meTodebi SemuSavebulia d. panovis mier (1934, 1936, 
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1938) [45]. is anviTarebda mcire parametris da grafikul meTodebs, 

Seiswavlida prizmatulTan axlo myofi Reroebis grexas, 

xraxnuli profilis grexasa da Runvas; man agreTve ganixila 

ortesebri koWisa da sogmanis mqone lilvis grexis amocana 

sasrul sxvaobaTa meTodiT. 

grexis TeoriaSi m. slobodianskis naSromebSi (1939, 1940, 1951) 

[46, 47, 48] sasrul sxvaobaTa meTodi gamoyenebuli iyo mxolod 

erTi cvladiT da amocanis amonaxsni dadioda Cveulebriv 

diferencialur gantolebaTa sistemaze; am meTodma saSualeba 

misca slobodianskis, xolo Semdeg a.pivovarovs (1953) [49] 

gamoeTvalaT poligonaluri profilebis Semaval kuTxeebSi 

koncentraciis koeficientebi. analogiuri meTodi iyo gamoyenebuli 

v. fadeevas (1949) mier trapeciodaluri kveTis mqone Reros 

grexis Sesaxeb amocanis amoxsnisas. naglini kuTxovanas grexis 

Sesaxeb amocana Seiswavla b. lopovokma (1952); b. roxovskaiam 

(1946) sasrul sxvaobaTa meTodiT ganixila naglini profilebis 

(kuTxovana, Sveleri da ortesebri) grexis amocana; mis sxva 

naSromSi (1956) da agreTve e.obolenskis (1959) statiaSi es meTodi 

gamoyenebulia Rarobebis mqone lilvis grexis amocanis 

amoxsnisaTvis. 

prizmatuli Reroebis Runvisa da grexis Sesaxeb amocanebis 

sxva miaxloebiT meTodebs Soris umniSvnelovanesi adgili 

ukaviaT variaciul meTodebs, romlebmac didi popularoba 

moipoves l. leibenzonis da l.kantoroviCis naSromebis 

wyalobiT. grexis TeoriaSi l. leibenzonis pirvel naSromSi, 

romelic 1924 wels gamoCnda, Seswavlilia xraxnuli profilis 

grexis amocana. masSi miRebulia grexaze xraxnis profilis 

sixistisaTvis miaxloebiTi gamosaxuleba. am formulis Semdgomi 

dazusteba moaxdina v. vetCinkinma (1926) [50]. 

didi mniSvneloba qonda l. leibenzonis (1935) naSroms 

prizmuli Reroebis Runvis TeoriaSi, romelSic dawvrilebiTaa 

damuSavebuli am amocanis amoxsnis efeqturi variaciuli meTodi 

da agreTve pirvelad iqna miRebuli Teorema Runvisas mxebi 
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Zabvebis cirkulaciis Sesaxeb. Runvis centris moZebnis amocanam 

Semdgomi ganviTareba hpova n. zvolinskis (1936), d. panovis (1934) 

da g. proktoris (1936) naSromebSi. 

l. leibenzonis mravalwliani gamokvlevebis Sedegebi, 

Reroebis Runvisa da grexis TeoriaSi da agreTve amocanebis 

amoxsnis efeqturi xerxebis SemuSavebaSi, Sejamebulia mis 

monografiaSi (1951) [51]. 

[52] 1933 wels l. kantoroviCma SemogvTavaza ormagi 

integralis minimumis moZebnis amocanis amoxsnis axali 

miaxloebiTi meTodi, romlis Tanaxmad problema daiyvaneba 

Cveulebriv diferencialur gantolebebamde (meTodis krebadoba 

mis mier gamokvleulia mogvianebiT, 1941). p. frumkinTan (1937) 

erTobliv sxva statiaSi, kantoroviCma warmatebiT gamoiyena 

Tavisi meTodi rogorc simetriuli, ise arasimetriuli kuTxovani 

da marTkuTxedis kveTebis grexis amocanebis amoxsnisas. t. 

Cepovam (1937) [53] ganixila tolgverda trapeciis da agreTve 

marTi da iribi simetriuli kuTxovanebis grexa; v. bidermanma 

(1950) Seiswavla trapeciisa da tolferda samkuTxedis grexa. a. 

karpovma (1955) mogvca rombis grexis amocanis amonaxsni. 

a. luriem (1939) [54] miuyena kantoroviCis meTodi simetriul 

profils, romelic SemosazRvrulia paraleluri sworebiTa da 

algebruli mrudebiT gamosaxuli orwevra gantolebebiT, Runvisa 

da grexis amocanebs. marTkuTxa da tolferda samkuTxedebis 

grexis Sesaxeb amocana erTob dawvrilebiT ganixila n. 

gulkanianma (1953) [55]. specialuri saxis araorTogonaluri 

koordinatebis SemotaniT n. aruTunianma moaxerxa amoexsna 

kuTxovanisa da Sveleris grexis amocana (1942); sxva naSromSi man 

miiRo izotropuli, an kerZo saxis anizotropiis mqone grexis 

amocanis amoxsna elifsuri rgoluri seqtorisaTvis. 

prizmuli Reros grexis amocanis amoxsnis sxva miaxloebiT 

meTodze, dafuZnebuls wertilovan interpolaciaze, miuTiTa l. 

galinma (1939) [56]. Svarcis maalternirebeli meTodiT tesebri 
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kveTis mqone Reros grexis amocanis miaxloebuli amonaxsni miiRo 

b. bondarenkom (1956) [57]. 

m. leonovma SemogvTavaza Txelkedliani profilebis 

sixistis gansazRvris miaxloebiTi meTodi, romelic 

dafuZnebulia toli mxebi Zabvebis `Sua xazebis~ Semotanaze (1956, 

1957). anviTarebdnen ra am meTods m. leonovma (1957, 1960), g. kitma 

(1958, 1960) da sxvebma miiRes, rogorc caladbmuli, ise 

oradbmuli midamoebisaTvis miaxloebiTi amonaxsnebi. 

h. halimhanovma (1955, 1956) [58] mogvca grexis amocanis 

miaxloebiTi amonaxsni naTali lilvebisaTvis, romelTa kveTis 

konturi Sedgeba ZiriTadi wrexazis rkalebisa da qordebisagan. 

mis amonaxsnSi mudmivebi ganisazRvreba Zabvis funqciisagan 

integralebis nulad qcevis pirobidan, romlebic aRebulia 

konturis sworxazovani da rkaluri ubnebis mixedviT. grexis 

amocanebis SeswavlisaTvis miaxloebiTi meTodebi iyo 

gamoyenebuli agreTve g. sarqisovis da a. amenzades (1952) [59] mier 

– wesieri mravalwaxnaga profilebisaTvis, l. mitelmanis (1955, 

1959) mier kvadratisaTvis, naxevarwrisaTvis, tolferda 

marTkuTxa samkuTxedisaTvis da saaviacio profilebisaTvis, l. 

mixailovis (1962) mier naxevarwriuli kveTis mqone RerosaTvis, 

romelic dasustebulia mrgvali cilindruli RruTi. 

prizmuli Reros SezRuduli grexis amocana romelsac 

nebismieri ganivi kveTi aqvs, ganixileboda v. prokopovis (1959) 

mier, xolo simetriuli profilisaTvis – g. geonjianis (1959) [60] 

mier; orive naSromSi igulisxmeboda, rom normaluri Zabvebi 

SezRudul kveTSi Tavisufali grexis deplanaciis 

proporciulia da gamoiyeneboda amocanis amoxsnis variaciuli 

meTodi; magaliTisaTvis Seiswavleboda elifsuri da marTkuTxa 

ganivi kveTebi. marTkuTxa ganivi kveTis mqone Reros SezRuduli 

grexa gamoikvlia agreTve v. netrebkom (1956). man gamoiyena m. 

filonenko-borodiCis meTodi kastilianos principTan SeTavsebaSi. 

netrebkos sxva naSromSi (1954) imave xerxiT Seswavlilia 

marTkuTxa prizmis grexis amocana mis torsebze mxebi Zabvebis 



54 

mocemuli kanoniT ganawilebisas. Rru elifsuri cilindris 

SezRudul grexas ganixilavda s. gridnevi (1963). 

v. galiorkinma 1927 wels mogvca rgoluri seqtoris saxis 

kveTis mqone prizmuli Reros ZaliT Runvis amocanis zusti 

amoxsna. Zabvis funqciisaTvis gamosaxuleba man miiRo mwkrivis 

saxiT. imave naSromSi galiorkinma Seiswavla, mrudwiruli 

koordinatebis saSualebiT, konsoluri Reros ZaliT simetriuli 

Runva, romlis profilic SemosazRvrulia parabolebis 

rkalebiT, parabolebiT da wrfiT, elifsebisa da hiperbolebis 

rkalebiT. ukanaskneli SemTxveva gamokvleulia agreTve v. 

tonoianis (1961) statiaSi. 

d. avazaSvilma (1940) [61] aago konsoluri prizmuli Reros 

grexis amocanis amonaxsni kompleqsuri cvladis funqciis 

saSualebiT. rgolis midamoze konformuli asaxviT b. 

obodovskim miiRo elifsuri kveTis Rru Zelis Seyursuli ZaliT 

Runvis amocanis amonaxsni (1960). l.kapanianma (1956) Runvis 

amocanis amoxsnisas gamoiyena miaxloebiTi konformuli anasaxi, 

mrudwiruli kvadratuli amonaWeris mqone wrisaTvis. v. 

rakivnenkom (1962), ganixila mrgvali cilindris Runvis sakiTxi, 

rodesac mas aqvs kvadratuli saxis ganivi kveTis mqone ori 

siRruve. 

simetriuli Runva Rerosi, romelsac ganivi kveTi marTkuTxa 

midamoebisagan aqvs Sedgenili, ganixila a. boJenkom (1948). sxva 

statiaSi (1954) man Seiswavla naglini profilebis (Sveleri, 

ortesebri, tesebri) arasimetriuli Runva da gansazRvra Runvis 

centris mdebareoba. b.gulkanianma (1955) gansazRvra tolgverda 

trapeciisa da tolferda samkuTxedis Runvis centris 

koordinatebi miaxloebiTi meTodiT. n. popovma mogvca marTkuTxa 

samkuTxedis saxiT kveTiT prizmis Runvis amocanis amonaxsni 

Caketili saxiT. 

d. Sermanma damxmare funqciebis Tavisi meTodi ganavrco 

Rru prizmuli Reroebis Runvis amocanebze da kerZod, ganixila 

elifsuri Zelis SemTxveva, romelic dasustebulia wriuli 
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cilindruli RruTi (1953) [62]. Sermanis meTodiT amocanebi Rru 

Reroebis Runvis Sesaxeb gamoikvlia i. amenzadem. wre elifsuri 

(1955) da mrudwiruli (1956) naxvretebiT wre araTanaRerZuli 

elifsuri naxvretiT (1958) [63] da sxva. kveTi elifsis saxiT, ori 

wriuli naxvretiT, Seiswavla a. kosmodamianskim (1960). 

[64] 1948 wels n. aruTunianma SemogvTavaza poligonialuri 

ganivi kveTis Reros grexis Sesaxeb amocanis amoxsnis axali 

meTodi, romlis arsic mdgomareobs ZabvaTa funqciis moZebnisas 

damxmare funqciis SemotanaSi da Semdgom amocanis amoxsnis 

dayvana sruliad regularul wrfiv algebrul gantolebaTa 

usasrulo sistemamde; SemdgomSi man ganixila kuTxovanis grexis 

Sesaxeb amocana (1949). aruTunianis meTodiT iyo gamokvleuli 

sxvadasxva ganivi kveTis mqone Reroebis grexis Sesaxeb amocanebi; 

kveTi trapeciis saxiT ganixiles v. abramianma da n. aruTunianma 

(1951), Sveleri da tesebri e. aleqsandrianma da n. gulkanianma 

(1953), jvarisebri kveTa da cilindri solisebri kiloTi – 

b.abramianma (1949, 1959), kolofa profili bzariT – a. babloianma 

(1958). a. aleqsandrianma (1952) Seiswavla ortesebris, kvadratis da 

marTkuTxedis, CamoWrili kuTxiT da paralelogramis 45°-iani 

kuTxiT, SemTxveva, samkuTxa ganivkveTi da marTkuTxedi bzarebiT 

gamoikvlia n. gulkanianma (1952, 1953); seqtori kbilakebiT 

ganixiles b.abramianma da v. tonoianma (1959). 

 

2.1.1. grexisa da Runvis amocanebis dasma 
da gadawyveta 

 

marTkuTxedis saxis Rru kveTis mqone prizmuli Reroebis 

grexa (da Runva) Seiswavla b. abramianma (1950); SemdgomSi man 

gamoikvlia grZivi siRrueebis mqone mrgvali lilvis SemTxveva 

(1959); b. abramianisa da a.babloianis naSromSi (1960) 

gamokvleulia mrgvali Reros grexa amonaCarxebiTa da 

kbilakebiT, romelsac aqvs centraluri mrgvali siRrue. 

damxmare funqciebisa da usasrulo sistemebamde dayvanis imave 
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meTodiT n.gulkanianma (1960) Seiswavla marTkuTxa prizmis grexa, 

romelsac ori simetriuli marTkuTxa siRrue aqvs. v. tonoianma 

(1961) mogvca grZivi amonaCarxebis mqone Rru elifsuri Reros 

grexis amocanis amonaxsni. damxmare funqciis dawvrilebiTi 

meTodis safuZvliani gadmocema, prizmuli mTliani da Rru 

Reroebis, agreTve Sedgenili Reroebisa da brunviTi sxeulebis 

grexisas SeiZleba vnaxoT n. aruTunianis da b. abramianis (1963) 

monografiaSi [65]. 

poligonaluri profilis Reroebis Runvis amocanisadmi 

damxmare funqciis meTodis gamoyeneba da problemis usasrulo 

sistemebamde dayvana mocemulia n. aruTunianisa da n. gulkanianis 

statiaSi (1954). am statiaSi napovnia Runvis centris koordinatebis 

zusti mniSvnelobebi tesebrisaTvis, SvelerisaTvis da 

TanabarTaroebiani kuTxovanisaTvis. n.gulkanianma (1959) [66] ipova 

aseve Runvis centris koordinatebi kveTisaTvis marTkuTxedis 

saxiT, romelsac aqvs arasimetriuli marTkuTxa amonaWeri. 

m. sarqisianma (1956) aruTinianis meTodiT ganixila ortesebris 

Runvis amocana. e. kirinma (1963) – gamoikvlia jvarisebri ganivi 

kveTi; v.tonoianma (1961) – elifsis saxis kveTi amonaCarxebiT. a. 

babloianis (1960, 1961) naSromebi miZRvnilia mrgvali lilvis 

Runvis amocanisadmi gverdiTi amonaCarxebiT, seqtoruli 

prizmisa kbilakiT da lilvisa kbilakebiT.  

n. musxeliSvilma (1932) SeimuSava sxvadasxva masalebisagan 

Sedgenili da gverdiTi zedapirebis gaswvriv erTmaneTTan 

SekavSirebuli Reroebis grexisa da Runvis Teoria; aseTi 

amocanis amonaxsni erTmaneTTan SekavSirebuli ori Zelis grexis 

SemTxvevisaTvis moyvanilia mis cnobil monografiaSi (gam. 2 – 

1935). i. vekuam da a. ruxaZem (1933) [67] Seiswavles mrgvali ReroTi 

daarmaturebuli wriuli kveTis cilindris grexa da agreTve 

Sedgenili Reros grexa da Runva, romlis kveTs aqvs fokusuri 

elifsebis saxe; a. ruxaZem (1935) [68] ganixila Sedgenili profilis 

Runva da grexa, romelic epiTroqoidebiT aris Seqmnili; 

hipoTroqoidebiT gamijvnis SemTxveva gamoikvlia g. quTaTelaZem 
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(1956) [69]. ori wriuli segmentis saxis Sedgenili Reros grexa, 

romlebic SekavSirebulia qordis gaswvriv, ganixila v. Ziubam da 

a. asaturianma (1965). 

Sedgenili Reros grexis Sesaxeb zogad amocanas ekuTvnis 

k.Cobanianis (1955) statia; masSi moyvanilia Teorema mxebi Zabvebis 

cirkulaciis Sesaxeb da ganxilulia tesebri ganivi kveTis mqone 

Sedgenili Reros amocana. k. Cobanianis sxva naSromebSi 

ganxilulia Sedgenili kveTis Runva (1956), Runvis centris 

koordinatebis gansazRvra da cvladi diametris mqone Sedgenili 

lilvis grexa (1958) [70]. mravalbmuli Sedgenili Zelis grexa 

gamoikvlia i. suxarevskim (1954) [71]. a. ugodCikovma (1964) ganixila 

erTmaneTSi Cadgmuli Sedgenili Reroebis grexa da Runva; 

amocanis amoxsna igeba konformuli asaxvis saSualebiT da 

dayvanilia wrfivi gantolebebis usasrulo sistemebze. 

prizmuli anizotropuli Reroebis grexisa da Runvis 

amocanebi formulirebuli iqna s. lexnickis naSromebSi (1938, 

1942, 1956); am gamokvlevaTa Sedegebi da anizotropul garemoTa 

drekadobis Teoriis rigi sxva amocanebis amonaxsnebi 

Sejamebulia mis monografiaSi (1950) [72]. ufro adre anizotropul 

prizmaTa grexa ganzogadebuli membranuli analogiis saSualebiT 

Seiswavla a. lokSinma (1927), ganixilavda ra kveTebs wris, 

elifsis, marTkuTxedis da paralelogramis saxiT. anizotropuli 

prizmebis Runvisa da grexis zogierTi amocanebi gamoikvlia l. 

leibenzonma (1940) variaciuli meTodiT. saaviacio profilis 

anizotropuli Reros grexis amocanis miaxloebiT amoxsnas 

eZRvneba v. vantorinis (1939) statia; anizotropiuli Reros 

grexis zogierTi amocanebi miaxloebiTi meTodiT ganixila n. 

aruTunianma (1947, 1948) [73]. anizotropuli cilindris grexa 

Seiswavles b. abramianma da a. babloianma (1958). 

paralelogramis formis ganivi kveTis mqone anizotropuli 

Reros Runva da grexa gamoikvlia r. minasianma (1958) [74]. 

anizotropuli Reroebis Runvis amocanaTa rigi ganixila v. 

sarqisianma (1961, 1962), romelmac gamoiyena mcire parametris 
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xarisxebad mwkrivad gaSlis meTodi. xsnida ra anizotropuli 

Reros Runvis amocanas konformuli anasaxis saSualebiT, e. 

antonovma (1964) gamosaxa Runvis centris koordinatebi amsaxveli 

funqciis koeficientebiT.  

araerTgvarovani prizmuli Reros grexis amocana amoxsnes 

b.abramianma (1951) da a. manukianma (1952). v. sarqisianma da v. 

miqaelianma (1965) Seadgines Sedgenili anizotropuli Reros Runvis 

centris koordinatebisaTvis formulebi. ukanasknel xanebSi 

gamoCnda Runvis (p.galfaiani, 1960, 1961) da grexis (a. babloiani, 

1959, p. galfaiani da k.Cobaniani, 1959) [75] amocanebis amonaxsnebi 

sxeulebisaTvis, romlebsac gaaCniaT gamaZlierebeli Txeli 

safarebi. s. lexnickim Seiswavla grexis zogierTi amocana 

cvladi drekadobis modulis mqone sxeulebisaTvis (1964, 1965). 

1950 wels m. bermanma mogvca Runvis centris 

koordinatebisaTvis formulebi gamosaxuli funqciebiT, 

romlebic xsnida imave ganivi kveTis mqone RerosaTvis grexis 

amocanas; mogvianebiT analogiur Sedegebamde mivida v. 

novoJilovi (1957) [76]; v. prokopovma (1960) mogvca am formulebis 

ganzogadeba Runvadi Reros mravalbmuli ganivi kveTis SemTxvevaSi. 

aRniSnuli sakiTxis Semdgomi Seswavla ekuTvnis g. janeliZes 

(1963). anizotropuli Reros SemTxvevaSi analogiuri Sedegebi 

miiRo v. sarqisianma (1961, 1966). k. Cobanianma da v. miqaelianma 

(1963) gamoiyvanes formulebi sxvadasxva masalisagan Sedgenili 

Reros Runvis centris koordinatebisaTvis. 

brunvis sxeulebis grexa Seiswavleboda sxvadasxvagvari 

meTodebiT. a.lokSinma (1923) mrudwiruli koordinatebis 

saSualebiT ganixila konusis, elifsoidis, hiperboloidis da 

brunvis paraboloidis grexa; ufro farTo dasmiT brunvis 

sxeulebis grexis Sesaxeb amocana mrudwirul koordinatebSi 

gamoikvlia b. sokolovma (1944); mis miervea ganxiluli 

safexuriani lilvis grexis amocana ritcis meTodis gamoyenebiT 

(1939). Rru wakveTili konusis grexa Seiswavla n. paparinma (1937). 

k. solianik-krasma gamoiyena mrudwiruli koordinatebi im  
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lilvebis grexis amocanis amoxsnisas, romlebsac gaaCniaT 

siRrueebi (1947) an rgoluri amonaCarxebi (1948, 1955). am 

gamokvlevaTa Sedegebi Sesulia agreTve mis monografiaSi 

`cvladi kveTis lilvebis grexa~ (1949) [77]. imave meTodiT man 

ganixila cvladi kveTis mqone RerosYRunvis rigi amocanebi. 

kerZod, gamokvleulia cilindrul ReroSi sferul siRruesTan 

Zabvebis koncentracia (1955). 

rgoluri  amonaCarxis  mqone  mrgvali  lilvis  grexisas  

Zabvebis koncentraciis Sefaseba, romelic kompleqsuri cvladi 

funqciis Teoriis variaciul meTodTan Sexamebis gamoyenebazea 

dafuZnebuli, miiRo g. poloJim  (1957). badeTa meTodiT, grexisas 

lilvis diametris mkveTri cvlilebis adgilebSi ZabvaTa 

koncentraciis Sesaxeb amocana, Seiswavleboda b.rozovskaias (1956, 

1958) mier. cvladi kveTis mqone milis grexa ganixiles i.amenzadem 

da g. sarqisovma (1959). 

brunviTi anizotropiuli sxeulebis grexa gamokvleulia 

s.lexnickis (1940), d. grilickis (1957), b. abramianisa da a. babloianis 

(1958) naSromebSi. 

mrgvali lilvis gverdiTi zedapiris gaswvriv ganawilebuli 

Zalvebis moqmedeba, romelsac mivyavarT mis dagrexamde, 

ganixiles n. zvolinskim [79] da p. rizma (1939), romlebmac 

Seiswavles datvirTvis Tanabari da wrfivi ganawileba. prizmuli 

Reros ufro zogadi SemTxveva ganixiles l. gilmanma da s. 

goluSkeviCma (1943), p. rizma (1940). l. gilmanis statiaSi (1937) 

amoxsnilia amocana drekadi rgolis grexis Sesaxeb wyvilebiT, 

romlebic Tanabradaa ganawilebuli misi RerZis gaswvriv. 

cilindris msaxvelis gaswvriv Tanabradganawilebuli mgrexi 

mxebi Zalvebis SemTxveva Seiswavleboda s.bakanovis (1959) mier. 

mTliani da Rru wriuli cilindrebis grexa, romlebzec 

RerZulsimetriulad ganawilebuli zedapiruli datvirTvebi 

moqmedebs, ganixila furie-beselis mwkrivebis saSualebiT v. 

bloxma (1954, 1956); imave problemas mTliani cilindrisaTvis 

ubrundeboda p. livSici (1962). s. lexnickim (1961) gadawyvita 
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amocana anizotropuli Reros grexis Sesaxeb, romlis gverdiTi 

zedapiris gaswvriv ganawilebulia Zalvebi. 

safexuriani lilvis grexa datvirTvebiT, romlebic 

modebulia gverdiT da torsul zedapirebze da aqvT RerZuli 

simetria, Seswavlilia b. abramianis da m. jrbaSianis (1951) mier; 

maT mier amocanis amoxsna dayvanilia wrfivi gantolebebis 

usasrulo sistemamde. imave meTodiT b.kostandianma gadawyvita 

amocana safexuriani Rru lilvis grexis Sesaxeb (1956) [80]; mis 

miervea ganxiluli marTkuTxedis formis rgoluri amonaCarxis 

mqone lilvis grexa (1954) da lilvis grexa masze dasmuli 

diskiT (1958). konusuri Reros da cilindruli Reros konusuri 

nawiliT grexa Seiswavla b. abramianma (1958, 1960); n. gulkanianTan  

TanaavtorobiT mis mier (1961) ganxilulia Sedgenili Rru 

naxevarsferos grexa. 

prizmuli drekadi Reros wonasworobis amocanas, masze 

Zalvebis moqmedebisas, romlebic modebulia torsebze da 

Tavisufalia datvirTvebisagan gverdiT zedapirebze, uwodeben 

sen-venanis amocanas; drekadobis wrfiv TeoriaSi es amocana 

iSleba, bunebrivad, or martiv amocanad (gaWimva da sufTa Runva 

wyvilebiT), romlebic ixsneba elementaruli gziT da or ufro 

rTul amocanad (grexa da Runva Zalisagan), romelic ganxilulia 

zemoT. drekadobis arawrfiv TeoriaSi arsebiTi xdeba urTierT 

gavlena, gamowveuli sxvadasxvagvari datvirTvebiT; aucilebelia 

meoradi efeqtebis gaTvaliswineba, romelTa Seswavla dawyebuli 

iqna 1938, 1939 wlebSi n. zvolinskisa da p. rizis erTobliv 

naSromebSi. am naSromebis ciklidan ukanasknelSi (1939) 

ganixileboda gaWimuli Reros grexa. n. zvolinskim Seiswavla 

Reros grexa, romelic gaWimulia masaTa ZalebiT (1939). gaWimuli 

Reros Runvis amocanas eZRvneba p. rizisa (1939) da a.ruxaZis (1941) 

gamokvlevebi, romelmac ganixila gavlena Reros Runvaze Runvis 

wyvilis ganivi Zalisagan (1947). meoradi efeqtebi, romlebsac 

adgili aqvT Sedgenili Reroebis gaWimvasa da Runvisas, iyo 

gamovlenili a.gorgiZisa da a. ruxaZis mier (1943). am 
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gamokvlevaTa dazusteba da ganviTareba Catarda Semdgom a. 

gorgiZis (1955, 1956) [81], r. minasianis (1957), a. ruxaZis (1954), v. 

mecugovis (1954, 1956) [82] naSromebSi. naSromTa am ciklSi farTod 

gamoiyeneboda mcire parametrebis meTodi. 

odnav konusuri da bunebrivad dagrexili Reroebis 

deformaciis Sesaxeb amocanebma daikaves mniSvnelovani adgili 

mecnierTa gamokvlevebSi. aq aseve Zalzed sasargeblo aRmoCnda 

mcire parametris meTodi. pirvelad es meTodi gamoyenebuli iyo 

d. panovis mier odnav konusuri Reros grexis amocanis 

gadawyvetisas (1938). bunebrivad dagrexili Reroebis gaWimvis, 

grexis da wyvilebiT Runvis Sesaxeb amocanebi Seswavlili iqna p. 

rizis (1939) mier. ufro zogad dasmaSi, araorTogonaluri 

koordinatTa specialuri sistemis gamoyenebiT, sen-venanis amocana 

bunebrivad dagrexili RerosaTvis, amoxsnili iqna a.luries da g. 

janeliZis mier (1940) [83]; mogvianebiT g.janeliZem es meTodi 

ganavrco odnav konusur Reroze (1947). dagrexili Reros Runva 

wyvilZalebiT dekartes koordinatebSi gamoikvlies a. gorgiZem 

da a. ruxaZem (1944), xolo Runva ganivi ZaliT – a. ruxaZem (1947). 

Sedgomi gamokvlevebi azusteben da avseben am ZiriTad Sedegebs. 

dawvrilebiT Seiswavleba meoradi efeqtebi, rTuldeba 

datvirTvebis sqemebi (a. gorgiZe, v. mecugovi, 1957; a. ruxaZe, 1956; 

a.Sarangia, 1955) da Sedgenili sustad konusuri Reroebi (s. 

berZeniSvili, 1957). 

mcire parametris meTodi warmatebiT iqna gamoyenebuli 

sustad gaRunuli RerZis mqone Reros wonasworobis amocanis 

amoxsnisas; pirvelad am tipis amocanebi amoixsna p. rizisa (1940, 

1947) da a. ruxaZis (1942) mier. SemdgomSi ganixileboda gaWimva (r. 

minasiani, 1954), Runva wyvilZalebiT (a. ruxaZe, 1953) da Runva 

Zalisagan (a. gorgiZe, 1956). 

anizotropuli Reros gaWimva da Runva Seswavlili iqna 

1949 wels s. lexnickis mier. mogvianebiT g. xatiaSvilma ganixila 

ufro rTuli amocana – anizotropuli Rero sustad gaRunuli 

RerZiT (1965) [84], mis mierve gamokvleulia sen-venanis amocana 
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prizmatulTan axlos Sedgenili anizotropuli sxeulebisaTvis 

(1963) [85]. 

Reros drekadi wonasworobis amocanas, romlis gverdiTi 

zedapiri datvirTulia ZalvebiT, romlebic warmoadgenen 

RerZuli koordinatis polinomur funqciebs, ewodeba almanzis 

amocana. am amocanis kerZo SemTxveva, roca gverdiTi datvirTva 

ar aris damokidebuli RerZuli koordinatisagan, 

ASeiswavleboda jer kidev j. miCelis mier. 1960 wels g.janeliZem 

gamoaqveyna almanzis amocanis amoxsnis zogadi meTodi ZabvebSi, 

romelsac davyavarT rigi organzomilebiani amocanebis amoxsnamde, 

romlebic erTmaneTTan dakavSirebulia rekurentuli 

TanafardobebiT. es meTodi iZleva miCel-almanzis amocanis 

amoxsnis zogad xerxs da xsnis gzas kompleqsuri cvladis 

Teoriis gamoyenebisaTvis. miCelis amocanis kerZo SemTxveva, 

roca gverdiT zedapirze moqmedebs Tanabradganawilebuli 

normaluri datvirTva Seiswavla a. harisma (1960); man aCvena 

Runvis centrebis xazis arseboba, romlis moZebnisaTvis 

sakmarisia sen-venanis amocanis grexis harmoniuli funqciis 

gansazRvra. Sedgenili ZelebisaTvis miCelisa da almanzis 

amocanebis amoxsna mogvca g. xatiaSvilma (1953, 1955) [86]. miCelis 

amocanasTan dakavSirebiT wamoWrili sasazRvro amocanebis 

klasifikacia da maTi amoxsnis Tanmimdevroba miTiTebulia a. 

luries mier (1966). 

transversalurad izotropul cilindrze gverdiTi 

polinomuri datvirTvis moqmedeba, romelsac mivyavarT mis 

grexamde da RerZulsimetriul deformaciamde, Seiswavleboda s. 

lexnickis (1961) mier. a.kosmodamianskim (1956, 1961) ganixila 

miCelisa da almanzis amocanebi anizotropuli koWisaTvis. g. 

janeliZem ganavrco mis mier SemoTavazebuli almanzis amocanis 

amoxsnis meTodi anizotropuli Reros SemTxvevaze. ufro 

dawvrilebiT es amocana ganixileboda g. xatiaSvilis mier [81], 

romelmac gamoikvlia miCelis amocana Sedgenili orTotropuli 

da anizotropuli ReroebisaTvis (1962) da agreTve mogvca 
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janeliZis xerxis ganzogadeba almanzis amocanis SemTxvevaSi, 

Sedgenili orTotropuli RerosaTvis (1964). 

s.p. timoSenkos 1910 wels [87] gamocemul wignSi „axali 

meTodebis gamoyeneba zogierTi xidis konstruqciis mdgradobis 

kvlevebisas“, ganxiluli aqvs xidebis fermebis elementebis 

Semowmeba mdgradobaze. kerZod, xazgasmulia, rom fermis 

gasaTvleli elementis simtkicis uzrunvelsayofad sakmarisi ar 

aris misTvis iseTi dasaSvebi daZabulobis SerCeva, rom Tavidan 

aviciloT narCeni deformaciebi an daRlilobis movlenebi. 

saWiroa agreTve wonasworobis im formis SedarebiTi mdgradobis 

damatebiTi gamokvlevebi, romelic safuZvlad udevs 

gansaxilveli elementis gaTvlebs. mxolod mdgradobis sakmarisi 

maragis SemTxvevaSi iqneba es elementi mTeli nagebobis mtkice 

Semadgeneli nawili. 

im droisTvis calkeuli elementebis Semowmeba mdgradobaze 

daiyvaneboda grZivi Runvis formulebis gamoyenebaze. 

sinamdvileSi gvxvdeboda mdgradobis ufro rTuli sakiTxebis 

mTeli wyeba. naSromSi aRniSnulia, rom grZivi Runvis 

SemTxvevaSi unda gadaiwyvitos Tamasis saimedoobis sakiTxi. 

xSirad gvxvdeba mravalmaliani maryuJebis gaswvrivi Runvis 

SemTxvevebi, xandaxan saWiro xdeba furclebis mdgradobis 

gansazRvra. calkeuli samagrebi Cveulebriv, yovelgvari 

gaTvlebis gareSe arian ganlagebuli. CamoTvlilTagan zogierT 

amocanas gaaCnia Teoriuli gadawyveta da timoSenkom droulad 

miiCnia teqnikuri gaTvlebisas, am gadawyvetilebebis praqtikaSi 

danergva. swored am gaTvlebis saimedoobis donis gazrdiT 

Cndeba imedi, rom momavalSi SesaZlebeli iqneba dasaSvebi 

daZabulobis ufro maRali normebis miRweva. 

 

2.1-is daskvnebi 

 

− sen-venanisa da almanzis amocanebSi prizmuli Reros 

Tavisufali grexis amocana daiyvaneba harmoniul problemaze, 
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romlis amocanaTa amoxsnis meTodebi kargadaa damuSavebuli 

da gaanalizebuli; 

− drekadi prizmuli Zelebis daZabul-deformirebuli mdgomare-

obis dadgena, rodesac Zelis boloebze moqmedebs nebismieri 

ZalTa sistema, aseve warmoadgens drekadobis Teoriis erT-

erT ZiriTad da rTul maTematikur amocanas. maTematikuri 

TvalsazrisiT igi ar aris bolomde miyvanili da gadawyv-

etili, Tumca e.w. `sen-venanis principis~ daxmarebiT xerxdeba 

am amocanis gadawyveta, romelic miaxloebiTia da ar SeiZleba 

CaiTvalos zustad. swored, amgvar klasikur midgomadaa 

cnobili sen-venanis mosazreba, romelic literaturaSi 

damkvidrda `sen-venanis principis~, kerZod ki sen-venanis 

naxevrad Sebrunebuli meTodis saSualebiT.   

 

2.2. drekadi tanis statikis Sereuli sivrciTi 
    amocanebis Seswavlis istoria 

 

drekadobis maTematikuri Teoriis Sereul amocanebad 

Cveulebriv drekadi wonasworobis iseT amocanebs gulisxmoben, 

roca sxeulis zedapirze ganlagebulia sxvadasxvagvari tipis 

sasazRvro pirobebis gamyofi xazebi. Tu gansaxilveli drekadi 

sxeulis zedapiri Sedgeba ramdenime gluvi waxnagisagan, maSin 

Sereuli amocanis xarisxobrivad gansxvavebuli ori ZiriTadi 

varianti SeiZleba warmogvidges. 

1) TiToeuli waxnagis farglebSi sasazRvro pirobebis tipi 

ar icvleba. aseTi Sereuli amocanebis umartives magaliTebs 

warmoadgenen drekadi fenis wonasworoba, romlis erT waxnagze 

mocemulia Zabvebi, xolo meoreze  gadaadgilebebi da aseve 

analogiuri amocanebi solisaTvis, Rru cilindrisaTvis, 

konusisaTvis da sxva. miTiTebuli konkretuli amocanebis 

amonaxsnebi SeiZleba miviRoT furies, hankelis da msgavsi 

integraluri gardaqmnebis gamoyenebiT. rogorc miuTiTes g. 

popovma da n.rostovcevma (1966) [88], amgvari tipis zogadi 
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problemebi principSi daiyvaneba gantolebaTa usasrulo 

sistemebamde.  

2) sxeulis erT waxnagze mainc gvaqvs sxvadasxvagvari tipis 

sasazRvro pirobebis gamyofi xazi. aseTi tipis problemebi, 

romlebic, zogadad Tu vityviT, daiyvaneba integralur 

gantolebebamde, Cven gvinda aq gavarCioT ufro detalurad, 

radgan saxeldobr maT misces biZgi, potencialis Teoriisa da 

drekadobis Teoriis bevri mniSvnelovani Sereuli amocanis 

amoxsnis sxvadasxvagvari meTodebis ganviTarebas. amasTan erTad 

msgavs Sereul amocanebs miekuTvneba rigi gamoyenebiTi 

sakiTxebisa da kerZod, kontaqturi amocanebi da zogierTi amocana 

Zabvebis koncentraciis Sesaxeb. 

dReisaTvis zedmiwevniT detalurad Seswavlilia 

deformirebuli wriuli an elifsuri xisti tvifariT, drekadi 

naxevarsivrcis sakontrolo amocanebi. pirvelad msgavsi amocana 

ganixileboda jer kidev J. busineskis mier wriuli cilindris 

uxaxunod RerZuli Sewnevis SemTxvevisaTvis. amocanaTa am 

kategorias miekuTvneba h. hercis klasikuri problema drekad 

tanTa kumSvis Sesaxeb iseT pirobebSi, roca sakontaqto farTobi 

elifsi aRmoCndeba. sakiTxTa am wris Semdgom ganviTarebaSi 

erTob arsebiTi wvlili Seitanes sabWoTa mecnierebma. a. dinikma 

(1909) da n. bediaevma (1924) Caatares Zabvebis gamoTvla sxeulebSi, 

romlebic erTmaneTs exebian wriul an elifsur farTobze (ix. 

agreTve m. kroleveci (1966). sakontaqto amocanebSi sakmaod didi 

raodenobis mniSvnelovani samuSaoebi Sesrulda ocdaaTian da 

ormocian wlebSi. v. abramovma (1939) da a. luriem (1940) mogvces 

sakontaqto amocanebis amonaxsni aracentralurad datvirTuli 

mrgvali da elifsuri tvifaris Sesaxeb. am mimarTulebiT 

arsebiTi Sedegebi miiRo i. Staermanma (1939, 1941, 1943), romelmac 

ganixila brunvis sxeulebis kontaqtis sxvadasxva SemTxvevebi, 

maTi TanaSexebis zedapiris simciris Sesaxeb daSvebis gareSe, da 

agreTve gamoikvlia pirvelad amocana tvifaris mkvrivad 

mibrjenis Sesaxeb. 1941 wels a. luriem lames funqciis 
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saSualebiT dawvrilebiT ganixila zogierTi sakontaqto 

amocana, amasTan SeimuSava bunebrivi da erTsaxovani midgoma 

hercis amocanisadmi da mkvrivad mibrjenis Sesaxeb. m. leonovisa 

(1939, 1940) [89] da l. galinis (1946, 1947) naSromebSi mocemulia 

naxevarsivrcisaTvis rigi sakontaqto amocanebis Semdgomi 

ganzogadeba. originaluri da mimoxilviTi xasiaTis didi masala, 

romelic exeba ganxilul problemebs, Sedis i. Staermanis (1949) 

[90], l. galinis (1953) [91], a. luries (1955) monografiebSi da 

agreTve d. Sermanisa (1950) da g.Sapiros (1950) mimoxilviT 

statiebSi.   

momdevno wlebSi drekadobis Teoriis zogadi gantolebebis 

gamoyenebaze da kerZod, papkoviC-neiberis funqciis gamoyenebaze 

dafuZnebuli meTodebis ganviTarebam, SesaZlebloba mogvca 

naxevarsivrcis drekadi wonasworobis bevri saerTo Sereuli 

amocana dagveyvana potencialis Teoriis Sereuli amocanebis 

zogierT klasebamde. amasTan am amocanebidan mizanSewonilia 

gamovyoT is SemTxveva, roca naxevarsivrcis mTel sazRvarze 

mocemulia mxebi Zabvebi, romeliRac sasrul midamoSi S 

sasazRvro sibrtyisa z=0. cnobilia normaluri gadaadgileba 

),( yxfuz = , xolo S-is  gareT (S′ midamoSi) mocemulia normaluri 

Zabva ),( yxz σσ = . ase, sakontaqto amocanisaTvis xaxunis da 

datvirTvebis gareSe gvaqvs σ≡0, xolo funqcia f ganisazRvreba 

tvifaris fuZis formiT. arsebiTia, rom miTiTebuli klasis 

Sereuli amocanebi saboloo angariSSi SeiZleba davides erTi 

harmoniuli funqciis moZebnamde, romelic mocemulia S midamoSi, 

amasTan S′ midamoSi cnobilia misi normaluri warmoebuli. 

potencialis Teoriis msgavsi amocanebis meTodurma damuSavebam 

saSualeba mogvca zustad amogvexsna  zogierTi sakontaqto da 

msgavsi Sereuli amocanebi. am meTodebidan ZiriTadebi arian: 

sferoidaluri da elifsoidaluri koordinatebis gamoyeneba 

(a.lurie); grinis funqciis ageba da gamoyeneba (l. galini, 

m.leonovi, 1953); integralur gantolebaTa meTodi (i. Staermani, 
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v.mosakovski, 1953); toroiduli koordinatebisa da integraluri 

gardaqmnebis gamoyeneba (i.ufliandi 1956, 1967) [92]; kompleqsuri 

potencialebis meTodi (m.rostovcevi, 1953, 1957). Cven aq 

specialurad ar gamovyofT wyvil integralur gantolebaTa 

meTods, romelic warmatebiT ganaviTara i.sneginma, ramdenadac 

misi efeqturoba arsebiTad gamJRavndeba ufro rTuli Sereuli 

amocanebis gadawyvetisas, rasac qvemoT SevexebiT. 

dasaxelebulma da agreTve bevrma sxva avtorma ukanaskneli 

aTwleulebis ganmavlobaSi mogvces sivrciTi drekadobis 

Teoriis axali Sereuli amocanebis amomwuravi amonaxsnebi, maT 

ricxvSi kontaqturisac. ase, l.galinma (1947) da v. rvaCiovma (1949) 

[93] ganixiles naxevarsivrceSi solisebri tvifaris Cawnevis 

sakiTxi; n. kilCevskis (1958, 1960) naSromebSi mocemulia hercis 

amocanis ganzogadeba da miTiTebulia drekadi kontaqtis 

amocanis romeliRac eqstremalur problemasTan kavSiri; 

v.rvaCiovma (1956, 1957) gadawyvita amocanebi tvifaris Sesaxeb 

zolisa da mravalkuTxedis saxiT, agreTve tvifaris SemTxveva, 

roca mas fuZe meore rigis mrudiT aqvs SemosazRvruli. g. 

popovis naSromebi miZRvnilia Sereuli amocanebisadmi kontaqtis 

wriuli midamosaTvis da tvifarisaTvis naxevarsibrtisa da 

kvadrantis saxiT; n.borodaCevma (1962, 1964, 1966). a. xrustaliovma 

(1965) gamoikvlies rigi Termodrekadi amocanebisa 

naxevarsivrcisaTvis. gansakuTrebiT sayuradReboa amocana 

naxevarsivrceze Rru wriuli cilindris moqmedebis Sesaxeb, 

romelic literaturaSi cnobilia rgoluri Stampis amocanis 

saxeliT. am amocanis zusti amoxsna dakavSirebulia ovaluri kveTis 

rgolis aratabulirebul funqciebTan (ix. n. lebedevi, 1937). igive 

amocanis amoxsnis sxva saxis miaxloebiTi meTodebi 

SemoTavazebulia a.aleqsandrovis (1955), i. arkadievis (1962), v. 

gubenkos da v. mosakovskis (1960) [94], k. egorovis (1963), g. popovis 

(1967) mier. ukanasknel wlebSi daisaxa am amocanisadmi da masTan 

mimsgavsebuli amocanebisadmi, romlebic dafuZnebulia wyvili 

integraluri gantolebebis gamoyenebaze da dakavSirebulia 
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beler-fokis gardaqmnebTan (v.grinCenko da a. ulitko, 1963; a. 

babloiani, 1964; a.ruxoveci da i. ufliandi 1965-1967), da agreTve 

sammagi integraluri gantolebebis gamoyenebaze (n. borodaCevi da 

f. borodaCiova, 1966), midgomis kidev erTi gza. miTiTebuli 

meTodebi saSualebas gvaZleven miviRoT efeqturi miaxloebebi, 

romlebic dafuZnebulia fredholmis integralur gantolebaTa 

ricxviT amonaxsnebze. 

gamoqveynebulia Sereuli amocanebisadmi miZRvnili 

naSromTa didi raodenoba, romlebic dakavSirebulia drekad 

fuZeze mdebare koWebisa da filebis Runvis sakiTxebTan. 

gamovyofdiT a. iSkovas (1947), m. leonovis (1939) da v. pakmovis 

(1960) gamokvlevebs, romlebic exeba drekad naxevarsivrceze 

mrgvali filis Runvas, da aseve m. gorbunova-posadovis (1953) da 

b. korenevis (1954, 1960) [95] monografiebs. am mimarTulebis bevri 

naSromis Sedegebsa da did bibliografias mkiTxveli ipovis a. 

iSkovasa da b. korenevis (1966) mimoxilviT moxsenebaSi. 

kontaqtur amocanebTan erTad, zemoT ganxiluli 

potencialis Teoriis Sereuli amocanebi naxevarsivrcisaTvis 

SeiZleba iqnan ganmartebulni, rogorc SemousazRvreli drekadi 

tanis, romelic dasustebulia brtyeli xvretebiT, rasac ukavia S 

midamo (an S′), deformaciis Sesaxeb amocanebi. marTlac xvretebis 

napirebis CatvirTvis SemTxvevaSi, simetriuliT xvretebis 

sibrtyis mimarT, sakmarisia ganvixiloT naxevarsibrtye, romlis 

sazRvarze S midamoSi (an S′-Si) mocemulia Zabvebi, xolo mis 

gareT mxebi Zabvebi da normaluri gadaadgilebebi aRar arian. 

antisimetriuli CatvirTvis SemTxvevaSi wriuli xvritisaTvisac 

ki warmoiqmneba zogierTi damatebiTi siZnele, gadawyvetili v. 

mosakovskisa (1955) da i. ufliandis (1967) naSromebSi, amasTan 

ukanasknel naSromSi es amocana ganxilulia rogorc zogadi 

Sereuli amocanis kerZo SemTxveva, roca naxevarsivrcis mTel 

sazRvarze normaluri Zabvaa S(S′) midamoSi cnobili mxebi 

gadaadgileba, xolo S′(S) midamoSi mocemulia mxebi Zabvebi. ori 
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sxvadasxva garemos kontaqtis Sesaxeb saintereso amocana, 

romelTa saerTo sazRvarze aris mrgvali xvreti, gadawyvetilia 

v. mosakovskisa da m. ribkas (1964) mier; am dros xorcieldeba 

grifit-snedonis cnobili kriteriumis ganzogadeba araerTgvarovani 

sxeulis SemTxvevaze (ix. agreTve amave avtorebis statia, 1965). 

xvretebis mqone sxeulebis deformaciebTan dakavSirebul 

naSromTagan mivuTiTebT kidev v. grinCenkos da a. ulitkos (1965), 

v. aleqsandrovisa da b. smetaninis (1965) [96] saintereso 

statiebze da agreTve  i. ufliandis (1958) naSromze, romelic 

eZRvneba naxevradusasrulo brtyeli Wrilis mqone tanis 

wonasworobis Sesaxeb amocanas. 

Cvens mier ganxilul kontaqtur amocanebTan dakavSirebul 

naSromTa umetesobaSi igulisxmeboda, rom xaxuni tvifarsa da 

drekad tans Soris ar arsebobda. gacilebiT did maTematikur 

sirTuleebs warmoadgens meore zRvruli mdgomareoba, roca 

tvifari da fuZe imyofeba SeWidulobis pirobebSi (aseTi amocana 

aris drekadobis Teoriis ZiriTadi Sereuli amocanebis kerZo 

SemTxveva). ufro martiv SemTxvevaSi saqme daiyvaneba 

naxevarsivrceSi ori harmoniuli funqciis moZebnaze pirveli da 

meore rigis ganuyofeli sasazRvro pirobebiT. pirvelad aseTi 

amocana wriuli StampisaTvis iqna gadawyvetili v. mosakovskis 

(1954) mier, ori analizuri funqciis wrfivi SeuRlebis brtyel 

amocanaze dayvanis gziT. SemdgomSi i. ufliandma (1965, 1967) 

mogvca am amocanis uSualo amoxsna toroidaluri koordinatebisa 

da meler-fokis integraluri gardaqmnebis saSualebiT. b. 

abramianis, n. aruTunianisa da a. babloianis (1966) statiaSi 

ganxorcielebulia kidev erTi midgoma amave amocanisadmi, 

romelic dafuZnebulia wyvil integralur gantolebaTa 

gamoyenebaze. kontaqtur amocanebs, SeWidulobis arsebobisas, 

eZRvneba agreTve v. mosakovskis (1963) naSromi. drekadobis Teoriis 

ZiriTadi Sereuli amocanis amoxsna naxevarsivrcisaTvis, 

romelsac sasazRvro pirobebis sworxazovani gamyofi sazRvari 
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aqvs, mogvca i. ufliandma (1957) kontoroviC-lebedevis integraluri 

gardaqmnis saSualebiT. 

tvifaris sasazRvro xazis siaxloves ZabvaTa qcevis 

gamokvlevas, roca igi imyofeba SeWidulobis pirobebSi, eZRvneba 

g. savinisa [97] da v. rvaCiovis (1963) statia. 

drekad naxevarsivrceSi xisti tvifaris Cawnevis Sesaxeb 

klasikuri amocanis bunebriv ganzogadebas warmoadgens 

sakontaqto amocana SemousazRvreli drekadi fenisaTvis am 

sakiTxTa kvleva intensiurad tardeboda ormocdaaTian wlebSi, 

amasTan naxevarsivrcis SemTxvevisagan gansxvavebiT, aq ukve veRar 

xerxdeboda zusti amonaxsnebis miReba, da SeiZleboda mxolod 

Sesabamisi amocanis dayvana integralur gantolebebze. pirvel 

naSromad aq unda miviCnioT b. koganis statia (1954), romelSic 

Sedgenilia da ricxobrivad gadawyvetilia pirveli gvaris 

integraluri gantoleba mrgval tvifarsa da fenas Soris 

sakontaqto wnevisaTvis. msgavsi amocanis ufro efeqturi amonaxsni 

mogvca n. lebedevma da i. ufliandma (1958) [98], romlebic 

ganixilavdnen gegmaSi mrgvali, xisti tvifaris RerZul Cawnevas 

drekad fenaSi, romelic ido xist fuZeze, xaxunis ar 

arsebobisas. es amocana daiyvaneboda wyvil integralur 

gantolebaze  
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sadac a _ tvifaris radiusia, h _ fenis sisqe, f(r) _ mocemuli 

funqcia, romelic dakavSirebulia tvifaris fuZis formasTan, 

Φ(λ) _ saZiebeli sidide. axali ucnobi funqciisagan kvadraturis 

saxeSi amonaxsnis warmodgenis gziT 

[ ]∫−=Φ
a

tdttg
0

cos)()(1)( λϕλλ . 

meore gantoleba kmayofildeba igivurad, xolo pirveli 

daiyvaneba fredholmis gantolebaze, romelsac uwyveti 
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simetruli guli aqvs. amoxsnis aseTi gza SesaZleblobas iZleva 

CavataroT rigi ricxviTi gaangariSebebi, kerZod, vipovoT Stampis 

gadaadgilebasa da P RerZul Zalas Soris damokidebuleba 

martivi formuliT 

∫=
a

dttP
0

)(2 ϕπ . 

k. egorovma (1960) gamoiyena msgavsi meTodika tvifaris 

araRerZuli Cawnevis SemTxvevaze v. pupirevisa da i. ufliandis 

statiaSi (1960) da ukanasknelis monografiaSi (1967) mocemulia 

amonaxsni Sereuli amocanis drekadi fenisaTvis, da agreTve 

ganxilulia fenasa da fuZes Soris SeWidulobis SemTxveva. 

arsebiTia mivuTiToT, rom wyvil integralur gantolebaTa 

meTodma saSualeba mogvca efeqturad gangvexila ufro rTuli 

RerZulsimetriuli amocanac sxvadasxva radiusis ori tvifariT 

fenis kumSvis Sesaxeb (i. kuzmini da i. ufliandi, 1967). i. 

voroviCma da i.ustinovma (1959) miiRes singularuli integraluri 

gantoleba uSualod Φ(λ) funqciisaTvis da SeimuSaves misi 

amoxsnis miaxloebiTi meTodi a/h-s xarisxebad mwkrivSi gaSlis 

gziT. analogiuri meTodi iyo gamoyenebuli d. grilickis mier 

mravalfeniani garemos grexis Sesaxeb amocanaSi masTan SeWiduli 

tvifaris saSualebiT da msgavs kontaqtur amocanebSi. wyvil 

integralur gantolebaTa meTodma saSualeba misca rig avtorebs 

(magaliTad. g. valovi, 1914, s. kotliari, 1964; v. devnoroviCi, 1964) 

[99] amoexsnaT sxvadasxvagvari sakontaqto amocanebi drekadi 

fenisaTvis, maT ricxvSi Termodrekadic. sakontaqto da Sereuli 

amocanebi anizotropuli tanebisaTvis ganixileboda s. lexnickis 

(1950), d. grilickisa da i.kizimas (1962, 1964) [100] , r. sunCeleevis 

(1965, 1966) mier. 

specialuri efeqturi meTodi tvifaris drekad fenaze 

zemoqmedebis Sesaxeb sakontaqto amocanebisadmi, dayrdnobili 

integralur gantolebis uSualo ganxilvaze, tvifaris qveS 

wnevisaTvis, iyo SemoTavazebuli v.aleqsandrovisa da i. 

voroviCis (1960, 1964) mier. amocanis amonaxsns hqonda mcire 
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parametriT gaSlis saxe – tvifaris maxasiaTebeli zomis 

Sefardeba fenis sisqesTan. arsebiTia, rom efeqturi Sedegebi am 

dros moxerxda ara marto wriuli, aramed gegmaSi elifsuri 

StampisaTvis, da aseve fuZis zogierTi sxva formebisTvisac. 

miTiTebulma meTodma miiRo Semdgomi ganviTareba v. aleqsandrovisa 

(1963, 1964, 1967) [101] da i. voroviCis naSromebSi. igi dReisaTvis 

SeiZleba CaiTvalos erTerT yvelaze efeqtur meTodad 

gansaxilveli klasis sakontaqto amocanebis amoxsnisaTvis, fenis 

sisqisa da tvifaris maxasiaTebeli zomis fardobis nebismier 

sididisas. 

naSromTagan, romlebic eZRvneba ufro rTul sakontaqto 

problemebs, aRvniSnoT v. gubenkos statia (1960), romelSic 

gamokvleulia rgoluri tvifarebis drekad fuZeze zemoqmedeba da 

agreTve i.voroviCisa da v.kopasenkos (1966) naSromi kontaqturi 

amocanis Sesaxeb naxevarzolisaTvis. 

wyvil integralur gantolebaTa saSualebiT, SeiZleba 

warmatebiT gadawydes amocanebi drekad fenaSi Zabvebis 

koncentraciis Sesaxeb, romelic  dasustebulia TanaRerZuli 

xvretebiT, paralelurebiT fenis sazRvrebisa. aseTi tipis 

umartives amocanas (i. ufliandi, 1959) warmoadgens drekadi fenis 

wonasworoba, romelic Sua sibrtyeSi Seicavs erT simetriulad 

CatvirTul wriul xvrets. i.markuzovma (1963) gamoikvlia igive 

sakiTxi wonasworuli bzaris zomebis povnis Sesaxeb amocanasTan 

kavSirSi g.bareblatis meTodiT. 

sxva naSromebisagan, romlebic exeba Wrilebisa da 

xvrelebis mqone sxeulebis wonasworobas, mivuTiTebT v. 

panasiukis (1960) [102], n. lebedevis da i. ufliandis (1960), i. 

kuzminisa (1966) da n. palcunis (1967), b.mixailovis (1974), g. yifianis 

(1989) [103]. statiebsa da agreTve g. savinis, a.kosmodamianskis da a. 

guzis (1967), n. preobraJenskis (1989), b.mixailovisa da g. yifianis 

(1988), a. filinis (1987) mimoxilviT naSromebs. 

gadavideT  axla  kontaqtur  amocanebze, romlebic exeba 

usasrulo cilindris wonasworobas. am sakiTxebis ganxilvisas 
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yvelaze efeqturi aRmoCnda wyvil integralur gantolebaTa 

meTodi, dakavSirebuli furies gardaqmnebTan RerZuli 

koordinatiT. am xerxis damaxasiaTebel Taviseburebas warmoadgens 

is garemoeba, rom kontaqtis naxevradusasrulo midamos 

SemTxvevaSi es gantolebebi kompleqsuri cvladis funqciis 

Teoriis meTodebis saSualebiT, romlebic mocemul zolSi 

analizuri funqciis faqtorizaciis SesaZleblobas eyrdnobian, 

uSveben zust amonaxsns. am mimarTulebis pirvel naSromad iqca b. 

koganis (1956) statia, miZRvnili usasrulo cilindris, romelic 

CaWedilia uxaxunod naxevradusasrulo xist garsakrSi 

RerZulsimetriuli daZabuli mdgomareobis Seswavlisadmi 

daSvebiT, rom kontaqtis midamoSi mocemulia mudmivi radialuri 

gadaadgileba, amocana daiyvaneba wyvil gantolebaze, saxiT 
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romelTa zusti amoxsna xorcieldeba raime melomorfuli 

funqciis usasrulo namravlis saxiT agebiT. b. koganis, a. 

xrustaliovis da f.veinSteinis (1958-1965) ufro gviandel 

naSromebSi es meTodika iyo gamoyenebuli sxvadasxva Sereul 

amocanebSi, rogorc mTliani, aseve Rru cilindrisaTvisac da 

agreTve transversaluri anizotropiis SemTxvevaSic. msgavsi 

amocanebis amoxsnis meTodi, dafuZnebuli maTi viner-hopfis 

integralur gantolebaze dayvanaze kontaqturi ZabvebisaTvis, 

SeimuSava g.popovma (1964) [104]. mis miervea mocemuli kontaqtis 

ori simetriuli ubnis mqone usasrulo cilindrisaTvis 

sakontaqto amocanis amoxsna. mivuTiTebT kidev g. valovis (1966) 

statiaze, sadac trigonometriuli guliT wyvili integraluri 

gantolebebis saSualebiT ganxilulia Rru usasrulo 

cilindris grexis Sesaxeb amocana.    

 bolo periodSi, wyvil mwkrivTa axali aparatis ganviTarebis 

Sedegad moxerxda amoxsnadi sakontaqto amocanebis arsebiTi 
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gafarToeba. Sereuli amocanebisadmi mimarTebaSi drekadi 

sferosaTvis wyvil mwkrivTa qveS (an wyvil jamTa gantolebebis 

qveS) igulisxmeba gantolebaTa sistema 
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romlisganac unda ganisazRvros An koeficientebi, amasTan 

igulisxmeba, rom gulebi Kn(x) qmnian (a, b) SualedSi Sekrul 

sistemas, xolo αn da γn mocemulia wyvil mwkrivTa saSualebiT, 

romlebic Seicaven gaSlas leJandris polinomebad; n.aruTinianis, 

b. abramianis da a. babloianis (1964, 1966) naSromebSi amoxsnil 

iqna ramdenime saintereso amocana drekadi sferos deformaciis 

Sesaxeb, da agreTve brunvis elifsoidis Sesaxeb, Sereuli 

sasazRvro pirobebisas. maT mier ganxilulia sferos 

RerZulsimetriuli kumSva ori simetriulad ganlagebuli, 

erTnairi xisti tvifariT, xaxunis ar arsebobis daSvebiT. es 

amocana moxerxda dayvaniliyo zemoT miTiTebuli saxis wyvil 

mwkrivze, rac ),()( xPxK nn =  
2
1

+= nnα , nn βγ +=1  ( nβ  sidideebs ∞→n -

isas aqvT 1/n rigi), a =_1, b =1. Tu aRvniSnavT V(x)-iT wyvil 

mwkrivTagan pirveli jamis mniSvnelobas, roca x>c, maSin amoxsna 

daiyvaneba integralur gantolebaze 
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da Φ(x) _ cnobili funqciaa. msgavsi meTodiTaa mocemuli 

drekadi sfero masTan SeWiduli da simetriulad ganlagebuli 

erTnairi ori tvifariT, grexis amocanis amonaxsni. leJandris 

polinomebad wyvil mwkrivTa meTodiT mocemulia agreTve 

zogierTi Sereuli amocana drekadi sferos da gawelili 
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brunvis elifsoidis kumSvisa da grexis Sesaxeb. da bolos, 

ganxilulia sakontaqto amocana drekad sferoSi xisti tvifaris 

Cawnevisa. amasTan wyvili mwkrivebi leJandris polinimebad 

dayvanil iqna wrfiv algebrul gantolebaTa usasrulo sistemaze. 

magaliTis saxiT ganixileboda sfero, romelic uZravadaa 

uxaxunod naxevarsferul amonaRebSi da datvirTulia zedapiris 

danarCen nawilSi. 

wyvili mwkrivebi leJandris polinomebad SeiZleba iyos 

aseve efeqturad gamoyenebuli sferuli koordinatebis saSualebiT 

sferuli CanarTis mqone naxevarsivrcis grexis Sereuli amocanis 

amoxsnisas (ix. a. ruxoveci da i. ufliandi, 1967). 

aRsaniSnavia agreTve n. borodaCevis (1967) saintereso statia, 

romelSic wyvili mwkrivebi beselis funqciebad gamoyenebulia 

naxevradusasrulo cilindris torsSi wriuli tvifaris Cawnevis 

Sesaxeb RerZulsimetriul amocanaSi. 

saWiroa mivuTiToT drekadobis Teoriis sivrciTi Sereuli 

amocanebis kidev erT nawilze, romelmac ukanasknel wlebSi 

miiRo didi ganviTareba. kerZod, sakontaqto amocanebi wrfivad 

deformirebadi fuZisaTvis da masTan dakavSirebul amocanebze, 

araerTgvarovan drekad naxevarsivrceze tvifaris zemoqmedebis 

Sesaxeb. fuZemdebeli naSromebi aq ekuTvnis b. korenevs (1954, 1957, 

1960). SemdgomSi am problemebiT iyvnen dakavebuli v. mosakovski 

(1958), g. popovi (1959), a. rakovi da v. rvaCiovi (1961), n. rostovcevi 

(1961, 1964) da rigi sxva avtorebisa. ufro dawvrilebiTi cnobebi 

am sakiTxebze Sedis b. iSkovasa da b. korenevis mimoxilviT 

moxsenebaSi (1966). 

dasasrul aRvniSnoT, rom mniSvnelovani raodenoba cnobebisa 

da didi bibliografia drekadobis Teoriis Sereuli sivrciTi 

amocanebis Sesaxeb, romlebic Seswavlilia meoce saukunis 60-iani 

wlebis CaTvliT, moipoveba d. Sermanis (1962), g.abramianis da a. 

aleqsandrovis (1966), g. popovisa da n.rostovcevis (1966), n. 

kilCevskisa da e. kostiukis (1966), v.rvaCiovis (1967) mimoxilvebSi. 
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2.2.1. drekadobis Teoriis brtyeli amocanebis dasma 
da amoxsnis meTodebi 

 

dReisaTvis erTerTi yvelaze mniSvnelovani da kargad 

damuSavebuli drekadobis Teoriis nawili, sadac miRwevebi 

gansakuTrebulad didia, aris e.w. drekadobis brtyeli Teoria. 

brtyeli amocanebis damuSavebaSi warmateba aixsneba misi 

ganxilvisas kompleqsuri cvladis analizuri funqciis Teoriis 

gamoyenebiT. pirveli Sedegebi am mimarTulebiT, riTac 

mTlianobaSi ganisazRvra brtyeli Teoriis Tanamedrove saxe, 

miRebuli iyo g. kolosovisa da n.musxeliSvilis fuZemdeblur 

gamokvlevebSi. 

drekadobis Teoriis brtyeli amocana gulisxmobs drekadi 

garemos deformacias, romelic mocemuli sibrtyis (grZeli 

cilindris deformacia Tavisufali fuZeebiT) paraleluria, an 

mis brtyel daZabul mdgomareobas (Txeli firfitis deformacia 

ZalebiT, romlebic mdebareobs mis sibrtyeSi). am SemTxvevebSi 

drekadi wonasworobis gansazRvra daiyvaneba biharmoniuli 

gantolebisaTvis sasazRvro amocanebis amoxsnaze. biharmoniul 

gantolebamde dadis, normaluri datvirTvebis qveS moqceuli 

drekadi firfitebis, wonasworobis amocanebic. maTematikuri 

formulirebiT brtyeli amocanebi da firfitebis Runvis 

amocanebi erTmaneTis msgavsia, aseve msgavsia. maTi amoxsnis 

meTodebic. amitom mizanSewonilia am ori tipis amocanis 

erToblivi ganxilva.  

 
 

2.2.1.1. brtyeli amocanis amoxsnis zogadi kompleqsuri 
warmodgena 

 

n. musxeliSvilis aRniSvnebSi nagulisxmevia, rom brtyeli 

amocanis ZiriTadi Tanafardobebi cnobilia. drekadi garemos S 

are, warmoadgens Oxy sibrtyis bmul nawils, SemosazRvruls 

erTi an ramdenime Sekruli konturiT 121 ,,,, +mm LLLL L  saerTo 
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wertilebis gareSe. amasTan, ukanaskneli moicavs yvela danarCens. 

1+mL  konturis ar arsebobisas gvaqvs naxvretebiani sibrtyis 

usasrulo are. ganixileba agreTve SemTxveebi, roca Lk konturebs 

Soris gvaqvs sasruli sigrZis an usasrulo Seukreli nawilebi 

(sibrtye bzarebiT, naxevarsibrtye naxvretebiT da a.S.) 

igulisxmeba masaTa Zalebis arqona. 

Zabvebi da deformaciebi kolosov-musxeliSvilis ϕ(z), ψ(z) 

kompleqsur potencialebSi gamoisaxeba formulebiT 
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am formulebze pirvelad miuTiTa g. kolosovma 1909 wels 

fuZemdeblur naSromSi `kompleqsuri cvladis funqciis Teoriis 

erTi gamoyenebis Sesaxeb drekadobis maTematikuri Teoriis 

brtyel amocanaSi~. maTi mkacri dasabuTeba mocemulia 

mogvianebiT n. musxeliSvilis mier (ix. misi monografia 

`drekadobis maTematikuri Teoriis zogierTi ZiriTadi amocana~, 

1933, gam. 5-1966) [105]. 

n. musxeliSvilis kalams ekuTvnis 80-mde samecniero 

gamokvleva. misma naSromebma didi gavlena iqonies drekadobis 

Teoriisa da maTematikuri fizikis Semdgom ganviTarebaze mTel 

msoflioSi. n. musxeliSvilis meTodebis safuZvelze dawerilia 

uamravi naSromi. misi Sedegebi farTodaa gamoyenebuli agreTve 

teqnikis sxvadasxva amocanebSi. n. musxeliSvilis fundamenturi 

monografia `drekadobis maTematikuri Teoriis zogierTi 

ZiriTadi amocana~, romelic pirvelad 1933 wels gamosca ssr 

kavSiris mecnierebaTa akademiam, Semdgom kidev xuTjer daibeWda. 

misi monografiebi gadaTargmnilia ucxo enebze. ar SeiZleba ar 

aRiniSnos, rom Targmanebis gamoqveynebas ucxoel mecnierTa 

wreebSi aRfrTovanebiT Sexvdnen. ucxoeTis samecniero da 

referatuli Jurnalebis furclebze gamoqveynda recenziebi, 

romlebSic monografias Zalze maRali Sefaseba aqvs micemuli. 
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qvemoT moyvanilia nawyvetebi cnobili ingliseli meqanikosis 

profesor r. hilis recenziidan, romelic inglisur JurnalSi 

`Nature~ (t. 174, # 4433, 1954w.) gamoqveynda saTauriT: `etapi 

drekadobis TeoriaSi~. 

am Targmanis gamoCena, mxedvelobaSia zemoT aRniSnuli 

monografia, romelic yovelmxriv Cinebulia, pirvelxarisxovani 

mniSvnelobis movlenas warmoadgens. musxeliSvilma aCvena, rom 

zogad amoxsnebs (gadaadgilebaTa da daZabulobaTa velis 

kompleqsur warmodgenebs) aqvs ara marto Teoriuli mniSvneloba, 

aramed sagrZnobi upiratesoba rig sasazRvro amocanebSi 

sayovelTaod miRebul meTodebTan SedarebiT.   

`musxeliSvilis nawarmoebebma ar SeiZleba uaRresad Rrma 

STabeWdileba ar moaxdinos mkiTxvelze Tavisi mkafiobiT, 

sasiamovno darbaisluri stiliTa da yovelgvari detalisadmi 

keTilsindisieri damokidebulebiT, arsad ar gvxvdeba 

dauxveweloba (naSromebi ki Seicaven 1000 gverdze mets), yoveli 

arsebiTi adgili mkafiodaa axsnili: msjeloba umaRles donezea 

ayvanili damatebebSidac ki. dasasruls recenzenti aRniSnavs: 

`samwuxaroa, rom avtoris TvalTaxedva aris TvalTaxedva 

maTematikosisa, romelic meqanikaSi muSaobs. sakiTxi araa mTeli 

sigrZe-siganiT ganxiluli: gaSuqebulia erTi aspeqti, magram ra 

brwyinvaled!~ analogiuri Sefaseba gvxvdeba mraval sxva 

recenziebSic.    

aRsaniSnavia, rom caladbmul da sasrul S areSi, Seyursuli 

Zalebisa da momentebis ar qonisas, potencialebi ϕ(z) da ψ(z) 

holomorfulia. mravalbmuli sasruli  ares SemTxvevaSi ki 

Zabvebisa da gadaadgilebebis calsaxobisa da sasrulobis 

moTxovnas S-Si mivyavarT warmodgenebamde 
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sadac ϕ*(z) da ψ*(z) holomorfulebia S-Si, kk LZ − -s SigniT 

wertilebia, kkk LiYX + -ze gare Zalebis mTavari veqtoria. 

usasrulo S aresaTvis, roca 1+mL  konturi ar gvaqvs, xolo 

Zabvebi sxeulis usasrulod daSorebul nawilebSi sasrulia, ϕ 

da ψ warmodgenebs usasrulod daSorebuli wertilis siaxloves 

eqnebaT saxe 

⎪
⎪
⎭

⎪⎪
⎬

⎫

Γ′++
+
−

=

Γ++
+
+

−=

.)(ln
)1(2

)(

,)(ln
)1(2

)(

0

0

z

z

zz
x

iYXxz

zz
x

iYXz

ψ
π

ψ

ϕ
π

ϕ
                  (63) 

Γ, Γ′ kompleqsuri mudmivebiT ganisazRvreba Zabvebi da 

gadaadgilebebi usasrulobaSi, −+ iYX gare Zalebis mTavari 

veqtoria L ares srul sazRvarze, xolo ϕ0(z) da ψ0(z) 

holomorfulebia ∞=z  midamoSi. gadaadgilebis veqtori 

SemosazRvrulia 0=Γ′=Γ , 0=+ iYX  pirobebisas. 

 

2.2.2. drekadobis Teoriis ZiriTadi brtyeli  
amocanebis formulireba 

 

drekadobis brtyeli Teoriis ZiriTad amocanebad 

Cveulebriv gulisxmoben Semdeg sams: 

pirveli ZiriTadi amocana moiTxovs sxeulis drekadi 

wonasworobis gansazRvras, roca mis sazRvarze mocemulia gare 

Zalebi. es amocana daiyvaneba analizuri funqciis Teoriis Semdeg 

sasazRvro amocanamde: 

)()()()()( tctftttt +=+′+ ψϕϕ , L-ze               (64) 

sadac f(t)_L-ze mocemuli funqciaa, romelic ganisazRvreba gare 

ZalebiT formuliT 

∫ +=
s

nn dsiYXitf
0

,)()(  

amasTan s  aris kL  konturis rkali. igi aTvlilia TiToeul kL -ze  
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misi romeliRac fiqsirebuli wertilidan dadebiTi mimarTulebiT, 

xolo kCtC =)(  lL -ze, kC -kompleqsuri mudmivia. 

meore ZiriTadi amocanaa sxeulis drekadi wonasworobis 

gansazRvra misi sazRvris wertilebis mocemuli 

gadaadgilebebiT. am SemTxvevaSi S areSi ϕ da ψ analizuri 

funqciebis moZebnisaTvis unda gvqondes sasazRvro piroba 

)()()()( tgttttx =−′− ψϕϕ ,  L-ze               (65) 

sadac g(t) mocemuli funqciaa, )(2)( ivutg += μ  L-ze.  

ZiriTad Sereul amocanas simartivisaTvis CamovayalibebT 

sasruli caladbmuli aresaTvis, romelic SemosazRvrulia erTi 

Sekruli konturiT. am amocanaSi sazRvris nawilze 

nnbababaL +++=′ L2211 , sadac kkba  ),,1( nk L= -is garkveuli wesiT 

ganlagebuli konturis aragadamfaravi rkalebia, mocemulia  

gare Zabvebi, xolo +++=′′ L3221 ababL 1+nnab  )( 11 aan =+  sxva nawilze 

mocemulia gadaadgilebebi. analizuri funqciebis Sesabamis 

amocanas aqvs saxe 

)()()()()( tcthttttk +=+′+ ψϕϕ .                  (66) 

(64) da (65) pirobebi daculi unda iyos TiToeul kL  

konturze. c(t) mudmivas, romelic figurirebs (64)-is marjvena 

nawilSi SeuZlia miiRos sxvadasxva mniSvneloba sxvadasxva 

konturze. mxolod erT maTganze SegviZlia igi davafiqsiroT 

survilisamebr (Cveulebriv miiCneven, rom 01 =+mc ), xolo sxva 

konturebze isini sruliad nebismieri rCebian da gansazRvras 

eqvemdebareba amocanis gadawyvetis msvlelobaSi. sruliad aseve 

kc  mudmivebi (66)-is marjvena nawilSi (garda Cvens mier 

SerCeulisa) isini araa winaswar mocemuli da eqvemdebarebian 

gansazRvras ϕ da ψ funqciebTan erTad. 

drekadobis brtyel TeoriaSi ganixileba agreTve e.w. mesame 

ZiriTadi amocana, roca garemos sazRvarze mocemulia 

gadaadgilebis veqtoris normaluri mdgeneli da gare Zabvebis 

veqtoris mxebi mdgeneli. es Seesabameba drekadi tanis mocemuli 
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formis xist profilTan urTierTSexebas, roca drekad da xist 

sxeulebs Soris kontaqti xdeba mTel maT sazRvarze. 

Tu nebismieri mudmiva (64) da (66)-is marjvena nawilebSi 

isea dafiqsirebuli, rogorc miTiTebulia zemoT, maSin ϕ da ψ-

saTvis damatebiT pirobebs eqnebaT Semdegi saxe: 

pirvel amocanaSi 

,0)0( =ϕ  0)0(Im =′ϕ . 

meore da Sereul amocanebSi 

ϕ (0) = 0 an 0)0( =ψ . 

amiT amoiwureba ϕ da ψ-is amorCevis neba. 

damtkicebulia,  rom  dasmul amocanaTagan TiToeuls ar 

SeiZleba qondes erTi amonaxsnis meti. pirveli ZiriTadi 

amocanis amoxsnis arsebobisaTvis ares sazRvarze modebuli gare 

Zalvebis mTavari veqtorisa da mTavari momentis nulTan 

tolobis pirobebia aucilebeli. (64)-is marjvena nawilSi 

figurirebuli f(t) funqciis calsaxobisa da uwyvetobisas, es ori 

piroba daiyvaneba erTze (n. musxeliSvili, 1966). 

∫ =
L

dttf 0)(Re . 

firfitebis Runvis TeoriaSi mtkicdeba, rom Txeli 

erTgvarovani drekadi firfitis, romelic moqceulia mis 

zedapirze ganawilebuli normaluri datvirTvis moqmedebis qveS, 

Sua sibrtyis CaRunva ω(x, y) akmayofilebs araerTgvarovan 

biharmoniul gantolebas 

D
q

=ΔΔω ,                           (67) 

sadac q _ datvirTvis intensiobaa, xolo D _ cilindruli 

sixiste. 

(67)-is raime kerZo amonaxsnis moZebnis Semdeg, Cven SegviZlia 

gursas cnobili formuliT warmovadginoT am gantolebis 

zogadi amonaxsni or analizur ϕ da x funqciaSi, amasTan 

)()( zz ψχ =′ . maTi meSveobiT gamoisaxeba ZiriTadi sidideebi, 

romlebic gansazRvraven firfitis daZabul mdgomareobas. 
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adgili aqvs Semdeg formulebs (s. lexnicki, 1938), romlebic 

kolosov-musxeliSvilis formulebis analogiuria: 

[ ]
[ ]

⎪
⎪
⎭

⎪⎪
⎬

⎫

−+′′−=−

++′+′−−=+

+−+′+′′−=+−

.)(8

,)()()1(8

,2)()()1(42

00

00

900

yxyx

yxyx

xyxyxyxy

iNNzDiNN

MMzzvDMM

iHMMzzzvDiHMM

ϕ

ϕϕ

ψϕ

    (68) 

aq xM , −yM mRunavi momentebia, −xyH mgrexi momenti, −yx NN ,  

gadamWreli Zalebi, romlebic modian sigrZis erTeulze; 

−00 ,, yx NM L igive sidideebi, romlebic miekuTvneba (67) gantolebis 

amorCeul kerZo amonaxsns. ϕ da ψ  funqciebis gansazRvrulobis 

xarisxi igivea, rac brtyel amocanaSi. 

(67) gantolebidan CaRunvis gansazRvrisaTvis aucilebelia mas 

mivuerToT sasazRvro pirobebi, romlebic Seesabamebian sazRvris 

Camagrebis ama Tu im xasiaTs. 

aq gvaqvs Semdegi sami ZiriTadi amocana. CamovayaliboT 

isini Sekruli konturiT SemosazRvruli caladbmuli garemosaTvis. 

I. firfitis kide Camagrebulia _ niSnavs, rom firfitis Sua 

zedapiris mier dakavebuli S aris sazRvarze unda gvqondes 

Semdegi Tanafardobebi 

ω =0, ,0=
dn
dω

                            (69) 

sadac n _ konturisadmi gare normalia. 

II. firfitis kide Tavisufalia _ sasazRvro pirobebs aqvT 

saxe 

⎪
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⎭

⎪
⎪

⎬

⎫

=⎥
⎦

⎤
⎢
⎣

⎡

∂∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

−
∂
∂−

+
∂
Δ∂

=⎥
⎦

⎤
⎢
⎣

⎡
∂∂

∂
+

∂
∂

+
∂
∂

−+Δ

,02cos22sin
2

1

,02sinsincos)1(

2

2

2

2

2

2
2

2

2
2

2

2

θωθωωω

θωθωθωω

yxxyds
dv

n

yxyx
vv

            (70) 

sadac θ _ kuTxea, romelsac adgens gare normali Ox RerZTan, 

tolobaTa marcxena nawilebi warmoadgenen Sesabamisad mRunav 

momentsa da ganzogadebul gadamWrel Zalas, mikuTvnebulebs 

sigrZis erTeulisadmi da moqmedebs firfitis elementze n 

normaliT.  
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III. firfitis kide dayrdnobilia _ kidis Tavisufal 

dayrdnobas pasuxobs Semdegi pirobebi: 

⎪
⎭

⎪
⎬

⎫

=⎥
⎦

⎤
⎢
⎣

⎡
∂∂

∂
+

∂
∂

+
∂
∂

−+Δ

≡

.02sinsincos)1(

,0                     
2

2
2

2
2

2

2

θωθωθωω

ω

yxyx
vv

         (71) 

garda sasazRvro pirobebis am ZiriTadi saxeebisa, 

araiSviaTad gvxvdeba gamoyenebisaTvis gansakuTrebiT saintereso, 

Sereuli pirobebi, roca, magaliTad sazRvris erTi nawili 

Camagrebulia, sxva dayrdnobili, da danarCeni Tavisufali. 

vinaidan w funqciisa da  misi  normaluri  warmoebulis  

sasazRvro mniSvnelobiT yovelTvis SeiZleba moiZebnos x da y-iT 

am funqciis kerZo warmoebulebis sasazRvro mniSvnelobebi, 

amocana erTi firfitis Runvis Sesaxeb brtyeli drekadobis 

Teoriis pirveli amocanis tolfasia. pirveli amocanis 

sasazRvro pirobebi zustad emTxveva (64) pirobas.  

Tavisufal sazRvarze (70) pirobas, rogorc es iyo 

aRniSnuli s.lexnickis (1938) da i. vekuas (1942) naSromebSi, maTi 

saTanado gardaqmnebiT daiyvaneba kompleqsuri cvladis funqciis 

Teoriis sasazRvro amocanamde, romelic (65)-is analogiuria. 

gansxvaveba mdgomareobs mxolod imaSi, rom mudmiva x (65)-is 

marcxena nawilSi icvleba sxva mudmivaTi: )1)(3( vvx −+=+ , xolo 

marjvena nawili moicema 1cict +  saxis mamravlis sizustiT, sadac 

c _ nivTieri, 1c -kompleqsuri mudmivaa. Tumca, caladbmuli ares 

gansaxilvel SemTxvevaSi es mudmivebi SeiZleba miviCnioTYnulad. 

da bolos kideebis Tavisufali dayrdnobis (71) pirobebi 

SeiZleba ϕ da ψ funqciebiT Caiweros saxiT (a. kalandia, 1953) 

[ ]

[ ] ⎪
⎪

⎭

⎪
⎪

⎬

⎫

=
⎭
⎬
⎫

⎩
⎨
⎧ +′+

=
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

′+′′⎟
⎠
⎞

⎜
⎝
⎛−′

),()()()(Re

),()()()(Re

2

1

2

0

tgtttt
ds
dt

tgttt
ds
dtt

ψϕϕ

ψϕϕλ
 L-ze             (72) 

sadac 1g , Lg −2 -ze mocemuli funqciebia, )1/()1(20 vv −+=λ . 
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ar aris Zneli davrwmundeT, rom (72) amocana da drekadobis 

brtyeli Teoriis mesame amocana erTmaneTis tolfasia. 

zemoT naTqvamidan naTelia, rom brtyeli amocanebis amoxsnis 

meTodebi, xandaxan, TiTqmis yovelgvari cvlilebis gareSe 

udgeba Txeli firfitebis Runvis amocanebs. es SesaZlebloba 

pirvelad gamoyenebuli iqna a. luries mier (1928). 

 
 

2.2.3. brtyeli amocanebis amoxsnis meTodebi 
 

qvemoT mocemulia brtyeli amocanebis amoxsnis mokle 

daxasiaTeba, romlebic efuZneba kompleqsuri cvladis funqciis 

Teoriis gamoyenebas. ZiriTadad Cven SemovifarglebT im 

SemTxvevis ganxilviT, roca drekadi garemo avsebs caladbmul 

sasrul ares, SemosazRvruls Sekruli konturiT. L-is mimarT 

Sida ZiriTadi S ares, aq +S -iT aRvniSnavT, xolo gares 

(romelic +S -s Seavsebs srul sibrtyemde) _ −S -iT. 

 

2.2.3.1. funqciis holomorfuloba (analizuroba) 

 

gavixsenoT zogierTi elementaruli cneba da daSveba, 

romlebic ukavSirdeba analizuri funqciis Teorias da 

gamoiyeneba Semdgomi msjelobisas. 

koSis integralis qveS igulisxmeba gamosaxuleba 

∫ −
=

L zt
dttf

i
zF )(

2
1)(
π

,                         (73) 

sadac t _ L konturis wertilis afiqsia, xolo z _ sibrtyis 

nebismieri wertilis afiqsi. Tu z _ emTxveva L konturis t0 

wertils, maSin (73) integralis qveS koSiT, misi mTavari 

mniSvneloba gaigeba.  

F(z) funqcia, romelic (73) formuliTaa gansazRvruli, 

holomorfulia rogorc +S  areSi, aseve −S -Sic f(t)-s sakmarisi 

sigluvisas (magaliTad Tu igi akmayofilebdes helderis pirobas 
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L-ze) uwyvetia Sesabamis Sekrul LS ++  da LS +−  areebSi. am 

funqciis zRvruli mniSvnelobebi L-dan marcxniv da marjvniv, 

romeliRac Lt ∈0  wertilSi, aRniSnuli Sesabamisad )( 0tF +  da 

)( 0tF −  moicema soxocki-plemelis cnobili formulebiT. 

rogorc +S -Si. aseve −S -Si holomorful da +F  da −F  

uwyveti zRvruli mniSvnelobebis mqone funqcias n. 

musxeliSvilis mixedviT, uban-uban holomorfuls uwodeben. uban-

uban holomorfuli funqciis magaliTs, f(t)-s funqciis mimarT 

cnobili pirobebisas iZleva (73) integrali. 

imisaTvis, rom mocemuli, L-ze uwyveti f(t) funqcia iyos 

romelic f(z) funqciis zRvruli mniSvneloba, romelic 

holomorfulia +S -Si, aucilebeli da sakmarisia piroba 

∫ =
−L zt

dttf
i

0)(
2
1
π

 yvela −∈ −Sz isTvis.             (74) 

analogiurad, imis piroba, rom funqcia f(t) iyos zRvruli 

mniSvneloba f(z) funqciis, romelic holomorfulia −S -Si, aris 

toloba 

const
zt
dttf

i L

=
−∫
)(

2
1
π

 yvela −∈ +Sz saTvis.         (75) 

im SemTxvevaSi, roca +S  warmoadgens wres erTeuli 

radiusiT, winamdebare pirobebs SeiZleba mivceT ramdenadme sxva, 

Semdgomi miznebisaTvis ufro moxerxebuli saxe (n. musxeliSvili, 

1966). mocemuli f(z) funqciiT, romelic holomorfulia +S -Si, 

ganvsazRvroT kompleqsuri argumentis sxva funqcia Semdegi 

tolobiT 

⎟
⎠
⎞

⎜
⎝
⎛=

z
fzf 1)(* .                             (76) 

xandaxan am funqciisaTvis Cven gamoviyenebT aRniSvnas  

⎟
⎠
⎞

⎜
⎝
⎛=

z
fzf 1)(* .                            (77) 

koSi-rimanis pirobis uSualo SemowmebiT advilad 

davrwmundebiT, rom )(* zf  funqcia holomorfulia −S  areSi, 
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usasrulod daSorebuli wertilis CaTvliT da piriqiT. Tu 

funqcia f(z) holomorfulia −S -Si, maSin  holomorfuli iqneba z-

sagan +S  areSi. 

(76) aRniSvna SeiZleba gamoviyenoT ufro zogad 

SemTxvevaSic, roca, magaliTad, f(z)-s +S -is SigniT aqvs polusebis 

sasruli ricxvi. )(* zf  funqcias maSin eqneba imave rigis 

polusebi wertilebSi, romlebic f(z)-is polusebis asaxvebia 

erTeulovan wrewirSi. 

(76) funqciis zRvruli mniSvnelobebisaTvis gveqneba 

)()(* tftf += , )()(* tftf −+ = .                    (78) 

(74)-is gamoyenebiT )(* zf  funqciis mimarT, miviRebT pirobas  

∫ =
−L

const
zt
dttf

i
)(

2
1
π

 yvela +∈ Sz -saTvis.           (79) 

aucilebels da sakmariss imisaTvis, rom wrewirze uwyveti f(t) 

funqcia iyos romeliRac iseTi f(z) funqciis sasazRvro 

mniSvneloba, romelic holomorfulia +S -Si. mudmivas, romelic 

tolobis marjvena nawilSi figurirebs, aqvs gansazRvruli 

mniSvneloba )0(f . analogiurad, (75) piroba miiRebs saxes 

∫ =
−L zt

dttf
i

0)(
2
1
π

 yvela −∈ Sz -saTvis.           (80) 

(76) operacia iZleva +S -Si holomorfuli, mocemuli f(z)-iT 

−S -Si, holomorfuli funqciis konstruirebis erT SesaZlebel 

xerxs. cxadia, rom wreSi holomorfuli funqciis gavrceleba 

SeiZleba ganxorcieldes xerxebis uricxvi simravliT. saxeldobr, 

gavrcelebis miTiTebebuli xerxi aris erTi im mcireTagan, 

romlis gamoyeneba SedarebiT iolia. 

f(z) funqcia, romelic gansazRvrulia rogorc +S -Si, ise 

−S -Si formuliT  

⎪⎩

⎪
⎨
⎧

>

<
=

.1),(

1),(
)(

* zzf

zzf
zf

 roca 

 roca 
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aSkaraa, rom f(z) uban-uban holomorfulia. garda amisa, igi 

analizurad gangrZobadia 1=t  wrewiris im ubnebiT, romlebzec 

0)(Im =tf . f(z)-is ukanaskneli Tviseba uSualod gamomdinareobs 

(78)-dan. 

holomorfuli funqciebis amgvari gavrcoba xSirad 

gamoiyeneba dasaxuli miznebiT im SemTxvevaSic, roca +S -

naxevarsibrtyea. maSin (76)-is nacvlad miiCneven (n. musxeliSvili, 

1966). 

)()( zFzF = .                         (81) 

brtyeli amocanebis amoxsnis mravalnairi meTodebidan, 

romlebic cnobilia samecniero literaturaSi dReisaTvis, aq 

SevexebiT ZiriTadad imaT, romlebic yvelaze ufro efeqturebia 

rogorc sasazRvro amocanebis zogadi gamokvlevebis azriT, ise 

kerZo SemTxvevebSi konkretulad maTi SeswavlisaTvis. 

upirvelesad yovlisa, mxedvelobaSi gveqneba Semdegi oTxi 

meTodi. 

1. xarisxovani mwkrivebis meTodi konformuli asaxvis 

gamoyenebiT; 

2. dayvana funqcionalur (kerZod, integralur) 

gantolebebamde konformuli asaxvis gamoyenebiT (erTbmuli 

areebis SemTxveva); 

3. zogadi meTodebi, romlebsac mivyavarT integralur 

gantolebebamde konformuli asaxvis gareSe; 

4. dayvana wrfivi SeuRlebis amocanamde. 

rig specialur  SemTxvevebSi,  gansakuTrebiT mravladbmul 

garemoTa Seswavlisas, mizanSewonilad miiCneva ganxilvisas ama 

Tu im meTodTa urTierTSexamebiT Semotana. 

warmovadginoT miTiTebuli meTodebis mokle aRwera. 
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2.2.3.2. mocemuli funqciis konformuli asaxva 

 

brtyeli amocanis amoxsnisas xSirad sasargebloa winaswar 

konformulad avsaxoT mocemuli are, romelic Sevsebulia 

drekadi garemoTi, sibrtyis romeliRac sxva areze damxmare ζ 

cvladiT. sasruli caladbmuli S aresaTvis, romelic 

SemosazRvrulia Sekruli konturiT, Cveulebriv mimarTaven 

erTeuli radiusis wreze asaxvas sasruli oradbmuli midamosaTvis 

– wriul koncentrirebul rgolze. naxevarusasrulo ares 

SemTxvevaSi, romelsac orive mxares usasruli sami mimavali 

sazRvari aqvs – naxevarsibrtyeze da a.S. 

Cven aq mivuTiTebT konformuli asaxvis gamoyenebis erT 

variantze miTiTebul SemTxvevaTagan pirvelSi (n. musxeliSvili, 

1956). vTqvaT 

)(ζω=z ,  

aris Tanafardoba, romelic axdens erTeuli wris 1<ζ , romlis 

konturic Cven aRvniSneT γ-Ti saWiro konformuli asaxvis 

realizebas S areze. funqciebs ϕ(z) da ψ (z), romlebic axali ξ 

cvladiTaa gamosaxuli aRvniSnavT ϕ(ζ), ψ(ζ). 

pirveli amocanis (64) sasazRvro pirobebi miiReben saxes 

)()()(
)(
)()( σσψσϕ

σω
σωσϕ f=+′
′

+   γ-ze,              (82) 

sadac γσ −  konturis wertilia, ∂= ieσ , γ−f -ze mocemuli 

funqciaa. 

davuSvaT, furies kompleqsuri mwkrivebis saxiT gaSlebis 

Semdegi SesaZlebloba. 

,
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da davuSvaT, rom erTeul wreSi ( 1<ζ -isas) 
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maSin (82)-is safuZvelze, winare mwkrivebis krebadobis mimarT 

cnobili pirobebisas, Cven mivdivarT ucnobi koeficientebis ka , 

ka′  gansazRvrisTvis gantolebaTa Semdeg sistemebamde 

m
k

kmkm Abaka =+ ∑
∞

=
−+

1
1  ),2,1( L=m ,                  (85) 

m
k

kmkm Abaka −

∞

=
−+− =+′ ∑

1
1  ),2,1,0( L=m .               (86) 

damtkicebulia, rom (85) wrfiv gantolebaTa usasrulo 

sistema gadawyvetadia, Tu daculia statikis pirobebi, da rom 

misi amonaxsni (86)-Tan erTad iZleva gansaxilveli brtyeli 

amocanis amonaxsns mocemuli f(t) funqciis sakmarisi sigluvisas. 

praqtikisaTvis gansakuTrebuli mniSvneloba aqvs Semdeg 

faqts. im SemTxvevaSi, roca amsaxveli funqcia warmoadgens 

polinoms 

n
nccc ζζζζω +++= L2

21)(   )0,0( 1 ≠≠ ncc .             (87) 

(85) usasrulo sistema gadagvardeba Semdeg sasrul sistemad 
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xolo (86) formula gvaZlevs 

∑
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1
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k
mkmkm Abaka  ),2,1,0( L=m .               (89) 

amocana daiyvaneba (88) sasruli sistemis amoxsnaze. 

miTiTebuli meTodi, aSkaraa, gamosadegia wriul rgolze 

asaxvis SemTxvevaSic. 

zogierTi konkretuli amocanis amoxsnisas xarisxovani 

mwkrivebis meTodi konformul asaxvasTan erTad (SeerTebaSi) 

farTod gamoiyeneba dRemde. is xandaxan gamoiyeneba ramdenadme 

Secvlili saxiTac (ix. magaliTad, d. Sermani, 1951, k. grei, Quart J. 

Mech. and Appl. Mech., 1953, 1954).  
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2.2.3.3. koSis tipis integralebis gamoyeneba 
  

amocanis efeqturi amoxsnisaTvis gansakuTrebiT sasargeblo 

aRmoCnda qvemoT gadmocemuli meTodi, romelic uxamebs 

konformul asaxvas koSis tipis integralebis aparatis 

gamoyenebas (n. musxeliSvili, 1966, $$ 78-85). is mdgomareobs 

SemdegSi. 

(82) sasazRvro pirobebidan gamomdinare da pirobis 

gamosaxvidan, rom ψ(σ) warmoadgens sasazRvro mniSvnelobas ψ(ζ) 

funqciis wrewirze, romelic holomorfulia wris SigniT da 

nuli xdeba roca ζ=0, miviRebT (79)-is safuZvelze, funqcionalur 

gantolebas 

)(
)(

)(
)(
)(

2
1)( ξσ

ζσ
σϕ

σω
σω

π
ζϕ

γ

Ad
i

=
−
′

′
+ ∫ , )( γζ ∈ ,           (90) 

           ∫ −
=

γ ζσ
σσ

π
ζ df

i
A )(

2
1)( . 

damtkicebulia, rom fiqsirebuli [ ])0()0(Im ωϕ ′′  mudmivisas, 

(90) gantoleba calsaxad gansazRvravs ϕ(ζ) funqcias. misi 

gansazRvris Semdeg ψ(ζ) funqcia moiZebneba uSualod (82)-dan 

koSis integralis saSualebiT. 

(90) funqcionaluri gantoleba saSualebas gvaZlevs 

sruliad elementaruli saSualebebiT avagoT amocanis zusti 

amonaxsnebi areebis farTo klasisaTvis. miaxloebiTi amonaxsni 

ki SeiZleba principSi miviRoT caladbmuli ares yvelaze zogadi 

SemTxvevisaTvis. 

naTqvamis sailustraciod ganvixiloT SemTxveva, roca 

amsaxveli ω(ζ) funqcia racionaluria. am SemTxvevaSi 

gamosaxuleba 

)(
)(
)( σϕ

σω
σω ′
′

, 

romelic integralis niSnis qveS figurirebs (90)-Si, warmoadgens 

sasazRvro mniSvnelobas funqciisa 
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romelic holomorfulia γ-is gareT, polusebis sasruli ricxvis 

_ ω(ζ) funqciis gansakuTrebuli wertilebis gamoklebiT. 

 radgan (90) integralSi wertili ζ Zevs γ-s SigniT, es 

integrali gamoiTvleba sasruli saxiT da warmoadgens 

racionalur funqcias, romelic Seicavs gaSlis ucnobi 

koeficientebis raRac ricxvs. 

aqedan gamomdinareobs, swored, n. musxeliSvilis cnobili 

winadadeba, romlis Tanaxmadac brtyeli amocanis amoxsna, 

areebis gansaxilveli klasisaTvis, SeiZleba miviRoT 

kvadraturebSi, wrfiv algebrul gantolebaTa sasruli sistemis 

amoxsnamde sizustiT. kerZod SemTxvevaSi ϕ(ζ) funqciis (87) saxis 

polinomuri asaxva (90)-Si, warmogvidgeba, koSis A(ζ) 

integralebsa da ζ-Ti n xarisxis polinoms, romelic Seicavs 

ucnobis koeficientebis saxis TviT ϕ(ζ)-is pirvel n koeficients, 

jamis saxiT. gantolebaTa wrfivi sistema, miRebuli am 

ukanasknelTa gansazRvrisaTvis, zustad emTxveva (88) sistemas. 

orive saZiebeli funqcia ϕ(ζ) da ψ(ζ), ganisazRvreba Caletili 

saxiT am sistemis amonaxsniTa da mocemuli f funqciiT. 

Tu funqcia ω(ζ) araracionaluria, magram misi wreSi gaSla 

cnobilia, meTods mivyavarT wrfiv gantolebaTa usasrulo 

sistemamde, es ki iZleva saSualebas avagoT amocanis amonaxsni 

nebismieri mocemuli sizustiT. 

 

2.2.3.4. mravladbmul areebSi kompleqsuri warmodgena 
 

)(σϕ′  drekadi velebis kompleqsuri warmodgena analizuri 

funqciebis sxvadasxvagvar integralur warmodgenebTan naerTSi 

warmoadgens brtyeli amocanis integralur gantolebebamde 

dayvanisaTvis moxerxebul aparats. dReisaTvis cnobilia aseTi 
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gantolebebis agebis ramdenime varianti. mivuTiToT zogierT 

maTganze. 

)(σϕ′  mimarT fredholmis integraluri gantoleba SeiZleba 

miviRoT (3.30) funqcionaluri gantolebidan, Tu mas winaswar 

CavwerT ramdenadme sxva saxiT da mere mivaswrafebT ξ wertils 

Signidan γ wrewiris wertilisaken (n. musxeliSvili, 1966, $ 79), am 

integraluri gantolebis elementaruli gamokvleva saSualebas 

iZleva davamtkicoT misi amonaxsnis arseboba (maSasadame, Sesabamisi 

brtyeli amocanis amoxsnis arsebobac), Tu, ra Tqma unda, pirveli 

amocanis SemTxvevaSi sasruli garemosaTvis daculia statikis 

pirobebi. ufro dawvrilebiT am gantolebis gamokvleva Caatara d. 

Sermanma (1938). man Seiswavla integraluri gantolebis 

maxasiaTebeli wertilebis ganawileba da daamtkica, rom igi 

amoxsnadia orive ZiriTadi amocanisaTvis mimdevrobis miaxloebis 

meTodiT. 

mravladbmuli  areebis  SemTxvevis  momcvel,  ufro  

zogad meTods warmoadgens integralur gantolebebamde miyvanis 

meTodi, romelic winaswar ar Txoulobs konformul asaxvas. 

erT-erTi aseTi meTodi iyo wamoyenebuli n. musxeliSvilis (1966, 

$ 98) mier. mis arss Cven ganvmartavT daSvebiT, rom garemo 

sasrulo da caladbmulia. 

(64) gantolebaSi, romelic gamosaxavs amocanis sasazRvro 

pirobas, gadavideT SeuRlebul mniSvnelobaze da (74)-is Tanaxmad 

CavweroT imis piroba, rom funqcia ψ(t)_z-iT sasazRvro 

mniSvnelobaa funqciis, romelic holomorfulia +S -Si. Cven 

miviRebT maSin funqcionalur gantolebas 

∫∫ =
−
′
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       ∫ −
=

L zt
dttf

i
zA )(

2
1)(
π

. 

Tu Cven gamovsaxavT im pirobas ϕ(t) da )(tϕ′ -saTvis, maSin 

gveqneba ori sxva toloba, romelic analogiuri iqneba winasi. am 
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sami tolobis kombinirebiT, maTSi z-iT marjvnidan zRvarze 

winaswari gadasvlis Semdeg miviRebT fredholmis gantolebas ϕ 

(t)-saTvis, romelic miTiTebuli aqvs n.musxeliSvils. 

∫∫ −=
−
−

+
−
−

+
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winamdebaresTan erTob msgavsi, magram arsiT gansxvavebuli 

brtyeli amocanis gantoleba aago d. Sermanma (1940) sxva gziT, 

razedac Cven ufro dawvrilebiT qvemoT aRvniSnavT: 

d. Sermanis (1935-1937) gamokvlevebis Tanaxmad, (92) gantoleba 

vargisia nebismieri mravladbmuli aresaTvis; mas yovelTvis aqvs 

amonaxsni, romelic iZleva Sesabamisi brtyeli amocanis 

amonaxsns. garda amisa odnav winaswar Secvlili (92) 

gantolebisaTvis mimdevrobiTi miaxloebis meTodia gamosadegi 

(d. Sermani, 1940). 

brtyeli amocanis integraluri gantoleba, aseve vargisi 

nebismieri mravladbmuli aresaTvis, iyo agebuli ufro adre s. 

mixlinis (1934, 1935) mier. am mizniT ganxilvaSi Semodis e.w. 

grinis kompleqsuri funqcia, xolo Semdeg misi saSualebiT – 

Svarcis ganzogadebuli guli, analizuri areSi, magram ara 

calsaxad. mravladbmul areSi ganzogadebul guls gaaCnia Tviseba, 

analogiuri Svarcis Cveulebrivi gulis Tvisebisa. mixlinis 

gantoleba caladbmuli aresaTvis Tanxvdeba (92) gantolebas. s. 

mixlinma Caatara agebuli gantolebebis gamokvleva; 

damtkicebuli iqna maTi amoxsnadoba da agreTve, maTi 

amoxsnisaTvis mimdevrobiTi miaxloebis meTodis samarTlianoba. 

Sedegebi gadmocemulia mis monografiaSi (1949), romelic Seicavs 

agreTve, brtyeli amocanis amoxsnisaTvis Svarcis gulis 

gamoyenebas zogierT kerZo SemTxvevaSi. 

l. maRnaraZis gamokvlevebma (1937, 1938) gviCvenes, rom 

musxeliSvilis gantoleba inarCunebs Zalas texili sazRvris 

kuTxeebis SemTxvevaSic, Tu integralebs, romlebsac gantoleba 

Seicavs, gavigebT garkveulad ufro ganzogadebuli azriT. 
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mravladbmuli ares zogad SemTxvevaSi integraluri 

gantolebis martivi da mravalmxriv moxerxebuli forma iyo 

napovni 1940 wels d. Sermanis mier. moviyvanoT Sermanis 

gantolebis gamoyvana, SemovifargloT ra, uwindeburad, 

caladbmuli sasruli ares SemTxveviT. amjerad, pirveli da 

meore ZiriTadi amocanebi ganvixiloT erTdroulad, 

gavaerTianebT ra sasazRvro pirobebs Semdeg tolobaSi: 

)()()()( tfttttk =+′+ ψϕϕ  L-ze                  (93) 

sadac 1=k -s pirveli amocanis SemTxvevaSi da χ−=k -s meore 

SemTxvevaSi. Sermanidan gamomdinare, miviCnioT S areSi 
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sadac ω(t)_L konturis wertilis raime funqciaa, romelic 

eqvemdebareba gansazRvras, Tu am formulebSi gadavalT zRvarze, 

roca z wertili Signidan miiswrafis wertilisaken Lt ∈0 , da 

CavsvamT (93)-Si napovn sasazRvro pirobebs, maSin zogierTi 

martivi gardaqmnis Semdeg miviRebT Tanafardobas 
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es fredholmis integraluri gantolebaa )( 0tω -saTvis, 

romlis Sesaxebac zemoT gvqonda laparaki. is atarebs 

lauriCela-Sermanis gantolebis saxels. 

mravladbmuli garemos SemTxvevaSi mizanSewonilia, Sermanidan 

gamomdinare, (94) warmodgenas ramdenadme saxe vucvaloT, ris 

Sedegadac Seicvleba (95) gantolebac. 

gamokvleva gviCvenebs, rom laureCela-Sermanis erTgvarovan 

gantolebas ar gaaCnia aratrivialuri amonaxsnebi da mis 

erTaderT amonaxsns iZleva sawyisi sasazRvro amocana (94) 

formulebiT. 



95 

 (94) warmodgena gamosadegia agreTve ZiriTadi Sereuli 

amocanis amoxsnisaTvis. Tumca am SemTxvevaSi Cven saqme gveqneba 

integralur gantolebebTan, romlebic Seicaven koSis tipis 

gulebs, romelTa Teoria damuSavebulia dReisaTvis iseTive 

sisruliT, rogorc fredholmis gantolebebisaTvis (n. 

musxeliSvili, 1946, 1952; n. vekua, 1950). 

integraluri gantolebebi uTuod warmoadgenen sasazRvro 

pirobebis zogadi gamokvlevebisaTvis moxerxebul saSualebas, 

kerZod maTi amonaxsnis arsebobis damtkicebisaTvis. Tumca, amasTan 

erTad, integralur gantolebaTa meTods Tvlian naklebefeqturad 

da arc Tu usafuZvlod. am meTodis safuZvelze amocanebis 

praqtikuli amoxsnis cdebi, misi Cveuli sqemiT, romelic iyenebs 

gaTvlebisaTvis integraluri gantolebebis diskretul analogs, 

naklebad manugeSebelia Tanamedrove gamoTvliTi saSualebebiTac 

ki. amitom mravladbmuli garemos zogadi SemTxvevisaTvis, 

amoxsnis ufro metad misaRebi algoriTmis ar qonis gamo, gviwevs 

amoxsnebis, romlebic amocanebis ama Tu im klass moergeba, 

efeqturi specialuri meTodebis Zieba. 

am azriT did mniSvnelobas iZens zemoT CamoTvlili 

meTodebis sxvadasxva kombinaciebi. Cven mxedvelobaSi gvaqvs, 

upirveles yovlisa, funqcionaluri gantolebebis Sexameba 

xarisxovani mwkrivebis meTodTan, funqciaTa wrfivi SeuRlebis 

meTodisa konformul asaxvasTan, da agreTve amoxsnis ufro 

zogadi sqemebi, romlebic gzadagza integralur gantolebaTa 

aparats iyeneben. am specialur xerxTagan zogierTi qvemoT iqneba 

miTiTebuli. 

 

2.2.3.5. brtyeli amocanis amoxsnis xerxebi 

 
d. Sermanis (1947, 1951) rig SromebSi SemuSavebuli iqna 

brtyeli amocanis amoxsnis efeqturi xerxi (sasruli da 

usasrulo) oradbmuli areebis gansazRvruli klasebisaTvis, 

romlebic SemosazRvrulia ori Sekruli mrudiT. meTodis 
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ZiriTad niSnad, romelic dasaSvebi areebis klass gansazRvravs, 

iTvleba moTxovna, rom brtyeli amocana caladbmuli aresaTvis 

(ares SemomsazRvrel Sekrul konturTagan erTis mimarT gare an 

Siga) uSvebs amonaxsns Caketili saxiT. amrigad, ares sazRvrad 

SeiZleba gamodiodnen wrewirebi, elifsebi, wesieri 

mravalwaxnagebi momrgvalebuli wveroebiT da a.S. usasrulo 

ares magaliTia _ moTxovnili saxis ori naxvretis mqone sibrtye 

ganxilvaSi SeiZleba CavrToT naxevarsibrte ori naxvretiT 

(samadbmuli are, Tu CavTvliT, rom naxvretebi misi sworxazovani 

sazRvridan mdebareoben Sors da am ukanasknelze moiTxoveba 

sasazRvro pirobebis Sesruleba mxolod miaxloebulad). am 

tipis amocanebi gansakuTrebiT mniSvnelovania samTo saqmeSi 

gamoyenebisaTvis. meTodis arsis gadmocemisas CavTvaloT 

garkveulobisaTvis S are sasrulod, romelic SemosazRvrulia 

L1 (Sida) da L2 (gare) mrudeebiT. 

SemovitanoT ganxilvaSi damxmare ω(t) funqcia, romelic 

gansazRvrulia L2-ze, Tanaxmad tolobisa 

)(2)()()( ttttt ωψϕϕ =−′−  (t L2-zea)              (96)  

Tu jer SevkrebT, xolo mere gamovaklebT erTmaneTs wevr-

wevrad (96)-sa da (94)-s, CavTvliT ra rom 02 =C , miviRebT, 
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ω(t)-s saSualebiT SemoviRoT ori axali ϕ0(z) da ψ0(z) 

funqcia, Semdegi saxis 
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sadac 
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Tu ufro gamovkveTavT saZiebel ϕ da ψ funqciebs, 

CavTvliT, ra maT L2-is gareT nulis tolad, maSin (97) toloba, 
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rogorc amaSi advilad davrwmundebiT gaxdeba L2 konturs iqiT, 

axlad SemoRebuli funqciebis analizurad gagrZelebadobis 

piroba. am, yvelgan garda L1-sa, holomorfuli 0ϕ  da 0ψ  

funqciebisaTvis (64) tolobis safuZvelze 1L -ze gveqneba sasazRvro 

piroba 

[ ])(;)()()( 00 tttttt ωψϕϕ Ω=+′+ ,                  (99) 

sadac Ω _ raRac wrfivi operatoria. 

meTodis ZiriTadi moTxovnis Tanaxmad Cven miviCnevT, rom 

(99) damxmare brtyeli amocana gadawyvetadia sasrulo saxiT. 

aSkarad es yovelTvis iqneba saxeldobr ase, Tu funqcia, 

romelic asaxavs ares wreze L1-is gareT, racionaluria. 

Ω marjvena nawiliT, romelic droebiT iTvleba t-gan 

mocemul funqciad, moiZebneba musxeliSvilis funqcionalur 

gantolebaTa meTodiT; (99) amocanis amoxsna Caketili saxiT da 

napovni 0ϕ , 0ψ  funqciebi Seitaneba (96) pirobaSi. es iZleva ω(t)-s 

gansazRvrisaTvis Tanafardobas fredholmis meore gvaris 

integraluri gantolebis saxiT. Semdeg gamoiyeneba ω(t)-s gaSla 

furies kompleqsur mwkrivebSi da integraluri gantoleba 

daiyvaneba wrfiv algebrul gantolebaTa usasrulo sistemaze. 

 

2.2.3.6. lauriCela-Sermanis gantolebis gamoyeneba 

 
rig SemTxvevebSi integraluri gantolebebi SeiZleba 

uSualod gamoyenebul iqnan amocanaTa efeqturi amoxsnisaTvis. Cven 

mivuTiTebT lauriCela-Sermanis gantolebis gamoyenebis erT 

SesaZleblobaze. 

davuSvaT, rom CvenTvis cnobilia ω(ζ) funqcia, romelic 

axdens wris konformul asaxvas areze (L konturis mimarT an 

Sida an gareze). Tu (95) gantolebaSi movaxdenT cvladis Secvlas 

)(σω=t  tolobis Tanaxmad, maSin miviRebT integralur 

gantolebas erTeuli radiusis wrexazze. am gantolebis guli 
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elementarulad gamoisaxeba ω(σ)-Ti da inarCunebs martiv 

struqturas bevr SemTxvevaSi. magaliTad (87) saxis nebismieri 

asaxvis SemTxvevaSi. yvela am SemTxvevaSi axlad miRebuli 

integraluri gantolebisaTvis gamoiyeneba furies mwkrivebis 

meTodi, rasac mivyavarT amocanis efeqtur amoxsnamde. 

 

2.2.3.7. helderis pirobis gamoyeneba 

 

wrfivi SeuRlebis sasazRvro amocanis qveS Cven 

vigulisxmebT Semdeg amocanas: moiZebnos F(z) funqcia, romelic 

holomorfulia L xazis gaswvriv gaWril kompleqsur sibrtyeze, 

sasazRvro pirobiT 

)()()()( tbtFtatF += −+ ,                     (100) 

sadac a(t) da b(t)_L-ze mocemuli funqciebia, )(tF +  da )(tF − _L-ze 

saZiebeli F(z) funqciis sasazRvro mniSvnelobebia, L xazis 

gaswvriv arCeuli dadebiTi mimarTulebis mimarT, marjvniv da 

marcxniv. igulisxmeba, ra es sasazRvro pirobebi arseboben yvelgan, 

garda, SesaZloa, L xazis mCCC ,,, 21 L , wertilebs sasrulo 

ricxvisa, romelTa modamoSi F(z) gvaZleven Sefasebas 

α
kCz

AzF
−

≤)(   (A da α-mudmivebia, 1<α ). 

xandaxan iZebneba (100) sasazRvro amocanis amonaxsnebi, 

romlebic dauSvebs poluss L-ze aramdebare, sibrtyis romelime 

wertilSi. Cveulebrivad aseT wertilad miiReba usasrulod 

daSorebuli wertili. 

Cven ganvixilavT (100) amocanas Semdegi daSvebebisas: L 

Sedgeba sasrulo ricxvis aragadamkveTi Sekruli an Seukvreli 

gluvi konturebisagan, a(t) da b(t) funqciebi akmayofileben 

helderis pirobas L-ze, garda pirveli gvaris wyvetis 

wertilebis sasruli ricxvisa, 0)( ≠ta . am daSvebebSi (100) 

amoixsneba cxadi saxiT (kvadraturebSi). amoxsnas (romelsac aqvs 

polusi usasrulobaSi) aqvs saxe 
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sadac P(z)_nebismieri polinomia, xolo X(z) _ erTgarovani 

amocanis )()()( tFtatF −+ = e.w. kanonikuri amonaxsni, romelic igeba 

cxadi saxiT (kvadraturebSi). 

amonaxsnis agebisaTvis, romelsac gaaCnia gansazRvruli 

rigi usasrulobaSi, moiTxoveba davadoT SezRudvebi P(z) 

polinoms, da aseve b(t) funqcias (ix. n. musxeliSvili, 1966). 

drekadobis brtyeli Teoriis amocanebis dayvana wrfivi 

SeuRlebis amocanebamde warmoadgens aseTi amocanebis amoxsnis 

(gansakuTrebiT Sereuli amocanebis) erT-erT efeqtur meTods. 

sailustraciod moviyvanoT ZiriTadi Sereuli amocanis 

amoxsna naxevarsibrtyisaTvis misi wrfiv SeuRlebis amocanamde 

dayvanis gziT (n.nusxeliSvili, 1966). 

vTqvaT izotropul sxeuls ukavia qveda naxevarsibrtye 

0<y , romelsac aRvniSnavT −S -iT. zeda naxevarsibrtye aRvniSnoT 

+S -iT, namdvili RerZi _ L-iT, L-ze dadebiT mimarTulebad miviRoT 

_∞-dan +∞-mde.  

amovideT Zabvebisa da gadaadgilebebis zogadi kompleqsuri 

warmodgenis formulebidan, kerZod visargebloT formulebiT 

)()()()( zzzzziXY yy Ψ+Φ′+Φ+Φ=− ,                   (102) 

)()()()(2 zzzzz
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u
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∂ χμ ,            (103) 

sadac Φ(z) da Ψ(z)_ −S  areSi saZiebeli holomorfuli funqciebia, 

romlebsac didi z -ebisas aqvT saxe 
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(X, Y) _ gare Zalvebis mTavari veqtoria, romlebic modebulia L-ze.   
−S  areSi, ori holomorfuli Φ(z) da ψ(ζ) funqciis 

nacvlad SemoviRoT uban-uban _ holomorfuli erTi Φ(z) funqcia, 
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romelic gansazRvrulia rogorc −S -Si, ise +S -Si, amasTan zeda 

naxevarsibrtyeSi +S , is iqneba gansazRvruli ise, rom misi 

mniSvnelobebi gaagrZeleben analizurad Φ(z)-is mniSvnelobebs 

qveda naxevarsibrtyeSi −S  dautvirTavi ubnebis gavliT (Tuki 

aseTebi arseboben). ganvsazRvroT Φ(z) +S -Si Semdegi formuliT 

)()()()( zzzzz Ψ−Φ′−Φ−=Φ . 

es formula iZleva ψ(z) funqciisaTvis gamosaxulebas Φ(z) 

funqciiT, romelic vrceldeba +S -zec. 

);()()()( zzzzz Φ′−Φ−Φ−=Ψ  

maSasadame, Zabvebis komponentebi gamoisaxeba erTi Φ(z) funqciiT, 

romelic gansazRvrulia rogorc +S -Si, aseve −S -Sic. 

kerZod, gveqneba formula 

)()()()( zzzzziXY yy Φ′−+Φ−Φ=− ,              (104) 

xolo (103) formulidan miviRebT 

.)()()()(2 zzzzz
x
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u
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∂μ           (105) 

vTqvaT 
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n

k
kkbaL

1
 

warmoadgens namdvili RerZis kkba  monakveTebis erTobliobas, da 

vTqvaT L′-ze mocemulia gadaadgilebaTa komponentebi, xolo 

danarCen nawilSi LLL ′−=′′  _gare Zalvebi. zogadobis daurRvevlad 

SeiZleba CavTvaloT, rom L″-ze mocemuli gare Zalvebi tolia 

nulis (zogadi SemTxveva advilad daiyvaneba amaze).  

CavTvaloT, rom funqcia Φ(z) uwyvetad gangrZobadia 

marcxniv da marjvniv α-ze, garda, SesaZloa, ka , kb  wertilebisa, 

xolo am wertilebis midamoebSi 

,)( α
kaz

Az
−

≤Φ  α
kbz

Az
−

≤Φ )(  )1( <α . 

CavTvaloT aseve, rom 
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0)()lim( =Φ′− zzz . 

roca z miiswrafis namdvili RerZis t wertilisaken, romelic 

gansxvavdeba ka  da kb  wertilebisagan. 

am daSvebebisas (104) formulidan gamomdinareobs 

)()( tt −+ Φ=Φ  L″-ze 

anu Φ(z) funqcia holomorfulia mTel sibrtyeze, gaWrilia L-is 

gaswvriv da qreba usasrulobaSi. 

(105) formulebidan ki gveqneba 

)(2)()( tgtt ′+Φ−=Φ −+ μ  ( )Lt ′∈                   (106) 

sadac g(t) _ mocemuli funqciaa, )()()( tivtutg += , u(t)-Ti da v(t)-Ti 

aRniSnulia L′-ze cnobili, gadaadgilebebis komponentebis 

sasazRvro mniSvnelobebi, CavTvaloT, rom )(tg′  warmoebuli 

akmayofilebs helderis pirobas. 

Tu gamoviyenebT (101) formulas, SeuRlebis (106) amocanis 

amoxsnisaTvis miviRebT 

∫ +
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sadac X(z) (kanonikuri amonaxsni) aqvs saxe 
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radganac Φ(z) qreba usasrulobaSi, xolo X(z)-is rigi 

usasrulobaSi tolia _ n, P(z) polinomis xarisxi ar unda 

aWarbebdes )1( −n -s:  

.)( 1
2

1
1

0 −
−− +++= n

nn CzCzCzP L  

gansaxilveli amocanis wrfivi SeuRlebis amocanaze 

dayvanisas Cven gavawarmoeT sasazRvro pirobebi kkba  monakveTebis 

gaswvriv; maSasadame, jerjerobiT Cven movaxerxeT 

dagvekmayofilebina sasazRvro pirobebi kkba -s gaswvriv mudmivi kc  

Sesakrebebis sizustiT. gvrCeba gaviTvaliswinoT pirobebi 

021 ==== nccc L , Tumca, rogorc advili dasanaxia, sakmarisia 

davakmayofiloT pirobebi 
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nccc === L21 . 

es pirobebi daiyvaneba Semdegze: 

∫
+

−=′+′ +

1

)()()( 1

k

k

a

b
kk bgagdtviu   )1,,2,1( −= nk L             (107) 

Tu (107) tolobaSi CavsvamTY )()( tibtu + -s nacvlad mis 

gamosaxulebas Φ funqciiT, miviRebT 1−n  wrfiv gantolebaTa 

sistemas. 

P(z) polinomis 0C  koeficienti ganisazRvreba gare Zalvebis 

mocemuli (X, Y) veqtoriT: 

π20
iYXC +

−= . 

Tu CavsvamT 0C -is mniSvnelobas (107) sistemaSi, miviRebT 

121 ,,, −nCCC L  koeficientebis mimarT wrfiv gantolebaTa 1−n  

sistemas. es sistema calsaxad amoxsnadia ZiriTadi Sereuli 

amocanis amonaxsnis erTaderTobis Teoremis safuZvelze. 

kompleqsuri cvladis funqciis Teoriis meTodebi, 

romelTa Sesaxeb zemoT gvqonda laparaki drekadobis Teoriis 

brtyel amocanasTan dakavSirebiT, arsebiTad iyo ganviTarebuli i. 

vekuas gamokvlevebSi kerZo warmoebulebSi diferencialuri 

gantolebebis Teoriis ufro zogadi amocanebisadmi miyenebis 

kuTxiT. i. vekuas monografiaSi (1948) am TvalsazrisiT 

gamokvleulia vrceli klasi elifsuri gantolebebisa ori 

damoukidebeli cvladis SemTxvevaSi da mocemulia avtoris mier 

ganviTarebuli aparatis gamoyenebebi (drekadi cilindris 

stacionaruli rxevebi, Txeli firfitebis Runva da sxva). 

aqve gvmarTebs movixsenioT imave meTodebis 

mravalricxovani gamoyenebebi drekadi garsebis TeoriaSi (i. 

vekua, a. goldenveizeri, g. savini). 

kompleqsuri cvladis funqciis Teoriis meTodebTan erTad, 

romlebic saSualebas iZleva amovxsnaT brtyeli amocana 

SedarebiT zogadi saxis areebisaTvis, SeiZleba vipovoT efeqturi 

amonaxsnebi zogierTi konkretuli formis areebisaTvis kerZo 
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xerxebiT, magaliTad furie da melinis integraluri 

gardaqmnebis saSualebiT. 

furies gardaqmnebi warmoadgens erTob moxerxebul aparats 

usasrulo zolis drekadi wonasworobis sxvadasxvagvari 

amocanebis ganxilvisaTvis. amgvari saxis umartivesi amonaxsnebi 

napovni iyo jer kidev l.n.j. failonis mier. es meTodika, 

romelmac miiRo farTo ganviTareba sabWoTa mecnierebis 

naSromebSi, ocdaaTiani wlebis bolos iyo ganzogadebuli da 

Sejamebuli p.papkoviCis cnobil monografiebSi (1939, 1941). 

SemdgomSi sxvadasxva avtorebis mier ganxiluli iyo 

mniSvnelovani raodenoba axali amocanebisa, romlebic Seexeboda 

zolis, naxevarzolis deformaciebs, romlebic Seesabamebodnen 

fenovan garemos da anizotropul  tanebs, Tbur Zabvebs da sxva. 

dainteresebul pirebs SeuZliaT dawvrilebiT gaecnon d. 

Sermanis (1962) mimoxilviT naSromebs. g. popovisa da n. 

rostovcevisa (1966), s.lexnickis (1957) da m. Seremetievis (1968) 

monografiebs. 

aqve mivuTiTebT i. alperinis (1930), m. belenkovis (1952) da 

s.birmanis (1954) statiebs, romlebic Seexeba Sereul amocanebs 

usasrulo zolisaTvis, da aseve i. markuzonisa (1963), v. 

tonoianis naSromebs, romlebSic Sereuli amocanebis zogierTi 

klasebi naxevarsibrtyisa, zolisa da kvadrantisaTvis 

gadawyvetilia wyvili an sammagi tolobebiT, romlebic 

dakavSirebulia furies gardaqmnebTan. 

rigi saintereso amocanebi amoixsna bipolarul 

koordinatebSi, furies integralebis saSualebiT. msgavsi saxis 

amocanebi, romlebic ZiriTadad wriul `namgalasTan~ aris 

dakavSirebuli, ganixileboda i. ufliandis (1950, 1963), g. savinis 

(1951), m. savrukis (1957), v. eganianis (1959, 1964) da sxva avtorebis 

mier. 

drekadobis Teoriis zogierTi brtyeli amocana usasrulo 

solisaTvis zust gadawyvetas Rebulobs melinis integraluri 

gardaqmnebis saSualebiT. Tavdapirveli gamokvlevebi am wris 
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sakiTxebisa ekuTvniT i. bratcsa da v.abramovis (1937). solze 

Seyursuli Zalis moqmedebis Sesaxeb amocana pirvelad ganixiles 

a. luriem da b. braCkovskim (1941). anizotropuli solis amocana 

gamokvleeuli iqna p. kuvarevis (1941) mier. miTiTebul amocanebze 

bibliografia moyvanilia i. ufliandis (1963) wignSi. 

furiesa da melinis integralur gardaqmnaTa meTodis 

ganviTareba koSis tipis integralebis aparatTan SeTavsebaSi 

Sedis s. belonosovis (1962) naSromebSi, romlebic ganekuTvnebian 

areebs kuTxis wertilebiT da kerZod zolsa da sols. 

 

2.2-is daskvnebi 

 

rogorc zemoT vaCveneT, musxeliSvilis gamokvlevebi 

problemebis farTo jgufs moicavs. aRniSnulma Sromebma didi 

gavlena moaxdines meqanikisa da maTematikis rigi dargebis 

Semdgom ganviTarebaze. 

n. musxeliSvilis meTodebma drekadobis brtyel TeoriaSi 

gamoyeneba da Semdgomi ganviTareba hpoves s.mixlinis, d.Sermanis, 

g.savinis, d.vainbergisa da sxva naSromebSi am meTodebis 

saSualebiT amoxsnilia mravali amocana, romlebmac farTo 

gamoyeneba hpoves teqnikaSi. l.galinis, a.kalandias, i.qarcivaZis, 

i.Staermanis, r.bancuris da sxva naSromebSi n.musxeliSvilis 

Sedegebma Semdgomi gamoyeneba da ganviTareba hpova sakontaqto 

amocanebis TeoriaSi. 

gamokvlevebi Zelebis grexisa da Runvis amocanebSi 

sxvadasxva mimarTulebiT gagrZelebul iqna a. gorgiZis, a. ruxaZis 

da sxvaTa mier.  
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2.3. myari deformadi sxeulis meqanikis ganviTarebis 
   istoria Txelkedlian sivrciT sistemebisaTvis 

  

2.3.1. brtyeli drekadobis Teoriis amocanebis 
gamokvlevebis ZiriTadi Sedegebi 

 

naSromebi, romlebsac Cven SevexebiT, ZiriTadad mWidrodaa 

dakavSirebuli kompleqsuri cvladis meTodebTan da am 

TvalsazrisiT isini gamodgeba maTi gamoyenebis sailustraciod da 

Semdgomi ganviTarebisaTvis. 

ZiriTadi amocanebis amoxsna erTgvarovani garemosaTvis. 

konkretuli Sinaarsis pirveli Sedegebi, romlebic ganekuTvneba 

brtyeli profilebis wonasworobas miRebuli iyo g. kolosovisa 

da n. musxeliSvilis mier. 

92-Si miTiTebuli meTodiT n. musxeliSvilma mogvca 

pirveli da meore ZiriTadi amocanebis martivi amonaxsni wris, 

wriuli rgolisa da usasrulo sibrtyisTvis wriuli naxvretiT. 

damuSavebuli iqna mravali kerZo magaliTi sxvadasxva saxis gare 

zemoqmedebebisaTvis. amgvari saxis areebisaTvis ar moiTxoveba 

winaswari konformuli asaxva. gamoiyena ra konformuli asaxva, 

musxeliSvilma gadawyvita im droisaTvis rTuli amocana mTliani 

elifsis wonasworobis Sesaxeb. mogvianebiT igive amocanas igi 

wyvetda sxva xerxebiT (ix. 96). 

xarisxovani mwkrivebis meTodiT iyo gamokvleuli amocana 

Tanafokusuri elifsuri rgolis Sesaxeb (a. kalandia, 1953). am 

amocanis efeqturi amoxsnis algoriTmi kidev ufro adre 

miTiTebuli iqna m. Seremetievis mier, romelic iyenebda 

funqcionaluri gantolebebis meTods konformul asaxvebTan 

naerTSi (ix. 93). 

dasaxelebuli meTodi yvelaze moxerxebuli aRmoCnda 

caladbmuli areebisaTvis. rogorc es zemoT iyo aRniSnuli, mas 

yovelTvis mivyavarT efeqtur amoxsnamde, Tu ares asaxva 

ganxorcielebulia racionaluri funqciiT. meTodis pirveli 

gamoyenebebi iyo miTiTebuli TviT n.musxeliSvilis mier, 
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romelmac mogvca Caketili amonaxsnebi ZiriTadi amocanebis rigi 

konkretuli SemTxvevebisaTvis. amocanaTa am seriidan Cven 

gamovyofdiT wriuli diskis wonasworobas konturuli 

Seyursuli datvirTvebis moqmedebis qveS da usasrulo firfitas 

elifsuri naxvretiT. musxeliSvilis Sedegebi, romelzedac aq 

iTqva, miRebuli iyo ociani da ocdaaTiani wlebis SromebSi (maT 

Soris gansakuTrebiT unda aRvniSnoT misi memuari gamocemuli 

1922 wels). yvela es Sedegebi sxvebTan erTad, romelic ekuTvnis 

imave avtors, dawvrilebiTaa gadmocemuli, ara erTxel zemoT 

citirebul, n. musxeliSvilis monografiaSi. 

aRvniSnoT amave meTodis kidev erTi mniSvnelovani gamoyeneba, 

romelic miuTiTa g. savinma. ganvixiloT amocana Zabvebis 

koncentraciis Sesaxeb usasrulo firfitaSi, romelic 

dasustebulia raime naxvretiT. miviCnevT ra naxvretis konturs 

sworxazovan mravalwaxnagad, avsaxoT wris Siga nawili naxvretis 

gareTa areze Svarci-kristofelis integralis saSualebiT. 

gavSliT ra am integrals ζ-s xarisxebis mwkrivad da davtovebT 

ra mwkrivSi misi pirveli wevrebis sasrulo ricxvs, Cven 

miviRebT miaxloebiT amonaxsns, romelsac gadayavs wrexazi 

sawyisi konturis maxlobel mrudSi 
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saxiT, an kerZo SemTxvevaSi 
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sadac C , −mCk , raime mudmivebia. Tu SevcvliT (108)-Si C, Ck, n 

mudmivebs SegveZleba miviRoT naxvretebi wris, elifsis, ovalis, 

mrudwira samkuTxedisa da oTxkuTxedis da a.S. formiT. (108) 

asaxvisas meTods dauyovneblad mivyavarT amonaxsnamde Caketili 

saxiT, es ki iZleva miTiTebuli saxis amocanebis miaxloebiTi 

amoxsnis SesaZleblobas.    

am gziT g. savinma da misma mowafeebma ganixiles bevri 

konkretuli amocana erTgvarovan velSi, sxvadasxvagvari formisa 
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da konfiguraciis naxvretebis dros Zabvebis koncentraciis 

Sesaxeb. am amocanebis amonaxsnebi miyvanilia ricxviT 

Sedegebamde, romlebic warmodgenilia cxrilebisa da diagramebis 

saxiT. garda amisa, gansakuTrebulad mniSvnelovan SemTxvevebSi, 

agebulia konturuli Zabvebis grafikebi. msgavsi saxiT ixsneba 

savinis mier amocanebi, naxvretis mqone Txeli firfitebis Runvis 

Sesaxeb, romlebic moqceulia usasrulobaSi momentebisa da 

normaluri Zalvebis moqmedebis qveS. es Sedegebi dawvrilebiT 

gadmocemulia g.savinis wignSi (1951), romelmac Seasrula 

mniSvnelovani roli am wris sakiTxebis Semdgom damuSavebaSi. 

Zabvebis Sesaxeb sakiTxebiT naxvretebis mqone firfitebSi, 

roca maT mrudwiruli mravalkuTxedis forma aqvT, g. savinTan 

erTdroulad dakavebuli iyo m. neimani (1937, 1958), romelmac 

gamoiyena originaluri midgoma miaxloebiTi anasaxebis arCevisas; 

is ZiriTadad Seiswavlida Zelebis grexas, romlebic 

dasustebulia amonaCarxebiT. 

93-Si gadmocemuli meTodi SeiZleba gamoyenebuli iqnas 

raRac saxecvlilebebiT naxevradusasrulo areebis SemTxvevisas, 

roca garemos sazRvrad gvevlineba mrudi, romelic gvcildeba 

usasrulobaSi orive mxares. am SemTxvevaSi ufro mosaxerxebelia 

visargebloT asaxviT naxevarsibrtyeze meTodis gamoyeneba zogad 

dasmaSi naCvenebia n. musxeliSvilis (1966) monografiaSi, sadac 

moyvanilia agreTve amgvari saxis zogierTi kerZo amocanis 

amoxsna. 

gamoyenebisaTvis gansakuTrebul interess warmoadgens 

naxevarsibrtyeebi, romelic dasustebulia amonaWeriT an aqvs 

Sverilebi sworxazovan sazRvarTan. aseTi tipis amocanebs 

ukanasknel xanebSi didi yuradReba eTmoba. 

n. kurdinis midgoma am amocanebisadmi warmogvidgeba 

yvelaze ufro warmatebulad. iyenebda ra musxeliSvilis meTods, 

man moaxerxa detalurad gaerCia miTiTebuli saxis zogierTi 

saintereso SemTxveva (1962). 

funqciis   Teoriis   meTodebis  gamoyenebis SesaZlebloba  
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firfitebis Runvis amocanebSi pirvelad ilustrirebuli iqna a. 

luries (1928) naSromSi, sadac ganixileboda firfita 

dayrdnobili kideebiT, romlis Sua zedapiris are konformulad 

aisaxeboda wreze racionaluri funqciis meSveobiT. ufro 

dawvrilebiTi Seswavla am sakiTxisa iyo Catarebuli mogvianebiT 

a. kalandias (1953) mier. a. luries (1940) sxva naSromSi mocemulia 

igive meTodiT miRebuli amonaxsnebi Runvis Teoriis sami 

ZiriTadi amocanis wris SemTxvevisaTvis. aq, iseve rogorc imave 

avtoris wina naSromSi, gamoiyeneboda musxeliSvilis meTodi (93). 

zemoT citirebuli s. lexnickis naSromi (1938) Seicavs 

kompleqsuri cvladis meTodebis gamoyenebas firfitebis Runvis 

amocanebSi. masSi gamoiyvaneba ZiriTadi sidideebis zogadi 

kompleqsuri warmodgenebi izotropuli da anizotropuli 

SemTxvevebisaTvis, saboloo saxiT formulirdeba ZiriTadi 

amocanebi kompleqsuri cvladis terminebSi da moicema maTi 

amonaxsnebi zogierT kerZo SemTxvevebSi. 

a. luriesa da s. lexnickis miTiTebuli naSromebiT daiwyo 

firfitebis Runvis TeoriaSi intensiuri gamokvlevebi. 

93-is meTodiT m. fridmanma (1945) ipova firfitis Runvis 

zogierTi konkretuli amocanis amonaxsnebi, romelTac aqvT 

mrudwiruli naxvreti, iRuneba momentebiTa da ZalvebiT, romlebic 

mis kidezea modebulia. 

gansakuTrebuli yuradReba eTmoboda kideebiT dayrdnobili 

firfitis wonasworobis  amocanas.  mis  Seswavlas  mieZRvna 

z.halilovis (1950), m. fridmanis (1952), d. Sermanis (1959), 

a.kalandias (1953) naSromebi. 

funqciis wrfivi SeuRlebis meTodi (ix. 97) aRmoCnda erTob 

moxerxebuli saSualeba amocanebis zogadi gamokvlevebisaTvis, da 

aseve maTi efeqturi amoxsnisaTvis specialur SemTxvevebSi. mas 

gaaCnia aSkara upiratesoba sxvebTan SedarebiT Sereuli da 

sakontaqto amocanebis Seswavlisas, sadac mniSvnelovania 

SegveZlos amoxsnis TaviseburebaTa gamoyofa. am tipis amocanebs 

ganvixilavT qvemoT. 
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am meTodis gamoyeneba brtyeli amocanebisadmi pirvelad 

miTiTebuli iyo n. musxeliSvilis naSromSi (1941), sadac 

ganixileboda drekadi naxevarsibrtyis SemTxveva. ZiriTadi 

amocanebis amonaxsnebi am SemTxvevaSi napovni iqna martiv da 

friad efeqtur formaSi. am meTodis Semdgomi arsebiTi 

ganzogadoeba SemoTavazebuli iyo i. qarcivaZis (1943) mier, 

romelmac is ganavrco wriuli ares SemTxvevaze, da agreTve 

wreze asaxvis ufro zogad SemTxvevaze racionaluri funqciis 

saSualebiT. imave avtors ekuTvnis miTiTebuli areebisaTvis 

meTodis gamoyeneba konkretuli amocanebis amosaxsnelad. 

qarcivaZis Sedegebi dawvrilebiTaa gadmocemuli n. 

musxeliSvilis wignSi (1966). wriuli xvrelis mqone 

sibrtyisaTvis Sereuli amocana ganixileboda b. mincbergis (1948) 

mier. 

amave meTodiT n. musxeliSvilma miuTiTa brtyeli 

drekadobis Teoriis mesame ZiriTadi amocanis amoxsnaze Caketili 

saxiT. 

xisti profiliT SeuRlebis amocana sxva meTodebiT 

Seiswavla g.poloJim. amocanis sasazRvro pirobebi winaswar iqna 

moqceuli zogierTi gardaqmnebis qveS, romlebmac gaamartives am 

pirobebis forma sazRvris sworxazovan ubnebze. swored aman 

misca avtors SesaZlebloba mieTiTebina amocanis cxadi amoxsna, 

jer amozneqili mravalkuTxedebisaTvis (1949, 1950), xolo Semdeg, 

erTob daxvewili gamokvlevebis Semdgom kuTxis wertilebSi 

Zabvebis qcevis Sesaxeb, gadaadgilebebis veqtoris uwyvetobis 

pirobisas, yvelaze zogadi saxis mravalkuTxedebisaTvis, da aseve 

nebismieri mravalkuTxa naxvretis mqone usasrulo 

naxevarsibrtyisaTvis (1957). 

Seiswavlida ra ZiriTad brtyel amocanebs kuTxeebis mqone 

caladbmuli areebisaTvis s. belonosovma (1954, 1962) SemogvTavaza 

maTi iseTi amoxsnis meTodi, romelic saSualebas iZleva mieces 

Teoriuli dasabuTeba kuTxeebis momrgvalebaze dafuZnebul, 

miaxloebiTi amoxsnis praqtikul xerxs: mocemuli ares 
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naxevarsibryeze 0Re >ζ  konformuli asaxva saSualebas iZleva ϕ 

da ψ kompleqsuri potencialebis mosaZebnad gamoviyenoT 

laplasis calmxrivi gardaqmnis aparati. miRebuli meTodis, 

analogiurad n.musxeliSvilis mier, igeba sakmaod martivi 

struqturis integraluri gantolebebi, romlebic moixmareba 

garkveuli azriT areebisaTvis, kuTxis wertilebiT. Tu L konturi 

ar Seicavs kuTxis wertilebs da saerTod sakmarisad gluvia, 

maSin integraluri gantolebis guli aris fredholmuri, xolo 

uban-uban gluvi konturis zogad SemTxvevaSi is miekuTvneba 

karlemanis gulebis tips. 

s. belonosovis integraluri gantolebebi, rogorc man 

aCvena (1962), amoxsnadia ZiriTad amocanaTagan TiToeulisaTvis. 

usasrulo solis an zolis kerZo SemTxvevebSi integraluri 

gantolebebi ixsneba kvadraturebSi, rasac mivyavarT am 

SemTxvevaSi sasrulo saxiT amocanebis amoxsnamde. s.belonosovis 

citirebul wignSi gansazRvrulia agreTve areebis klasi, 

romlebisTvisac ZiriTadi amocanebi amoxsnadia kvadraturebSi 

miTiTebuli meTodiT. es klasi, garda areebisa, romlebic formiT 

maxlobelia solTan, zolTan da hiperbolasTan, Seicavs Tavis 

TavSi agreTve wriul koncentrul rgols. 

zemoT gadmocemuli d. Sermanis meTodi (95) mis mier 

Tavdapirvelad SemoTavazebuli iyo oradbmuli profilebis 

gansazRvruli klasis, grexisa da Runvis amocanebis amoxsnisaTvis. 

brtyeli deformaciisadmi SefardebiT is iyo ilustrirebuli 

(1951) naxevarsibrtyis magaliTad, romelic dasustebulia 

araerTnairi ori wriuli naxvretiT. Sermanis ufro gviandel 

gamokvlevebSi mimdinareobda meTodis arsebiTi gardaqmnebi, 

ramac moxsna didi moculobis Sualeduri gamoTvliTi 

operaciebis Catarebis aucilebloba. Sedegad amoxsnis procesi 

gaxda Tvalmisawvdomi da miiRo Tavis ZiriTad nawilSi 

rekurentuli Tanafardobebis xasiaTi. 

d. Sermanisa da misi mowafeebis mravalricxovan naSromebSi, 

romlebic gamoqveynebulia ukanasknel wlebSi, mocemulia meTodis 
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gamoyeneba brtyeli deformaciis Sesaxeb konkretul amocanebSi. 

ganxiluli iyo amocanebi wonadi naxevarsibrtyis Sesaxeb ori 

naxvretiT (wriuliT da elifsuriT), romlebic ganlagebulia 

garemos wrfivi sazRvridan mniSvnelovani daSorebiT; drekadi 

wris Sesaxeb naxvretiT, sakmaod zogadi moxazulobisa; 

naxevarsibrtyis Sesaxeb naxvretiT, romlis kidis gaswvriv 

CarCilulia rgoli sxva masalisagan, da sxva analogiuri 

amocanebi. Sedegebis safuZvliani mimoxilva integraluri 

gantolebebis meTodis gamoyenebaze sruli bibliografiiT 

moyvanilia d. Sermanis narkvevSi (1962). 

mravalbmuli ares calkeuli SemTxvevisaTvis gamoiyeneboda 

Svarcis ganzogadebuli algoriTmi, romelic zogad formaSi 

ganaviTara s. mixlinma (1949) ZiriTadi biharmoniuli amocanis 

mimarT. meTodis pirveli ilustracia gakeTda imave avtoris mier 

(1934) elifsuri naxvretis mqone, wonadi naxevarsibrtyis 

magaliTze, roca usasrulobaze Zabvebi ganawilebulia 

hidrostatikuri kanoniT. 

Svarcis mixedviT TandaTanobiT miaxloebebis krebadoba 

gamoikvleoda ares mimarT zogierTi SezRudvebisas, s. mixlinisa 

da a. gorgiZis naSromebSi. meTodis krebadoba zogad SemTxvevaSi 

dadgenili iqna s.sobolevis (1936) mier. 

Svarcis algoriTms ar gaaCnia swrafi krebadoba, romelic 

unda gvaxsovdes meTodis praqtikuli gamoyenebisas. miuxedavad 

amisa rig SemTxvevebSi man SeiZleba mogvces damakmayofilebeli 

Sedegebi. magaliTebad gamogvadgeba a. kosmodamianskis naSromebi 

(1961, 1964), romlebic exeba ori araerTnairi naxvretis SemTxvevas 

usasrulo garemoSi. 

firfitaSi, bevri naxvretebiT, Zabvebis Seswavlisas erTerT 

ZiriTad sakiTxs warmoadgens mocemuli naxvretis siaxloves 

garemos Sesustebis, romlebic gamowveulia mezobeli naxvretebis 

arsebobiT, xarisxis gansazRvra. am sakiTxebs, romlebic iwveven 

did interess samTo saqmeSi, mieZRvna d. Sermanisa da misi 
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mimdevrebis naSromebi, romelTa Sesaxeb zemoT iTqva. mivuTiToT 

zogierT ganzogadebaze am mimarTulebiT. 

im SemTxvevaSi, roca garemo Sesustebulia nebismieri 

sasrulo ricxvis naxvretiT a. kosmodamianski (1961, 1962) iyenebda 

bubnov-galiorkinis meTods. saZiebeli ϕ da ψ kompleqsuri 

potencialebisaTvis is sargeblobda ganusazRvreli koeficientebis 

mqone, specialuri saxis funqciebis usasrulo jamis saxiT 

warmodgenebiT da iRebda miaxloebiTi amoxsnisaTvis algebrul 

gantolebaTa sasrulo ricxvis sistemebs,  meTods mivyavarT 

gansakuTrebiT karg Sedegebamde wriuli naxvretebis SemTxvevaSi. 

miaxloebis rigis usazRvro gazrdisas algebruli 

sistemebi xdeba usasrulo. imave avtorebis gamokvlevebma 

gviCvena, rom am sistemebs gaaCniaT xelsayreli Tvisebebi 

naxvretebis erTmaneTTan, rogorc gnebavT, mcire siaxlovisasac 

ki. arawriuli mrudwiruli naxvretebis SemTxvevaSi 

mizanSewonili xdeba im meTodebis gamoyeneba, romlebic axlosaa 

ideaSi n. musxeliSvilis meTodTan (a. kosmodamianski, 1962). 

miTiTebuli miaxloebiTi xerxebi kosmodamianskis da zogierTi 

sxva avtoris mier iyo gamoyenebuli amocanebis amoxsnisaTvis 

rig konkretul SemTxvevebSi. 

g. muxarinovma (1937, 1939), gamoiyena ra mimdevrobiTi 

miaxloebis raRac algoriTmis analogi, damuSavebuli g. 

goluzinis mier dirixles amocanisaTvis, Seiswavla amocana 

firfitisa da diskisaTvis, roca garemo Sesustebulia wriuli 

formis, nebismierad ganlagebuli, nebismieri sasrulo ricxvis 

naxvretebiT. 

mniSvnelovan interess iwvevs drekadobis Teoriis perioduli 

amocana. warmovidginoT SemousazRvreli erTgvarovani garemo, 

romelic Sesustebulia erTnairi da periodulad ganlagebuli 

naxvretebis usasrulo rigiT. davuSvaT, rom yvela es naxvreti 

moeqca erTnairi gare Zalvebis moqmedebis qveS da maTi centrebi 

ganlagebulia erTsa da imave sworze. naxevarsibrtyis SemTxvevaSi 

iTvleba, rom centrebis swori paraleluria  naxevarsibrtyis 
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sazRvrisa da imyofeba misgan manZilze, romelic mniSvnelovnad 

aRemateba naxvretis zomebs. 

geometriuli da Zalovani simetriis erToblivi faqtorebis 

arsebobas mosdevs gadaadgilebebisa da Zabvebis perioduloba 

cvladis (nivTieri) mimarT, romelic icvleba centrebis xazis 

gaswvriv. es perioduloba iZleva amocanis reducirebis 

saSualebas msgavs amocanaze ori funqciis moZebnisa, romlebic 

holomorfulia romeliRac Sekruli konturis gareTa areSi. 

mosazrebebi, romlebmac migviyvanes (92) integralur 

gantolebebamde, aqac miudgeba, rac gvaZlevs SesaZleblobas 

avagoT amonaxsni fredholmis integraluri gantolebebisaTvis, 

romlebic yovelTvis wydeba erTaderTi saxiT. es gaakeTa g. 

savinma (1939) (ix. agreTve s. mixlini, 1949). 

funqcionaluri gantolebebisa da xarisxovani mwkrivebis 

meTodebis erToblivi gamoyenebiT xerxdeba rig SemTxvevebSi 

avagoT amocanis efeqturi amonaxsni. mivuTiToT zogierT 

naSromze am mimarTulebiT. 

d. Sermanma (1961) gamoikvlia Zabvebis veli wonad garemoSi, 

romelic Sesustebulia wriuli da kvadratuli formis, 

periodulad ganlagebuli naxvretebiT. amocana ixsneboda wrfiv 

algebrul gantolebaTa usasrulo sistemaze dayvaniT. 

amonaxsnis raodenobrivma analizma avtors saSualeba misca 

kvaldakval mihyoloda naxvretebis axlos Zabvebis ganawilebas ε 

ricxobrivi parametris, romelic axasiaTebda ares fardobiT 

zomebs cvlilebis mniSvnelovan diapazonSi; ar warmoadgens 

gamonakliss erTmaneTTan axlos mdebare naxvretebis SemTxvevac. 

 zogadi formis mrudwiruli naxvretebiT perioduli 

amocana ganixileboda kidev ufro adre i. voroviCisa da a. 

kosmodamianskis naSromebSi (1959). saZiebeli kompleqsuri 

potencialebisaTvis avtorebis mier SemoTavazebuli iyo 

zogierTi integraluri warmodgenebi, romlebic gamosaxavdnen 

maT xsva analizuri funqciebiT, romlebic holomorfulebia 

sibrtyeSi erTi naxvretiT. SemdgomSi am ukanasknelTa 
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sapovnelad gamoiyeneboda mcire parametris meTodi, da amocana 

dadioda erTi tipis amocanaTa Tanmimdevrobaze caladbmuli 

aresaTvis. meTodis krebadoba ar gamokvleula. ricxviTi 

gamoTvlebis dawvrilebiTi analizi Catarda elifsuri naxvretebis 

SemTxvevaSi, roca firfita iWimeba usasrulobaze ZalvebiT, 

romlebic mimarTulia centrebis xazisadmi nebismieri kuTxiT. am 

midgomis zogierTi Semdgomi ganzogadeba mocemulia a. 

kosmodamianskis (1965) mier.  

unda aRiniSnos, rom drekadobis Teoriis brtyeli 

perioduli amocana  

pirvelad ganxiluli iqna v. naTanzonis (1935) mier, romelic 

ikvlevda usasrulo sxeulSi ornairad perioduli wriuli 

naxvretebis sistemis SemTxvevas. 

ufro dawvrilebiT cnobebs perioduli amocanis Sesaxeb 

dainteresebuli piri ipovis zemoT citirebul d. Sermanis 

mimoxilvaSi (1962). 

ukanasknel wlebSi didi yuradReba eqceoda brtyeli amocanebis 

amoxsnis efeqturi meTodebis Ziebas, roca drekadobis ZiriTadi 

kanoni arawrfivia, magram deformaciis simciris Sesaxeb daSveba 

SenarCunebulia. gansakuTrebul interess iwvevdnen sakiTxebi, 

romlebic dakavSirebulia naxvretebis mqone firfitebsa da 

garsebSi Zabvebis koncentraciis gansazRvrasTan. 

Tu drekadobis kanonis arawrfivobas davaxasiaTebT mcire 

ricxviTi parametriT, maSin biharmoniuli gantolebis nacvlad am 

SemTxvevaSi ZabvaTa funqciisaTvis miviRebT meoTxe rigis 

arawrfiv diferencialur gantolebas kerZo warmoebulebSi 

mTavari biharmoniuli wevriT. am gantolebis integrebisaTvis 

Sesabamisi sasazRvro pirobebisas gamoiyeneboda mcire 

parametris meTodi, amasTan drekadobis kanonis gadaxra 

wrfivisagan da naxvretis gadaxra wriulisagan miCneuli iyo 

erTdroulad mcireebad. Tu gavSlidiT ZabvaTa funqcias, 

gadaadgilebaTa veqtoris koordinatebs, da agreTve funqciebs, 

romlebic figurireben amocanis sasazRvro pirobebSi mwkrivebad 
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ori parametriT, romlebic zemoT dasaxelebul gadaxras 

axasiaTeben, miviRebT Tanamimdevrobas zogierTi biharmoniuli 

amocanebis wriuli naxvretis mqone sibrtyisaTvis. 

am gziT iqna amoxsnili arawrfivi drekadobis Teoriis 

rigi konkretuli amocanebisa. 

ricxviTi gaangariSebebi gviCveneben, rom fizikuri 

arawrfivobis gaTvaliswinebas mivyavarT ufro Tanabar, wrfiv 

TeoriasTan SedarebiT, Zabvebis ganawilebasTan naxvretebTan 

axlos; ZabvaTa koncentraciis koeficienti ufro mcire xdeba. 

am mimarTulebis Sedegebis ufro dawvrilebiT gacnoba 

SeiZleba g.savinis (1965), a. gunias, g. savinis da i. cumpalas (1964) 

naSromebSi. 

 

2.3.2. uban-uban erTgvarovani garemo. Semagrebuli da 
gaZlierebuli firfitebi 

  

uban-uban erTgvarovans Cven vuwodebT drekad garemos, 

romelic Sedgenilia erTgvarovani nawilebis sasrulo 

ricxvisagan, romlebic sxvadasxvagvaria formiTa da drekadi 

TvisebebiT. sxvadasxva nawilebis gaerTianeba SeiZleba iyos 

rogorc bunebrivi, aseve xelovnuric. ukanasknelni yovelTvis 

emsaxurebian konstruqciis mzidunarianobis gaZlierebis mizans 

da xSirad gamoiyeneba sainJinro praqtikaSi. 

warmovidginoT sasrulo an usasrulo firfita, romelsac 

gaaCnia naxvretebis raRac ricxvi, sadac Cadgmulia mTliani an 

Tavis mxriv naxvretebiT dasustebuli, sayelurebi sxva 

masalisagan. sayeluris firfitasTan SeerTebisas is SeiZleba 

iyos CarCiluli naxvretSi fargis gaswvriv, Cawnexili, anda 

vTqvaT, Casmuli masSi cxel an civ mdgomareobaSi, yovelTvis, Tu 

sayeluri ar aris CarCiluli, ivaraudeba, rom erTmaneTTan 

SeuRlebuli drekadi nawilebis konturebi modis TanxvedraSi 

RreCoebis gareSe da Sekavebulia erTi meores srialisagan. 
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am TavSi damatebiT miviCnevT, rom sxeulebis 

urTierTSexebuli zedapirebi arsad ar cildebian erTmaneTs 

deformaciis gamo. 

Semagreba SeiZleba, ra Tqma unda, ara marto naxvretis 

kideebis. firfitebi SeiZleba gavamagroT rgolebiT mis nebismier 

kideze, da aseve Siga nawilebSi, romlebic ar emijnebian 

sazRvars. ukanasknel SemTxvevaSi laparakoben firfitis 

gamagrebaze sixistis wiboebiT. 

Sedgenili sxeulis mTliani L sazRvari iqneba Sedgenili 

firfitis gare konturisagan (Tu rasakvirvelia is ar vrceldeba 

usasrulod yvela mxares), Seumagrebeli naxvretebis 

konturebisagan da bolos Casadgmeli sayelurebis Sida 

konturebisagan, Tu aseTebi arseboben. sxeuli SeiZleba 

ganicdides nebismier zemoqmedebas rogorc SigniT, aseve 

sazRvarzec. 

firfitis  Seumagrebel kideze sasazRvro pirobebi iqneba, 

aSkaraa, Cveulebrivi, Sesabamisi masze mocemuli Zalovani 

zemoqmedebis reJimisa an misi Camagrebis xasiaTisa. sxvadasxva 

garemoTa xazze pirobebi ki iqneba sxvadasxvagvari im nawilebis 

SeerTebis xerxTan damokidebulebiT, romlebic mas esazRvrebian. 

magaliTad, SemTxvevaSi, roca firfitaSi yvela naxvreti, 

romlebic ikaveben sasrulo mravalbmul S ares sazRvriT 

121 ++++= mLLLL L , Sevsebulia mTliani diskebiT sxvadasxva 

masalisagan, romlebic firfitasTan  mirCilulia naxvretebis 

farglebis gaswvriv, xolo daZabuli mdgomareoba gamowveuli 

gare ZalebiT, romlebic modebulia mxolod firfitis gare 

konturze, Cven gveqneba analizuri funqciebis Teoriis Semdegi 

amocana: 

)()()()( tftttt =+′+ ψϕϕ   1+mL -ze,                   (110) 

)()()()()()( tttttttt kkk ψϕϕψϕϕ +′+=+′+    kL -ze,       (111) 
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sadac ϕ da ψ holomorfulebia S areSi, xolo kϕ  da kψ  

holomorfulebia sasrulo −
kS  areze, romelic SemosazRvrulia 

kL  ),,2,1( mk L=  konturiT. (110) sasazRvro pirobis azri naTelia 

winamdebaresagan. (111) da (112) tolobebi ki gamoxataven 

gadaadgilebaTa da ZabvaTa veqtorebis komponentebis uwyvetobis 

aSkara pirobebs garemoTa gamyof xazze gadasvlisas. k indeqsi 

miwerili aqvT sayeluris masalis drekad elementebs, romlebsac 

ukaviaT −
kS  are.  

erT-erTi adrindeli gamokvleva, romelic exeboda 

araerTgvarovani drekadobis sxeulebs da romelic 

Sesrulebulia kompleqsuri cvladis meTodebis bazaze, iyo 

s.mixlinis naSromi (1935), romelSic 94-Si naxsenebi Svarcis 

gulis saSualebiT, Seiswavleboda zogadi amocana uban-uban 

erTgvarovani garemos Sesaxeb, integralur gantolebaTa 

meTodiT. zogierT kerZo SemTxvevebi ganxiluli iyo efeqturi 

saxiT imave avtoris sxva naSromSi (1934). 

SemdgomSi amocanebis gamokvlevam araerTgvarovani 

drekadobiT daiwyo swrafad ganviTareba. am areSi mniSvnelovani 

warmatebebi iqna miRweuli ukraineli mecnierebis mier, sadac 

Sesabamisi sakiTxebi didi xnis ganmavlobaSi iyo bevri avtoris 

kvlevis sagani. am gamokvlevaTa Sedegebi gadmocemulia g. savinis 

(1951), d. vainbergis (1952), m. Seremetievis (1960) da v. savinisa da n. 

fleiSmanis monografiebSi. qvemoT Cven mokled SevexebiT ZiriTad 

Sedegebs. 

daviwyoTYSedarebiT martivi SemTxvevidan, roca ZiriTadi 

firfita da drekadi sayelurebi, romlebic naxvretebSi idgmeva, 

damzadebulia erTi da imave masalisagan. am SemTxvevaSi Cven unda 

davuSvaT, rom dauZabav mdgomareobaSi sayelurebis konturebi 

ramdenadme gansxvavdeba Sesabamisi naxvretebis konturebisagan. 

gamosayeneblad gansakuTrebiT sainteresoa SemTxveva, roca 
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sayelurebi Cawnexilia an Casmulia naxvretSi mocemuli drekadi 

WeqiT.      

am amocanis sasazRvro pirobebi miiReba (110)-(112)-dan, Tu 

(112)-is marjvena nawils mivuerTebT mocemul funqcias, romelic 

gamosaxavs drekadi gadaadgilebebis naxtomis arsebobas da 

gaviTvaliswinebT, garda amisa, rom sxeulis drekadi Tvisebebi 

yvelgan erTnairia. 

am amocanis amoxsnis zogadi xerxi SemoTavazebuli iyo d. 

Sermanis (1940) mier. es xerxi damyarebulia funqciis analizur 

gagrZelebaze, 95-Si gadmocemulis msgavsze. am xerxis Tanaxmad 

gansaxilveli amocana daiyvaneba Cveulebriv brtyel amocanaze 

sruli Sedgenili aresaTvis, gayofis xazze raime pirobebis 

gareSe. amasTan, Tumca, axlad miRebul amocanas eqneba (gare 

konturze) ramdenadme Secvlili sasazRvro piroba; tolobis 

marjvena nawilSi, romelic am pirobas warmoadgens, gaCndeba 

damatebiTi Sesakrebi, romelic gamosaxavs raime fiqtiur 

zemoqmedebas mTel sistemaze mTlianobaSi. 

SemTxvevaSi, roca CanarTebs aqvT wriuli forma, axlaxan 

naxsenebi Semasworebeli wevri SeiZleba warmodgenili iqnas 

cxadi saxiT. roca gadaadgileba mimarTulia normalze da misi 

sidide mudmivia mas aqvs gansakuTrebiT martivi saxe, romelic 

praqtikaSi xSirad gvxvdeba. 

saboloo angariSSi wriuli CanarTebis SemTxvevaSi 

amocanis amoxsna aq miiyvaneba bolomde Sedgenili areebisaTvis, 

romlebic aisaxebian wreze racionaluri funqciis meSveobiT. am 

gziT iqna ganxiluli konkretuli amocanebis didi ricxvi. 

dawvrilebiTi miTiTebebi Sesabamis publikaciebze moipoveba 

zemoT citirebul d. Sermanis mimoxilvaSi (1962). 

sxvagvaradaa saqme sxva drekadi maxasiaTeblebis mqone 

CanarTebis SemTxvevaSi. xisti CanarTis ganxilvas. aSkaraa, ar 

Semoaqvs araviTari garTulebebi, vinaidan am SemTxvevaSi Cven 

saqme gveqneba Cveulebriv brtyel amocanasTan naxvretis 

konturze mocemuli drekadi gadaadgilebebisas (meore ZiriTadi 
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amocana). sxvadasxva masalebisagan drekadi CanarTebis Sesaxeb 

amocana gacilebiT rTulia. 

es amocana erTi CanarTisaTvis, roca k=1, (110)-(112)-Si 

gamoikvleoda meTodiT, romelicDanalogiuria 3.3.5-Si dasaxulis 

(d. Sermani, 1958) amjerad firfitis mTel −+ 21 LL ze sazRvarze 

Semosayvani damxmare ω(t) funqciis sapovnelad, avtorma miiRo 

fredholmis integraluri gantoleba da mogvca misi gamokvleva, 

CanarTis mqone eqscentruli rgolis kerZo SemTxvevaSi, romelic 

ganixileboda sailustraciod, integraluri gantoleba icvleba,  

rogorc  (ix. 95)  wrfiv  algebrul gantolebaTa usasrulo 

sistemiT, romelic iZleva saSualebas miviyvanoT amoxsna ricxviT 

Sedegebamde. 

erTmaneTSi Tanmimdevrulad Calagebuli ucxo wriuli 

koncentruli rgolebis SemTxveva, rogorc adre iyo aRniSnuli, 

advilad eqvemdebareba ganxilvas xarisxovani mwkrivebis 

meTodiT. 

es meTodi funqcionalur gantolebebTan erTobaSi 

saSualebas iZleva ganvixiloT amocana rgoluri SemagrebebiT 

ramdenamde zogad SemTxvevaSi, magaliTad, roca usasrulo 

erTbmuli are, romelic ukaviaT SeuRlebul sxeulebs, aisaxeba 

wris garegnobaze racionaluri funqciis saSualebiT da 

Semamagrebeli rgoli gadadis am dros koncentrul wriulSi. 

aseT daSvebaSi asaxvis SemTxveva Seiswavleboda m. Seremetievis 

(1949) mier. romelsac moyvanili aqvs dawvrilebiTi amonaxsni, 

ricxviTi SedegebiT, Tanafokusuri elifsuri rgolis saxis 

mqone naxvretisaTvis. g.savinis naxseneb monografiaSi, moyvanilia 

gamoTvlebis Sedegebi drekadi Semagrebebis (109) asaxviT 

motanili sxva formebisTvisac da naxvretis Semagrebul 

konturebze Zabvebi Sedarebulia imave ZabvebTan or zRvrul 

mdgomareobaSi, roca Semamagrebeli rgoli absoluturad 

moqnili (sicariele) da roca igi absoluturad xistia. 

i. aramanoviCma (1955), anviTarebda ra d. Sermanis  meTods 

Zabvebis Sesaxeb, wriuli naxvretis mqone naxevarsibrtyeSi aago 
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amocanis amonaxsni naxvretiT, romelic Semagrebulia sxva 

masalis drekadi rgoliT. garemos datvirTva aq SeiZleba 

ganxorcieldes sxvadasxva xerxiT, magaliTad misi gaWimviT, 

CarCiluli rgolis Sida konturze normaluri dawneviT, 

sworxazovan sazRvarze Seyursuli ZaliT da sxva. amoxsnis sqema 

igivea, rogorc adre (gantolebiT usasrulo sistemebze dayvana). 

dadgenilia, rom aq miRebuli gantolebaTa sistema 

kvaziregularulia naxvretis naxevarsibrtyis kidesTan nebismieri 

siaxlovisas. 

ganxiluli saxis amocanebis efeqtur amoxsnis mimarT 

gamoiyeneboda aseve funqciaTa wrfivi SeuRlebis meTodi. 

magaliTis saxiT mivuTiToT i.prusovis naSromze (1957), romelmac 

ganixila usasrulo firfitaSi naxvretis gamagrebis Sesaxeb 

amocana, roca cvladi kveTis mqone rgoli, SemosazRvruli 

garedan wrewiriT da Signidan elifsiT amagrebs mas. 

aqamde Cven vgulisxmobdiT, rom drekadi rgolis, romelic 

amagrebs firfitaSi naxvretis kides, daZabuli mdgomareoba, 

aiwereba iseve rogorc TviT firfitis daZabuli mdgomareoba, 

brtyeli drekadobis Teoriis gantolebebiT an Txeli 

firfitebis Runvis gantolebebiT. Tu Semamagrebeli rgoli 

sakmarisad Txelia an aqvs fasonuri profili, maSin igi unda 

ganvixiloT rogorc mrude Zeli, romlis deformacia aRiwereba 

masalaTa gamZleobis Teoriis elementaruli gantolebebiT. 

aseT dasmaSi amocana Semavsebeli kideebis Sesaxeb 

pirvelad ganixileboda m. Seremetievis (1960) mier. mudmivi kveTis 

Semamagrebeli rgoli miRebuli iyo wvril Rerod, romelsac 

gaaCnda sixiste Runvaze da gaWimvaze brtyeli daZabuli 

mdgomareobisas da sixiste Runvaze da grexaze Txeli 

firfitebis Runvisas. 

garkveulobisaTvis ganvixiloT erTi Semagrebuli 

naxvretis mqone usasrulo firfitebi. 

Semagrebeli naxvretis konturze sasazRvro pirobebs 

miviRebT, Tu moviTxovT orive mxridan Sesabamisi Zalvebisa da 
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gadaadgilebebis tolobas. es pirobebi wina SemTxvevaSi 

warmodgenili iyo (111) da (112) tolobebis saxiT. amjerad 

miTiTebuli tolobebis marjvena nawilebSi kϕ  da kψ  funqciebis 

(ukve qreba am funqciaTa ganxilvis saWiroeba) sasazRvro 

mniSvnelobebis nacvlad gamoCndeba sxva ucnobebi, da saxeldobr 

gare Zalvebi 00 , nn YX , romlebic moqmedeben rgolze firfitis 

mxridan, da rgolis RerZis gadaadgilebebi 00 , vu . 

Tu axla, gamomdinare mrudwiruli Reroebis mcire 

deformaciebis Teoriis cnobili gantolebebidan, gamovsaxavT u0 

da v0 gadaadgilebebs gare 00 , nn YX  datvirTvebiT da CavsvamT 

Sesabamis mniSvnelobebs zemoT naxseneb SeuRlebis sasazRvro 

pirobaSi, maSin ϕ da ψ funqciebis, romlebic holomorfulia 

firfitis areSi, gansazRvrisaTvis miviRebT or kompleqsur 

pirobas, romlebic marjvena nawilebSi Seicaven marto ucnob 0
nX  

da 0
nY  Zalvebs. miTiTebuli saxis Semagrebis mqone firfitebis 

Runvis amocanebisaTvis marjvena nawilSi ucnobi funqciebi 

saerTod SegviZlia gamovricxoT, da Cven gveqneba mxolod erTi 

sasazRvro piroba, marTalia ramdenadme ufro rTuli, vidre 

ZiriTadi brtyeli amocanis Cveulebrivi piroba. 

saboloo angariSSi Cndeba amocanis efeqturi ganxilvis 

SesaZlebloba. naxvretebis kerZo saxeebisas, wriuli naxvretis 

SemTxveva emorCileba xarisxovani mwkrivebis meTodiT 

dawvrilebiT analizs (m. Seremetievi, 1960). arawrfiuli 

naxvretebisaTvis amocana ufri rTulia da efeqturi amoxsna 

Txoulobs mimdevrobiTi miaxloebis meTodis gamoyenebas. 

am midgomis Semdgomi ganzogadeba iyo mocemuli g. savinisa 

da b.fleiSmanis (1941) mier. miiCnevdnen ra Semamagrebel Reros 

wvrilad (anu Tvlidnen ra Reros ganivkveTs viwrod), maT fenis 

konturze sasazRvro piroba Seasustes da Camoayalibes 

kompleqsuri cvladis terminebSi gaerTianebuli amocana 

Serbilebuli sasazRvro pirobebis mqone rgoluri Semagrebebis 



122 

Sesaxeb. am pirobebis gamoyvanisas gamoiyeneboda daSveba imis 

Sesaxeb, rom Rero brtyeli daZabuli mdgomareobis SemTxvevaSi 

Runvas ar ewinaaRmdegeba, xolo firfitebis ganivi Runvisas 

dakarguli aqvs grexiTi sixiste. 

analizuri funqciis Teoriis miRebuli amocana uSvebs, 

ZiriTadi brtyeli amocanebis msgavsad, amoxsnas Caketili saxiT, 

Tu firfitis are konformulad aisaxeba wreze racionaluri 

funqciis saSualebiT. es ilustrirdeba usasrulo firfitaSi 

elifsuri naxvretis magaliTze. 

g. savinma  da  n. fleiSmanma  (1964), agreTve m. Seremetievma 

(1960) ganixiles firfitis gaZliereba misi ganivi Runvisas sxva 

masalis wvrili rgolebiT (sixistis wiboebi), romlebic 

ganlagebulia firfitis SigniT. erTi wibos umartives 

SemTxvevaSi gvaqvs Semdegi suraTi. wvrili mrudwiruli rgoli 

(ufro zustad, Sekruli drekadi wiri) mirCilulia firfitasTan 

mis Sida nawilSi. are, romelic firfitis Sua sibrtyes ukavia, 

iyofa am dros rgolis RerZis xaziT or bmul nawilad (Sida da 

gareTa am xazis mimarT). TiToeul am areSi saWiroa ganvsazRvroT 

kompleqsuri cvladis holomorfuli funqciebis wyvili firfitis 

konturze, da agreTve rgolis xazze raime pirobebiT. SeuRlebis 

piroba am xazze unda SevadginoT firfitisa da Semamagrebeli 

rgolis erToblivi muSaobis gaTvaliswinebiT (aseTi piroba samia) 

saboloo angariSSi oTxi holomorfuli funqciis 

gansazRvrisaTvis gvaqvs oTxi (110)-(112) saxis kompleqsuri piroba, 

romlebic Seicaven, garda mocemuli sidideebisa, rgolis RerZis 

rkalis orkompleqsur funqcias, romlebic ar aris mocemuli 

winaswar. am gziT sixistis wiboebiT firfitis gaZlierebis Sesaxeb 

amocana Seiswavleboda rig SemTxvevebSi. magaliTad, mrudwiruli 

wiboebis nebismieri ricxvis mqone mrgvali firfitisaTvis 

agebulia fredholmis gadawyvetadi integraluri gantoleba. 

zogierTi kerZo amocanebi (magaliTad, koncentrirebuli 

sixistis wibos mqone mrgvali firfita, centraluri sixistis 
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wibos mqone elifsuri firfita) ixsneba efeqturad mwkrivebis 

meTodiT. 

zemoT naxseneb g. savinis (1951), d. vainbergis (1952), m. 

Seremetievis (1960) da g. savinisa da n. fleiSmanis (1964) 

monografiebSi ganxilulia agreTve zogierTi sxva amocana, 

brtyeli daZabuli-mdgomareobisa da firfitebis Runvis Sesaxeb, 

rogorc izotropul, ise anizotropul SemTxvevebSi. 

gansakuTrebiT vrcladaa Seswavlili, magaliTad, sakiTxebi, 

romlebic dakavSirebulia anizotropuli masalis gavlenasTan 

elifsuri naxvretebis siaxloves Zabvebs koncentraciaze, 

Semamagrebeli elementebis parametrebis racionalur SerCevis 

Sesaxeb, konturuli Seyursuli datvirTvebis mravalfenovan 

diskSi gavlenis Sesaxeb. 

n.musxeliSvilis ideebma didi gavlena moaxdines analizur 

funqciaTa Teoriis sasazRvro amocanaTa da singularul 

integralur gantolebaTa Teoriis problematikur damuSavebaze 

(T. gaxovis, i. vekuas, n. vekuas, a.biwaZis, d. kveselavas, b. 

xvedeliZis, l. maRnaraZis, g. manjaviZis da sxv. naSromebSi). 

igive ideebi ukanaskneli sami aTeuli wlis manZilze 

mtkiced ikidebs fexs elifsuri tipis kerZowarmoebulebian 

diferencialur gantolebaTa zogad TeoriaSi (i. vekuas, z. 

xalilovis da sxv. naSromebi). kerZod, maT arsebiTi gamoyeneba 

hpoves Txelkedliani sivrciTi sistemebis Teoriis sakiTxebSi. 

aRsaniSnavia l. muxaZisa da g. yifianis mimoxilviTi 

xasiaTis statia `saqarTveloSi Txelkedliani sivrciTi 

sistemebis Teoriis gamokvlevaTa mimoxilva~ (mecniereba da 

teqnika # 4-5. 1997).     

 

2.3.3. Sereuli da sakontaqto amocanebi 
 

Sereuli da sakontaqto amocanebi ganekuTvnebian 

drekadobis Teoriis yvelaze rTul amocanaTa ricxvs. 

kompleqsur cvladis funqciaTa Teoriis meTodebiT maTi 
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Seswavlisas miiReba sasazRvro pirobebi wyvetis koeficientebiT 

da Cndeba wyvetis wertilebis midamoebSi amonaxsnebis Seswavlis 

aucilebloba. 

rogorc zemoT ukve aRiniSna (94) d. Sermanma (1940) aago 

wyvetis koeficientebis mqone singularuli integraluri 

gantoleba ZiriTadi Sereuli brtyeli amocanisaTvis: igive 

gantoleba iZleva normalurad datvirTuli Txeli 

anizotropuli firfitis Runvis amocanis amoxsnis saSualebas, 

roca kides nawili Camagrebulia, xolo nawili – Tavisufali. 

a. kalandiam (1952) aago singularul integralur 

gantolebaTa sistema firfitebis Runvis zogadi amocanis 

amoxsnisaTvis, roca kides nawili Camagrebulia, nawili – 

dayrdnobili, xolo danarCeni – Tavisufali. rig naSromebSi (ix., 

magaliTad, a. kalandia, 1961; d. Sermani, 1955) mocemulia firfitebis 

Runvis Sereuli amocanebis ricxviTi amonaxsni kerZo saxis 

areebisaTvis. 

brtyeli drekadobis Teoriis Sereuli amocanebis amoxsnis 

erT-erT yvelaze efeqtur meTods warmoadgens funqciaTa wrfivi 

SeuRlebis meTodi. am meTodiT Sereuli amocanebis amoxsnis 

Sesaxeb iyo Tqmuli zemoT (97). 

drekad naxevarsibrtyeSi xisti tvifarebis Cawnexvis Sesaxeb 

amocanebs mivyavarT SeuRlebis sasazRvro amocanebamde, 

romlebic analogiuria ZiriTadi Sereuli amocanisaTvis zemoT 

agebuli (97) SeuRlebis amocanisa. ori drekadi sxeulis 

urTierTSexebis amocana (hercis ganzogadebuli brtyeli 

amocana), romlebic formiT axlosaa naxevarsibrtyesTan, roca 

urTierTSexebis ubani mcirea, aseve daiyvaneba wrfivi SeuRlebis 

amocanaze. am amocanebis amoxsna funqciaTa wrfivi SeuRlebis 

meTodiT moyvanilia n.musxeliSvilis monografiaSi. 

l. galinma (1953) mogvca rigi sakontaqto amocanebis 

amoxsnebi kompleqsuri cvladis funqciis Teoriis gamoyenebis 

saSualebiT. i.Staermani (1949) Seiswavlida sakontaqto amocanebs 

integralur gantolebaTa meTodiT. 
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v. abramovis (1937), n. glagolevis (1942, 1943), v. mosakovskis 

da p.zagubiJenkos (1955), v. panasiukis (1953, 1954), a. kalandias (1957, 

1958), m. Seremetievis (1952, 1961) naSromebSi kontaqtur amocanaTa 

rigi gamokvleulia sxvadasxva meTodebiT. 

 

2.3.4. anizotropuli tanis drekadobis Teoriis 
brtyeli statikuri amocana 

 

kompleqsuri cvladis funqciis Teoriis meTodebi, rogorc 

pirvelad gvaCvena s. lexnickim, warmatebiT SeiZleba iyos 

gamoyenebuli anizotropuli sxeulis brtyel amocanaSic (am 

mimarTulebiT s. lexnickis pirveli naSromebi iyo 

gamoqveynebuli ocdaaTian wlebSi; ix., magaliTad, monografia: s. 

lexnicki, 1947, gam. 2-1957). 

vTqvaT erTgvarovan anizotropul sxeuls yovel wertilSi 

gaaCnia drekadi simetriis sibrtye, paraleluri mocemuli 

sibrtyisa, romelsac Cven miviCnevT Oxy sibtyed. Tu sxeuli 

eqceva drekadi deformaciis qveS, romelic Oxy sibrtyis 

paraleluria, maSin ZabvaTa funqcia (eris funqcia) akmayofilebs 

ganzogadebul biharmoniul gantolebas (mxedvelobaSi gvaqvs 

moculobiTi Zalebis ararsebobis SemTxveva) 
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sadac −40 ,, aa L namdvili mudmivebia, romlebic damokidebulia 

gansaxilveli tanis drekad Tvisebebze (analogiur gantolebas 

aqvs adgili firfitis ganzogadebuli brtyeli daZabuli 

mdgomareobisaTvisac). 

am SemTxvevaSic xerxdeba avagoT amonaxsnis zogadi 

warmodgena kompleqsuri cvladis ori analizuri funqciis 

saSualebiT. es warmodgena damokidebulia maxasiaTebeli 

gantolebis, romelic Seesabameba (113) gantolebas, fesvebze 
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3
3

2
210 =++++ sasasasaa .                 (114) 
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rogorc s. lexnickim gviCvena, am gantolebas ara aqvs 

namdvili fesvebi. izotropuli tanis SemTxvevaSi (114) gantoleba 

daiyvaneba 021 42 =++ ss  gantolebamde da maSasadame, aqvs 

orjeradi i da _i fesvebi. Tu (114) gantolebas aqvs orjeradi 

fesvebi βα is += , βα is −= , maSin (113) gantolebis zogadi 

namdvili amonaxsni warmogvidgeba saxiT 

.)()()()(),( zxzxzzzzyxU +++= ϕϕ                   (115) 

rogorc izotropuli tanis SemTxvevaSi, magram amjerad 

kompleqsur cvlads z-s aqvs saxe yiyxsyxz βα ++=+= ( )syx ∈),( , 

sadac s aRniSnavs ares, romelic ukavia tans.  

movaxdenT ra afinur gardaqmnebs  

yxx α+=′ , yy β=′ .                        (116) 

mivalT kompleqsur cvladTan yixz ′+′=′ , romelic icvleba 

s′ areSi da miiReba s aredan (116) afinuri gardaqmnebis 

saSualebiT. 

(115) formula da misgan gamomdinare gamosaxuleba Zabvebisa 

da gadaadgilebebis komponentebisaTvis, gviCveneben, rom es 

SemTxveva (anu (114) gantolebis jeradi fesvebis SemTxveva) 

warmoadgens TiTqmis srul analogias izotropuli tanis 

SemTxvevisa, da amitom mas Cveulebriv gamoricxaven ganxilvidan. 

SemTxvevaSi, roca (114) gantolebas ara aqvs jeradi fesvebi 

anu aqvs oTxi sxvadasxva wyvilebad SeuRlebuli fesvebi 

βα is += 11 , 111 βα is −= , 222 βα is += , 222 βα is −= , 

(113) gantolebis zogadi namdvili amonaxsni warmogvidgeba saxiT 

)()()()(),( 22221111 zFzFzFzFyxU +++= ,            (17) 

ori analizuri funqciis saSualebiT, sadac cvladebia 

,1111 yiyxysxz βα ++=+=  yiyxysxz 2222 βα ++=+=  

romlebic Sesabamisad icvlebian s1 da s2 areebSi da miiRebian s 

aredan Sesabamisi afinuri gardaqmnebiT. 

gansaxilvel SemTxvevaSi, izotropuli tanis SemTxvevisagan 

gansxvavebiT, gvixdeba saqme viqonioT or sxvadasxva z1 da z3 
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kompleqsuri cvladis analizur funqciasTan, romlebic 

icvlebian or sxvadasxva areSi (advili dasanaxia, rom z1 da z2 

cvladebi dakavSirebulia erTmaneTTan afinuri da ara 

analizuri gardaqmnebiT). es garemoeba, unda iTqvas, arTulebs 

sasazRvro amocanebis amoxsnas (anizotropuli tanis SemTxvevaSi 

efeqturad amoxsnadi amocanebis klasi gacilebiT viwroa, vidre 

izotropuli tanebisaTvis). Tumca anizotropuli tanis 

SemTxvevaSic xerxdeba sasazRvro amocanebis amoxsnis miReba 

kompleqsuri cvladis funqciis Teoriis meTodebis saSualebiT. 

rigi mniSvnelovani Sedegebisa am mimarTulebiT ekuTvniT 

s.lexnickis, s. mixlins, g. savins da sxva. 

(117) ZabvaTa funqciis zogadi warmodgenidan gamomdinareobs 

Zabvebisa da gadaadgilebebis Semdegi kompleqsuri warmodgenebi 
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dFz =Φ , p1, p2, q1, q2_ sruliad gansazRvruli 

mudmivebia, romlebic gamoisaxebian tanis drekadi konstantebiT, 

xolo ω, u0, v0_nebismieri (namdvili) mudmivebi Seesabamebian tanis 

xist gadaadgilebas. 

Tu s are, dakavebuli sxeulia, caladbmulia, maSin 

analizuri funqciebi, romlebic monawileoben zogad kompleqsur 

warmodgenebSi, calsaxebia; mravladbmuli ares SemTxvevaSi isini, 

mravalsaxa analizuri funqciebia. magaliTad, Tu s are 

SemosazRvrulia ramdenime konturiT, maSin )( 11 zΦ  da )( 22 zΦ  

funqciebs aqvT saxe 
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sadac )( 1
*
1 zΦ  da −Φ )( 2

*
2 z calsaxa analizuri funqciebia, kz1  da 

−kz2  fiqsirebuli wertilebia, xolo Ak  da Bk mudmivebi, romlebic 

gamoisaxebian gare Zabvebis mTavari veqtoriT, romelic modebulia 

sasazRvro konturebze. Tu ZalvaTa mTavari veqtori, romelic 

modebulia TiToeul konturze, tolia nulis, maSin mudmivebi Ak, 

Bk tolia nulisa da ),( 11 zΦ  )( 22 zΦ  funqciebi calsaxaa S1, S2 

areebSi. 

(118) formulebidan gamomdinareobs, rom pirveli ZiriTadi 

amocanis amonaxsni (sazRvarze mocemulia gare Zalvebi Xn, Yn) 

daiyvaneba S1 da S2 areebSi analizur )( 11 zΦ  da )( 22 zΦ  funqciebis 

povnaze sasazRvro pirobiT 
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sadac −21 ,cc nebismieri namdvili mudmivebi. 

analogiurad, meore ZiriTadi amocana daiyvaneba )( 11 zΦ  da 

)( 22 zΦ  analitikuri funqciebis moZebnamde sasazRvro pirobebiT 

[ ]
[ ] ⎭

⎬
⎫

=++Φ+Φ
=+−Φ+Φ

.)()(Re2
,)()(Re2

20222111

10222111

gvxzqzq
guyzpzp

ω
ω

               (122) 

sadac q1  da q2_ u da v gadaadgilebaTa komponentebis mocemuli 

sasazRvro mniSvnelobebia. 

ZiriTadi Sereuli amocanis SemTxvevaSi gvmarTebs movaxdinoT 

(121) da (122) pirobebis kombinireba, zogad SemTxvevaSi miviRebT 

sasazRvro amocanas wyvetis koeficientebiT. 

saWiroa aRiniSnos, rom Txeli anizotropuli firfitis 

Runvis amocana, iseve rogorc izotropuli firfitis SemTxvevaSi, 

daiyvaneba kompleqsuri cvladis funqciis Teoriis amocanebze, 

romlebTanac mivyavarT brtyel amocanebs. Camagrebuli kides 

mqone anizotropuli firfitis Runvis amocana daiyvaneba (121) 

saxis amocanaze, xolo Tavisufali kides mqone firfitis Runvis 

amocana (122) saxis amocanaze. nawilobriv Tavisufali da 
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nawilobriv Camagrebuli kides mqone firfitis Runvis Sereuli 

amocana daiyvaneba brtyeli Teoriis ZiriTadi Sereuli saxis 

amocanaze (ix. s.lexnicki, 1947). 

saWiroa aRiniSnos, rom zogierT stacionarul dinamikur 

amocanasac mivyavarT zemoT miTiTebul amocanebamde ase, l. galinma 

(1953), ganixilavda ra amocanas tvifaris Sesaxeb, romelic moZraobda 

mudmivi siCqariT izotropuli naxevarsibrtyis sazRvris gaswvriv, 

daiyvana is kompleqsuri cvladis funqciis Teoriis sasazRvro 

amocanamde da am gziT aago misi amonaxsni. 

 

2.3.5. sivrciTi maRali Zabvis eleqtrogadamcemi 
   xazebis konstruqciebis qarsawinaaRmdego 

mdgradoba 
 
 

eleqtrogadamcemi xazebis xangrZlivobis problema 

msoflios mravali qveynisaTvis aris mniSvnelovani. kavkasiis 

regioni rTuli klimaturi da mikroklimaturi pirobebiT 

gamoirCeva da misi cvalebadobis Sesaxeb informaciiT ar aris 

uzrunvelyofili, radgan mTianeTSi ganlagebuli mravali 

sadguri, romelTa Soris manZili xSirad 40 km-s aRemateba, ver 

uzrunvelyofs sando meteoladastris Sedgenas.  

wlebis ganmavlobaSi saqarTvelos teritoriaze 

qariSxlebis moqmedebis Sedegad adgili hqonda eleqtroavariebs 

gadamcem xazebze `kavkasioni~, `imereTi~, `paliastomi~, `kolxida~ 

da sxv. am SemTxvevaSi umetes wilad ziandeba Sualedi sayrdeni 

Т-2б П24Ма. sayrdenis dazianebisas irRveva qveda panelebi da 

sayrdeni miwaze vardeba. arc erT SemTxvevaSi ar momxdara 

elementebis amogleja sayrdenebis saZirkvlebidan. mrRvev 

qariSxlebs adgili hqonda 1987 wlis oqtomberSi, 1988 wlis 

Teberval-martSi da a.S. 

eleqtrogadamcemi xazebi daproeqtebuli iyo qaris 

siCqarisaTvis 36 m/wm-Si, qaris siCqariT dawnevisaTvis 80 kgZ/m2. 

saangariSo datvirTvebis ganmeorebadoba – 15 weliwadSi erTi. 



130 

sinamdvileSi qaris siCqarem gadaaWarba 40 m/wm-Si. qaris 

siCqariTi dawneva 80 kgZ/m2-ze meti aRmoCnda. ganmeorebadoba, ki 

Seadgina 1→10 weliwadSi. 

dainteresebuli mxaris TxovniT SeviswavleT BΛ-500 

kilovatiani `imereTis~ xazis avariuli situacia # 317-339 

sayrdenebs Soris. kompiuteruli programebis Sedgenisas 

gaTvaliswinebul iqna lipyinulebisa da qariSxlebis 

erTdrouli moqmedeba, agreTve samTo reliefis Taviseburebani. 

qariSxali saqarTvelos mTian regionebSi rogorc wesi 3-10 

dRe-Rame grZeldeba da xasiaTdeba qaris simZlavris 

cvalebadobis didi amplitudiTa da impulsuri qmedebiT. unda 

aRiniSnos, rom sayrdenebis rxevebi aseve xasiaTdeba didi 

amplitudebiT, rasac Tan axlavs konstruqciebis daRlilobis 

movlenebi. sayrdenebis rxevaTa did amplitudebs adgili hqonda 

rogorc Runvis, aseve grexis deformaciebisTvis. 

 mniSvnelovani RunviTi rxevebisTvis, dalamberis principis 

gamoyenebis safuZvelze erTmaliani sayrdenisTvis 

pyfym +−=′′ )( ,                            (123) 

sadac )(yf  aRmdgeni Zalaa; p _ statikuri datvirTva; m _ masa; 

f(y) SeiZleba warmovadginoT (Seferis mixedviT) teiloris 

mwkrivis saxiT: 

!3
)(
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)(
)(

!1
)()()(

3
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0
0

0
0

00
yy

yf
yy

yf
yy

yfyfyf
−′′′+

−′′+
−′+= ,       (124) 

sadac 0y  statikuri CaRunvaa; y _ CaRunva nebismier kveTSi. (124)-

Si SesaZlebelia CaiTvalos, rom yyy ≈− 0 , ris Sedegadac 

!3
)(

!2
)()()()(

3

0

2

000
yyfyyfyyfyfyf ′′′+′′+⋅′+= .                (125) 

praqtika gviCvenebs, rom SesaZlebelia pirvel sam wevrs 

daveyrdnoT, miviRebT 

.022 =++′′⋅ byyaym                              (126) 

sadac 

);( 0
2 yfa ′=  )( 0yfb ′′=  da .)( 0 pyf =  
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(125)-is amonaxsni warmovadginoT funqciuri mwkrivis saxiT 

3
3

2
210 )()()( bbtbtty ϕϕϕϕ ++⋅+= .                     (127) 

sawyisi pirobebis gaTvaliswinebiT miiReba 

tyt a ωϕ cos)(0 ⋅=                                     (128) 

sadac .
2

m
a

=ω  

gardaqmnebis Sedegad miviRebT arawrfivi rxevebis 

gantolebas 
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(129) rxevebis RunviTi parametrebis gamoTvlis saSualebas 

iZleva. msgavsi analogiiT SeiZleba dadgindes sayrdenis grexiTi 

rxevebis parametrebic: 
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sadac 
M
1

=ω , 

       M _ mgrexi momentia da 2rmM ⋅= . 

eleqtrogadamcemi xazebis sayrdenebis rRvevis albaTobis 

gamomJRavneba aqtualuri sakiTxia, radgan maszea damokidebuli 

eleqtrogadamcemi xazebis muSaobis resursi. 

praqtikam gviCvena, rom am xazebis daproeqteba arsebuli 

normebis mixedviT ver uzrunvelyofs mis muSaobas 10-15 wlis 

ganmavlobaSi; sayrdenebis konstruqciebSi dabali sixSiris 

vibraciuli daRlilobis Sedegad xdeba dazianebaTa dagroveba, 

amasTan, daRlilobis gamomwvevi faqtorebi albaTobiT xasiaTs 

amJavnebs. 
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aRmoCnda, rom eleqtrogadamcemi xazebis rRvevis 

mniSvnelovan risks warmoadgens garsis da sayrdenebis 

sartylebis SemaerTebeli kvanZebis daRliloba, ris Sedegadac 

sayrdenebis rxevebis Runva-grexiTi amplitudebi, zRvruli 

amplitudebis N ricxvi (ciklebis raodenoba) σa da σm ciklis 

parametrebTan mimarTebaSi ganisazRvreba gamosaxulebiT 

m

ma
NN ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+
−

=
ϕσσ

σ 1
0 , 

sadac N0 ciklTa bazuri sididea, roca  

0≥mσ  da [ ]denσσ ≤max , 
0

012
σ

σσ
ϕ

−
= −  

ϕ _ koeficienti gansazRvravs saSualo ZabvaTa gavlenas ciklTa 

zRvrul raodenobaze rRvevamde. 

dazianebaTa dagrovebis siCqare konstruqciaSi SeiZleba 

warmodgenil iqnes ori funqciis namravliT, romelTagan erTi 

damokidebulia Zabvebis sididesa da niSanze, meore ki – 

dazianebaTa sidideze: 

)()()()(
21 nff
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nv

n
v

n
v

⋅=
∂

∂
⋅

∂
∂

=
∂
∂ σσ

, 

sadac v dazianebis parametria (lodes parametri); v = 0, roca 

nageboba 100%-is dauzianebelia da v = 1, roca nageboba mTlianad 

darRveulia. SeiZleba Caiweros, rom 

( ] ( ]∫ ∫∫ =
∂

=
∂1

0 00 12 )(
)( nn

N
dn

f
n

vf
v

σσ
, 

sadac n ciklTa raodenobaa saTanado σ rxevebisaTvis. Tu 

datvirTvis reJimi mravalsafexuriania, maSin 

11
1

01
=== ∫∑

=
dv

Ni
niK

i
; 

aq nλ ciklTa raodenobaa σi ZabvebisaTvis; Ni-zRvrul 

ciklTa raodenoba igive σi ZabvebisaTvis; K _ datvirTvis 

seriaTa ricxvi. saSiSi Zabvebis gaCenis kriteriumad iTvleba 

daRlilobis ZabvaTa  intensiurobis Kd koeficienti: 
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( ) ,,
1

bzmoqSedd li

K

i
f

N
niinfK ⋅⋅= ∑

=
σλ  

sadac f SenaduRi nakeris fardobiTi sigrZe an moqlonTa 

diametrisa da raodenobis gavlenis funqciaa; −∑
= N

ni
K

i
i

1
σ rRvevis 

pirobebis integraluri forma ciklTa raodenobis mixedviT i-ur 

safexurze; K-datvirTvaTa seriebis raodenoba, lbz-bzarebis 

sigrZe; fi-ciklTa asimetriis maCvenebeli i-ur ciklSi. 

sayrdenTa rRveva xasiaTdeba ganviTarebis sami zoniT: 

a) latenturi rRvevis zona, sadac kvlevis zusti meTodebi 

gamoavlens procesis dasawyiss. 

b) rRvevis zomieri siCqaris zona Tavs iCens rRvevis 

xiluli Sedegebi: saWiroa efeqturi zomebis miReba 

konstruqciebis remontisa da gaZlierebisaTvis. 

g) rRvevis siCqaris katastrofuli sidide. es avariuli 

situaciaa, romlis aRkveTa praqtikulad SeuZlebelia. 

qaris zemoqmedeba aRiqmeba, rogorc arastacionaruli, 

SemTxveviTi qmedeba. aseT SemTxvevaSi statikurad rRvevadi da 

geometriulad konformuli sayrdenebisaTvis simtkicis pirobis 

Sesrulebis albaToba 

[ ]*11 σσ ≤Π=⋅Π= =
=

=
= i

mi
ii

mc
i PHH , 

sadac m-kvazi damokidebul elementTa (panelTa) raodenobaa 

sayrdenis konstruqciaSi. 

konstruqciis mtyuneba simtkicis TvalsazrisiT SesaZlebelia 

moxdes im SemTxvevaSi, rodesac datvirTvis realuri procesi 

iwvevs *σ -gadametZabvas. mtyunebas SeiZleba hrondes adgili 

agreTve dazianebaTa dagrovebis saSiSi akumulaciis dros, roca 

*K  xdeba kritikulze meti. 

post-faqtum avariuli mdgomareobis Seswavlisas, romelic 

qaris moqmedebiT aris gamowveuli, mizanSewonilia miaxloebiTi, 

magram sakmaod sando meTodebis gamoyeneba saangariSo Zabvebis 
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gansazRvrisaTvis daRlilobis akumulirebuli Sedegebis 

mxedvelobaSi miRebiT. 

saSiSi kveTis (kveTebis) dadgena eleqtrogadamcemi xazebis 

sayrden elementebSi unda moxdes imis gaTvaliswinebiT, rom aseT 

SemTxvevaSi adgili aqvs ganiv Runvas (nebismieri mimarTulebiT) 

da grexas grZivi RerZis mimarT. amasTan, kuTxis sayrdenebSi 

(kuTxis elementebSi) Runva iwvevs gaWimvas an kumSvas. unda 

gaviTvaliswinoT isic, rom grexis didi deformaciebis gamo  

eleqtrogadamcemi xazebis sayrdenebis grZiv elementebSi gveqneba 

Runvis deformaciac. 

yvela am SemTxvevaSi gisosis elementebi ganicdian grZiv 

gaWimvas an kumSvas. 

yovelive zemoaRniSnulis gaTvaliswinebiT saangariSo Zabva 

    xyyx CBAi τσσσ ++⋅=  

    ;2sin  ,
2

12cos
2

2
2

2 αλαλλ −
+

−
+

−
=A   

    ;2sin  ,
2

12cos
2

2
2

2 αλαλλ −
−

−
−

−
=B  

    αλαλ 2sin)2(2cos)1( −−−=C . 

aq λ koeficientia, romelic masalis mgrZnobelobas asaxavs 

normaluri da mxebi Zabvebis zemoqmedebisas simetriul an 

mapulsirebel ciklSi 
1
1

−
−

=
τ
σλ . 

maqsimaluri mxebi Zabvebis hipoTezis gamoyenebis SemTxvevaSi 

11 5,0 −− = στ  da 2=λ . 

maqsimaluri oqtaedruli Zabvebis hipoTeziT 

117,0 −− = τσ  da 43,1=λ . 

idealurad plastikuri masalebisaTvis λ=2; myife 

masalebisaTvis λ = 1. eleqtrogadamcemi xazebis sayrdenebisaTvis 

λ = 1,43. 

aucilebelia moviyvanoT zogierTi mosazreba 

eleqtrogadamcemi xazebis sayrdenebis gaangariSebis TaviseburebaTa 

Sesaxeb. 
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1. qaris zemoqmedebis gavlena, nagebobaTa sakuTar rxevebTan 

SedarebiT, ufro mcirea, vidre mikrometeorologiuri pikis 

sidide vanderxovenis mixedviT. 

2. moqnili sistemis (vanturi xidebi, maRlivi nagebobebi, 

eleqtrogadamcemi xazebis sayrdenebi) sakuTari rxevebi xvdeba 

qaris speqtris sagrZnoblad didi ordinatebis zonaSi. 

1-l naxazze naCvenebia zogierT nagebobaTa sakuTari 

rxevebis intervalTa miaxloebiTi sidideebi. 

 

nax. 1. nagebobaTa sakuTari rxevebis intervalTa 
miaxloebiTi sidideebi 

 

vertikalur RerZze gadazomilia fardobiTi speqtruli 

sixSiris simkvriveebi, horizontalurze-sixSireebi. rogorc 

grafikidan Cans, eleqtrogadamcemi xazebis sakuTari rxevebis 

sixSire icvleba 0,1÷1 hercis farglebSi, sakmaod maRali 

speqtruli simkvrivisaTvis – 0,4 da meti. 

gairkva, rom mTagorian raionebSi eleqtrogadamcemi xazebis 

daproeqtebisas gaTvaliswinebuli ar aris qaris siCqaris didi 

cvalebadoba borcvebis zonaSi. arada, rogorc es qvemoT 

naCvenebi naxazidan (nax. 2) Cans ar Seesabameba saproeqto 

mocemulobas. qaris siCqare borcvebis zeda zonaSi daaxloebiT 

50%-iT izrdeba. 

wyvetilebiT naCvenebia qaris siCqaris epiura, romelic 

safuZvlad udevs eleqtrogadamcemi xazebis sayrdenebis 
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gaangariSebas daproeqtebis procesSi, xolo uwyveti xaziT 

naCvenebia qaris siCqaris realuri epiura. 

 

 

nax. 2. qaris siCqaris saangariSo da realuri epiurebi 

 

am movlenis gauTvaliswinebloba eleqtrogadamcemi xazebis 

sayrdenebisaTvis, romlebic ganlagebulia borcvebis uSualo 

siaxloves, iwvevs qaris Cqarosnuli dawnevis saangariSo sididis 

gaumarTlebel Semcirebas, rac am eleqtrogadamcemi xazebis 

sayrdenebis avariebis erT-erTi mTavari mizezia. 

qaris datvirTvis normatiuli dinamikuri Semdgeni, 

romelic miRebulia i-ur ubanze, roca sayrdeni irRveva i-uri 

formiT, ganisazRvreba formuliT 

Q νξη iijj
P
R MQ

ij
⋅=  

sadac 
g

G
M i

j =  i-uri ubnis masaa, 

       iij −η -ur ubanze moqmedi aCqareba; 

       −iξ dinamikurobis koeficientia. 

V _koeficienti, romelic gansazRvravs qaris siCqaris 

pulsaciis sivrciT korelacias sayrdenis simaRlesTan 

dakavSirebiT. dinamikurobis koeficientiT mxedvelobaSi miiReba 

nagebobebis sixSiris amplitudis zrda, roca nagebobebze 

moqmedebs gare Zalebi, romelTa sixSire emTxveva sistemis 

sakuTar sixSireebs rezonansul reJimSi. 

ξ-gansazRvrisaTvis Cven miviReT empiriuli gamosaxuleba 
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265
10,1ln3 λξ += . 

es formula miRebulia eqsperimentuli mrudebis damuSavebis  

(129) Sedegad foladis konstruqciebisaTvis. formulis sizuste 

garantirebulia 5-7%-is farglebSi. ξ-simbolo gamosaxulebas 

aqvs Semdegi saxe: 

( )
265

4
ln3

1.1

0qnTi ⋅⋅⋅
+=ξ  

sadac 0q  qaris Cqarosnuli dawnevaa ubanze, niutonis mixedviT: 

16

2

0
ν

=q  

iTi − -uri formis rxevaTa periodi; n – gadatvirTvis koeficienti. 

obieqturi monacemebis safuZvelze damuSavda programa. 

dadgenilia, rom  eleqtrogadamcemi xazebis sayrdenebis avarias 

hqonda adgili qariSxlis Sedegad, roca qaris siCqare 

aRemateboda 45 m/wm-Si. rRvevis momentisaTvis Zabvebma saSiS 

kveTSi gadaaWarba normatiul maCvenebels fol 3 markisTvis. 

 
2.3.6. bzarebis mqone myifi sxeulebis  

wonasworoba 

  
myife masalebis rRvevis Teoriis ageba dakavSirebulia 

drekad sxeulSi gadaadgilebaTa velis wyvetis zedapiris 

midamoSi (`bzarebSi~) daZabuli mdgomareobis SeswavlasTan. 

yvelaze martivs warmoadgens amocana brtyeli daZabuli 

mdgomareobis Sesaxeb wrfivi Wrilis mqone filaSi, romelic 

datvirTulia ZalebiT, perpendikularuliT Wrilisadmi, romlis 

boloebi sakmaod dacilebulia filis kideebisagan. wrfiv 

dasmaSi klasikur amonaxsns, romelic miiReba zRvruli 

gadasvliT elifsuri naxvretis midamoSi daZabuli mdgomareobis 

Sesaxeb amocanis amonaxsnidan, mivyavarT usasrulo Zabvebamde 

bzarebis boloebSi (ares kuTxis wertilebSi, damatebiTi 

daSvebebis gareSe is ar iZleva saSualebebs vimsjeloT, 
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datvirTvis parametris ra mniSvnelobisas daiwyebs bzari 

gavrcelebas – daiwyeba myife rRvevis procesi. 

myife rRvevis Teoria momdinareobs a. grifitis 

naSromebidan (1920), romlebic gagrZelda j. irvinis (1948 da 

Semd.) da g. orovanis (1950 da Semd.) mier. Sedegad myife rRvevaze 

masalis simtkicis maxasiaTeblebisaTvis Semotanili iqna axali 

konstanta, romelic iZleva saSualebas ganvixiloT myife 

bzarebis Sesaxeb amocana drekadobis klasikuri Teoriis dasmaSi. 

bzarebis zrdis kinetikis sakiTxebi ganixileboda 

g.barenblatis, v.entovis, r. salganikis (1966, 1967) da agreTve g. 

barenblatis, r.salganikis, g. Cerepanovis (1962) mier. l. kaCanovs 

(1961) ekuTvnis cda mieca Sefaseba bzaris mqone tanis 

xangamZleobisaTvis drekad-blant tanSi. 

g. barenblatma da g. Cerepanovma (1960) ganixiles amocana, 

orTotropuli drekadi tanis gapobis Sesaxeb Txeli xisti 

soliT, romelic gadaadgildeboda Tanabari siCqariT. usasrulo 

tanis sasrulo sigrZis soliT gapobis Sesaxeb amocanaSi i. 

marzukovma (1961) miiRo bzaris sigrZis damokidebuleba solis 

sigrZisagan. Zvris bzarebis gavrceleba ganixiles g. barenblatma 

da g. Cerepanovma (1961). sixistis wiboebiT Semagrebuli bzarebis 

ganviTarebis mdgradobis Sesaxeb amocana ganixileboda e. 

morozovasa da v. partonas naSromSi (1961). bzarebis 

ormagperioduli sistemis mdgradi ganviTareba v. partonam (1965). 

g. Cerepanovma (1966) Seiswavla bzarebis ganviTareba SekumSul 

tanebSi. 

bzaris modeli, romelSic gaiTvaliswineba aseve 

SeWidulobis Zalebi ubnebze, romlebic Tanazomadia bzaris 

sigrZesTan, ganixileboda, bzaris kideebis mdore daxurvisa da 

maTze Zabvebis sasruloobis pirobebis gamoyenebiT, m. leonovisa 

da v. panasiukis (1959) mier. mocemulia amonaxsnebi brtyeli 

amocanebis didi ricxvisa, sxeulis zRvruli wonasworobis 

Sesaxeb bzarebis sxvadasxvagvari ganlagebisa da formisas, 

bzarebis mqone sxeulis sxvadasxvagvari xerxiT datvirTvisas 
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(v.panasiuki da d. bereJnicki, 1964-1966). amave klass miekuTvneba 

brtyeli amocanebi, naxvretis konturis kuTxis wertilebis 

midamoebSi daZabuli mdgomareobis Sesaxeb (v. panasiuki da g. 

buini, 1966). kerZod radialuri bzarebis mqone wris Sesaxeb 

(v.panasiuki, 1965). 

usasrulo marTkuTxa amonaWeris, romlis fskersac awveba 

xisti tvifari, kuTxis wertilebidan bzarebis dawyebiTi 

ganviTareba, Seswavlilia g. Cerepanovis (1963) mier. 

bzaris kidis siaxloves daZabuli mdgomareobis Sesaxeb 

amocanebi, roca is gamodis filis kideze an masTan axloa, 

ganixileboda v.panasiukis (1960), g. barenblatis da g. Cerepanovis 

(1960, 1962) mier. amocana gadatvirTvebis (mRunavi momentis, 

Tanabradganawilebuli wnevis) zRvruli mniSvnelobebis Sesaxeb 

zolze (koWze), romelsac sworxazovani bzari aqvs zolis 

RerZis marTobulad, ganixileboda b. lozovois da v. panasiukis 

(1961-1963) mier. gegmaSi wris formis mqone brtyeli bzariT tanis 

zRvruli wonasworobis Sesaxeb sivrciTi amocanebi ganixiles m. 

leonovma da v. panasiukma (1961). elifsuri bzaris ufro rTuli 

SemTxveva ganixileboda v. panasiukis (1962), m. leonovisa da k. 

rusinkos (1963, 1964) mier. 

 
2.3.7. myife da plastikuri masalebis rRvevis 

 problemebi 
 

istoriulad Camoyalibda inJinrebis Sexeduleba masalis 

simyifesa da plastikurobaze imis mixedviT, Tu rogor iqceva esa 

Tu is masala laboratoriuli gamocdis dros martivi gaWimvis 

SemTxvevaSi. ase magaliTad, Tuji iTvleba myifed imis gamo, rom 

misgan damzadebuli nimuSi gaWimvis Sedegad irRveva mcire 

deformaciis pirobebSic ki, amasTan bzarebi zedapirze lagdeba 

grZivi RerZis marTobuli mimarTulebiT. am movlenas Semdegi 

axsna aqvs: Tujis SemadgenlobaSi Sedis Tavisufali grafiti, 

ris Sedegadac Tuji emsgavseba myife araliTonuri bunebis mqone 

masalas. Tu amave wesiT gamovcdiT rbili foladisagan 
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damzadebul nimuSs, davinaxavT, rom mis zrdapirze bzarebi 

sakmarisad mniSvnelovani sididis deformaciebis fonze 

viTardeba da amboben, rom igi plastikuri masalaa. amasTanave, 

Tu imave rbili foladisagan damzadebul nimuSs Zalze swrafad 

davtvirTavT, is myife masalisaTvis damaxasiaTebel Tvisebebs 

gamoavlens. gaWimvaze rbili foladis gamocdis procesis dros, 

im momentSi, roca datvirTva miaRwevs am nimuSisaTvis 

maqsimalur sidides, nimuSis zedapirze garkveul kveTSi 

warmoiqmneba Seviwroveba (e. w. yeli). am momentidan Rero gadadis 

samRerZa dabzarul mdgomareobaSi da bzarebis gaCenamde 

deformacia mimdinareobs TandaTan cvladi, rTuli samRerZa 

daZabul-deformirebuli mdgomareobis pirobebSi.  

p. bridJmenma (1944), davidenkovma da n. spiridonovam (1946) 

aCvenes, rom samRerZa Zabvebis maqsimumi miiRweva grZiv RerZze, 

minimumi ki – gverdiTi zedapiris siaxloveSi. bzari jer gaCndeba 

nimuSis grZiv RerZTan da misi perpendikularuli iqneba. 

mikroskopuli dakvirvebebi cxadyofs, rom rRveva moxdeba 

mowyvetiT. gverdiTi zedapiris siaxloves bzaris forma icvleba, 

is ukve Zvris Sedegad viTardeba. 

unda aRiniSnos, rom mowyvetiT rRveva sakmaod didi 

plastikuri deformaciebis warmoSobis Semdeg xdeba. amrigad 

oTaxis temperaturis pirobebSi Catarebuli cdis Sedegad 

TandaTanobiTi zrdadi datvirTvis pirobebSi nimuSis rRveva 

xdeba mowyvetisa da Zvris Sedegad. 

temperaturis Semcirebis Sedegad izrdeba imis albaToba, 

rom nimuSis rRveva moxdeba mowyvetiT. d.parkeri, h.devisi da 

a.flanigani (1946) mividnen daskvnamde, rom sakmarisad dabali 

temperaturis dros „fialiseburi“ bzarebi, rbili foladisagan 

damzadebul nimuSSi gardaiqmnen mowyvetis bzarebad, romlebic 

oTaxis temperaturis pirobisaTvis Tujis nimuSis zedapirze 

warmoqmnili bzarebis msgavsia. 

mniSvnelovani kvlevebi temperaturis gavlenis Sesaxeb 

bzarebis formaze Catarebul iqna meore msoflio omis periodSi, 
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radgan xSiri iyo SeduRebuli liTonis konstruqciebis ngrevis 

SemTxvevebi. 

erTi da igive reJimis cdis procesSi, erTi da igive 

meTodis gamoyenebis dros SemCneuli iqna, rom arsebobs e.w. 

kritikuli temperatura, romlis zeviT metali plastikuria, 

xolo am temperaturis qvemoT iqceva ise, rogorc myife masala. 

es dabaltemperaturuli simyife SeniSna s.tipperma 1957 wels. is 

cdebs ZiriTadad rbil foladze awarmoebda, Tumca analogia 

SeiniSna sxva liTonebSic (molibdeni, qromi, tyvia). amave dros 

SemCneul iqna, rom iseTi liTonebisTvis, rogorebicaa alumini, 

spilenZi, nikeli, oqro, vercxli, platina da maTi Senadnobebi 

kritikuli temperatura ar arsebobs. isini inarCunebdnen 

plastikur Tvisebebs nebismier temperaturaze. 

aseve cnobili gaxda, rom hidrostatikuri wneva 

mniSvnelovnad moqmedebs liTonebis fizikur Tvisebebze. am 

mimarTulebiT Catarebuli kvlevebidan unda aRiniSnos Semdegi: 

T.karmanma 1911 wels hidrostatikuri wnevis qveS SekumSa 

kirqva da marmarilo da aCvena, rom normalur pirobebSi es myife 

masalebi maRali hidrostatikuri wnevis zemoqmedebiT plastikur 

Tvisebebs amJRavneben. 

r.bokerma 1914 wels hidrostatikuri wnevis qveS gamoikvlia 

marmarilosa da cinkis masalebisagan damzadebuli nimuSebi, 

romlebic garda zemoTxsenebuli hidrostatikuri wnevisa, 

imavdroulad ganicdidnen gaWimvisa da grexis deformaciebs. im 

mizniT, rom wyali ar moxvedriliyo zedapirze gaCenil bzarebSi, 

nimuSebi specialur folgebSi iyo Sexveuli. cdebma aCvena, rom 

wnevis gazrda iwvevda plastikurobis zrdas.  

p.bridJmenma (1947 – 1952) Caatara mravali eqsperimenti 

liTonuri da araliTonuri masalebisgan damzadebul nimuSebis 

gaWimvaze Zalze maRali wnevis pirobebSi (25 000 atm.). am cdebis 

Sedegad man gaakeTa daskvna, rom zogierTi masala kumSvadi iyo, 

Tumca datvirTvis moxsnis Sedegad TiTqmis aRidgenda pirvandel 

formas. manve rbili foladisagan damzadebuli nimuSebis 
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gamocdisas aRmoaCina, rom hidrostatikuri wnevis zrdisas 

rRvevis xasiaTi icvleboda. 

am Temas p.bridJmenma 200-mde statia miuZRvna, sadac aRniSna, 

rom nimuSebis rRvevisaTvis saWiro zomebis bzarebis warmoqmnas 

xels uSlis maRali hidrostatikuri wneva, romelic SeiZleba 

iTqvas xuravs bzarebs da aferxebs maT ganviTarebas. 

saWiroa aRiniSnos, rom bevri masala wnevis moxsnis Semdeg 

ubrundeba sawyis mdgomareobas, magram ara yovelTvis. 

zogjer maTSi alotropuli gardaqmnebi xorcieldeba. 

mravali qimiuri procesebis mimdinareobas maRali wnevebis 

arseboba uwyobs xels. am sakiTxiT dainteresebuli arian 

geologebi da geofizikosebic. r.bredxauerma (1956) Seiswavla 

mTis qanebis qceva saSualo sididis hidrostatikuri wnevis 

moqmedebis dros (0 – 15 000 funti/duim2) RerZul kumSvaze, roca 

xdeboda myife mdgomareobidan plastikurze gadasvla. es 

gamokvlevebi saWiro iyo navTobmompovebeli mrewvelobisaTvis, 

radgan Rrma WaburRilebis burRvis dros adgili aqvs swored am 

naSromebSi ganxilul movlenebs. 

zemoT naxsenebi p. bridJmenis monacemebi TanxmobaSi aRmoCnda 

m.rosi da a.eixingeris (1929) mier Catarebul gamokvlevebTan, 

romlebic Tujis nimuSebze iqna ganxorcielebuli. analogiuri 

eqsperimentuli Sedegebi miiRes g.hukma (1934) spilenZisa da 

foladis nimuSebis grexisas da b.kroslandma (1954) aseve grexiTi 

deformaciebis SeswavliT, romelic spilenZisa da foladis 

nimuSebis garda, sxva masalebis nimuSebsac iyenebda. 

am gamokvlevebma daadastura, rom plastikur masalebSi 

wneva mcire gavlenas axdens denadobis zRvris sidideze da 

Zabvaze. nacrisferi Tujisagan damzadebuli nimuSis grexaze 

gamocdisas, romelic reziniT iyo dafaruli da ganicdida 

maRali hidrostatikuri wnevis zemoqmedebas b.kroslandma da 

v.dirdenma (1958) daaskvnes, rom „mxebi Zabvebi – deformaciebis“ 

diagrama gadis im diagramaze maRla, romelic miiReba 

Cveulebrivi gamocdebis dros, Tumca mxebi Zabvebi wnevis mkacrad 
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proporciulad ar izrdeba. maRali wnevis dros masala 

idealurad plastikur mdgomareobas uaxlovdeba. 

b.kroslandma da a.mitram (1968) daadgines, rom zogierTi 

saxis foladisaTvis grexis dros, denadobis Zabva, romelic 

Zabva-deformaciis mrudidan ganisazRvreba, umniSvnelod icvleba 

Tu, imavdroulad nimuSze moqmedebs hidrostatikuri wneva 140 000 

funti/duim2. maT daadastures, rom grexis dros wneva ZiriTadad 

gavlenas axdens masalis plastikur Tvisebebze. plastikuroba 

izrdeba daaxloebiT wnevis zrdis proporciulad. maRali wnevis 

zemoqmedebis dros heqsagonaluri kristaluri meseris mqone 

liTonebze (mag. magniumi) grexis deformaciebis SemTxvevaSi maT 

zogierTi araCveulebrivi movlenac SeniSnes, rac gamoyenebuli 

iqna iseTi procesebis samarTavad, romelTa warmoeba oTaxis 

temperaturis pirobebSi SeuZlebelia. magaliTad, Tu dawnexas 

vawarmoebT ara haerSi, aramed maRali wnevis garemoSi, magniumisa 

da vismutisagan damzadebuli nakeTobebi bzarebs ar miiReben. 

hidrostatikuri wneva, rogorc zemoTac iTqva ewinaaRmdegeba 

bzarebis gaCenasa da ganviTarebas. analogiuri amocanebi ganixi-

les j. aleqsanderma da b. lenguelma (1964) aluminis nimuSebze. 

hidrostatikuri wnevis samrewvelo gamoyeneba liTonebis 

deformirebisaTvis ganxiluli iqna 1967 wels konferenciaze, 

romelic maRali wnevebis teqnikur gamoyenebas mieZRvna. agreTve 

saerTaSiriso konferenciaze manqanaTmSeneblobis teqnologiebis 

sferoSi, romelic imave 1967 wels gaimarTa. yovelive amis 

Sedegad SeiZleba iTqvas, rom dReisaTvis plastikuri denadobis 

pirobebi kargad aris Seswavlili, rasac ver vityviT rRvevis 

procesTan dakavSirebiT. Cven SegviZlia mxolod aRvweroT is 

faqtorebi, romlebic ewinaaRmdegebian  bzarebis warmoSobas da 

xels uwyoben denadobis process. 

miRebulia mosazreba, rom rRveva xdeba mTavari gamWimavi 

Zabvebis an deformaciebis moqmedebis Sedegad, xolo denadoba 

gamowveulia mTavari Zabvebis sxvaobis gavleniT. 
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nax. 3. temperaturisa da deformaciis siCqaris gavlenis 
         grafikuli asaxva tyviis masalisagan damzadebuli 

nimuSis plastikurobaze gaWimvisas 
 

naxazze naCvenebia temperaturisa da deformaciis siCqaris 

gavlena tyviis masalisgan damzadebuli nimuSis plastikurobaze 

misi gaWimvis SemTxvevaSi (monacemebi aRebulia a.magnusonisa da 

v.baldvinis mixedviT). 

p. ludvigma (1909) SemoiRo naxevrad logariTmuli 

damokidebuleba gaWimvis dros simtkicis zRvarsa da 

deformaciis siCqares Soris 

*
1 /* oo n εεσσσ l+=  

sadac - 1,σσ o  da *
oε  - mudmivebia. 

es gantoleba zogad SemTxvevaSi gulisxmobs, rom σ ise 

swrafad ar izrdeba, rogorc *ε . 

j.alderma da k.filipsma (1954) Caatares eqsperimentebi 

spilenZze (600oC), aluminze (500oC), foladze (930oC - 1200oC) da 

aCvenes, rom adgili aqvs Semdeg damokidebulebas 

n
o

*.εσσ =  
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sadac 
o

o X
P

=σ ;  P  mimdinare datvirTvis sididea; oX  - 

nimuSis sawyisi ganivi kveTis farTobi; n - empiriuli mudmiva. 
q. makgregorma da j. fiSerma (1946) Semoitanes Sesworeba 

)/1( **
om nmTT εεl−= ,  

cdis temperatura 

sadac  mT = 
dnobis temperatura 

 

aris fardobiTi temperatura; 

 T - cdis temperatura (temperatura cdis procesSi); *ε  - 

deformaciis siCqare;  oσ - pirobiTi normaluri Zabva.  

am gamosaxulebidan Cans, rom deformaciis siCqare izrdeba 

temperaturis dawevasTan erTad. 

k. inuiem (1955) gamoiyena gamosaxuleba  

)/exp(. TkAmn
o εεσσ = , sadac n ,  m ,  A  da k  empiriuli mudmivebia. 

l. malverma (1965) warmoadgina gantoleba 

)]([/* eFE σσσε −+= , roca )(eσσ > . 
man igive gantoleba sxva formiTac mogvawoda 

p

o

D
E

)1(* −+=
σ
σσε .    

am gantolebebSi  D , F da E p  empiriuli mudmivebia, xolo 

oσ  statikuri denadobis zRvari. 

 
2.3-is daskvnebi 

Txelkedliani sivrciTi sistemebisaTvis damuSavebuli gamar-

tivebuli variantebi saSualebas iZlevian es gantolebebi miyvanil 

iqnan wrfiv diferencialur gantolebaTa mimdevrobaze, romelTa 

cvladi koeficientebi Seicaven gadaadgilebas veqtoris mimarT regu-

laruli da impulsuri funqciebis saxiT da Sereuli formiT. 

Txelkedliani sivrciTi kompleqsebis gaangariSebis meTodebi 

geometriuli da fizikuri arawrfivebis gaTvaliswinebiT saSualebas 

iZlevian Sefasebul iqnas daZabul-deformirebuli mdgomareobis 

yvela komponentis cvlileba, kritikuli datvirTvis sidideebi da 

datvirTvis procesSi mdgradobis dakargvis forma. amasTan es meTodi 

ufro efeqturia sxva sivrciT an ricxviT-analizur meTodebTan SedarebiT.    
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3. დასკვნა 

Catarebul gamokvlevaTa istoriuli mimoxilvisa da 

analizis safuZvelze SeiZleba gavakeToT Semdegi daskvnebi: 

− samecniero literaturaSi praqtikulad ar aris ganxiluli 

Txelkedliani sivrciTi sistemebis gaangariSebis meTodebis 

istoriuli analizi; 

− zogierTi Sromebis gamoklebiT, ganzogadoebuli impulsuri 

funqciebi gamoiyenebian mxolod diferencialuri 

gantolebebis CawerisaTvis, magram ara maTi amoxsnebis 

misaRebad. amave dros wyvetili funqciis SemoReba iZleva 

gaangariSebis iseTi principulad axali meTodebis miRebis 

saSualebas, romlebic afarToeben amoxsnadi amocanebis klass 

da anzogadeben yvela amoxsnad amocanebs erTian meTodologiur 

safuZvelze. drekadobis wrfivi Teoriis istoriis safuZvelze 

dReisaTvis kidev ufro meti istoriuli masalis gadmocema da 

misi analizia gasakeTebeli; 

− sen-venanisa da almanzis amocanebSi prizmuli Reros 

Tavisufali grexis amocana daiyvaneba harmoniul problemaze, 

romlis amonaxsnTa meTodebi kargadaa damuSavebuli da 

gaanalizebuli; 

− drekadi prizmuli Zelebis daZabul-deformirebuli 

mdgomareobis dadgena, rodesac Zelis boloebze moqmedebs 

nebismieri ZalTa sistema, aseve warmoadgens drekadobis 

Teoriis erT-erT ZiriTad da rTul maTematikur amocanas. 

maTematikuri TvalsazrisiT igi ar aris bolomde  

gadawyvetili, Tumca e.w. `sen-venanis principis~ daxmarebiT 

xerxdeba am amocanis gadawyveta, romelic miaxloebiTia da ar 

SeiZleba CaiTvalos zustad. swored, amgvar klasikur 

midgomadaa cnobili sen-venanis mosazreba, romelic 

literaturaSi damkvidrda `sen-venanis principis~, kerZod ki 

sen-venanis naxevrad Sebrunebuli meTodis saSualebiT.   
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daskvnis saxiT xazgasmulia, rom musxeliSvilis 

gamokvlevebi problemebis farTo klass moicavs, aRniSnulma 

Sromebma didi gavlena moaxdines meqanikisa da maTematikis rigi 

mimarTulebebis Semdgom ganviTarebaze. 

n. musxeliSvilis meTodebma drekadobis brtyel TeoriaSi 

gamoyeneba da Semdgomi ganviTareba hpoves s.mixlinis, d.Sermanis, 

g.savinis, d.vainbergisa da sxva naSromebSi am meTodebis 

saSualebiT amoxsnilia mravali amocana, romlebmac farTo 

gamoyeneba hpoves teqnikaSi. l.galinis, a.kalandias, i.qarcivaZis, 

i.Staermanis, r.bancuris da sxva naSromebSi n.musxeliSvilis 

Sedegebma Semdgomi gamoyeneba da ganviTareba hpova sakontaqto 

procesis TeoriaSi. 

gamokvlevebi Zelebis grexisa da Runvis amocanebSi 

sxvadasxva mimarTulebiT gagrZelebul iqna a. gorgiZis, a. ruxaZis 

da sxvaTa mier. 

Txelkedliani sivrciTi sistemebisaTvis damuSavebuli 

gamartivebuli variantebi saSualebas iZlevian es gantolebebi 

miyvanil iqnan wrfiv diferencialur gantolebaTa mimdevrobaze, 

romelTa cvladi koeficientebi Seicaven gadaadgilebas veqtoris 

mimarT regularuli da impulsuri funqciebis saxiT da Sereuli 

formiT. 

Txelkedliani sivrciTi kompleqsebis gaangariSebis meTodebi 

geometriuli da fizikuri arawrfivobis gaTvaliswinebiT 

saSualebas iZlevian Sefasebul iqnas daZabul-deformirebuli 

mdgomareobis yvela komponentis cvlileba, kritikuli 

datvirTvis sidideebi da datvirTvis procesSi mdgradobis 

dakargvis forma. amasTan es meTodi ufro efeqturia sxva 

sivrciT an ricxviT-analizur meTodebTan SedarebiT. 
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