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Pe3sioMe

B paboTe pacCMOTPEHHE HadajibHas 3alada, HeJIMHEWHBN
BapMaHT M3BECTHOM XAPaAKTEPUCTUUECKOM 3Bamauu I'ypca,a Takxe
XapaKkTepucTruecKkas 3ajayda co CBODOIHEIM HOCUTEJIEM
IOAaHHBIX, KaK HEeKM’M aHaJIOT' MB3BECTHOM JIMHEeMHOM IIOCTAaHOBKMU.OTU
3aauM paccMaTpMBAKTCA OJI4 KJjlacCa ypaBHEHUM

2
L(u):(uy _uy)uxx_(zuxuy +uy _l)u +(u +u )uyy F(uxauyay) (0.1)
TJIaBHaA 4JacThb KOTOpOM npencraBJieHa HeCTpOoro
TUNepOosinde CKMUM ornepaTopoM L. OnpenesiéHHEIE en
XapaKTEepUCTUUECKME KOPHU
p+1l 1
Ty
rone p=u,;q=u, - obo3HaueHus MoHXa.

Ipu pasmuubbx oyHxkumsax ueC'(R’) ouu BemyT cebsa mo-

pPasHOMY : pu HEKOTOPHIX u(x,y) onm MOTYT coBnamaTh
Besne.Torma BIOOJIb Takmux OyHkUuM omnepatop (0.1) nepecrTaér
OBITE I'MIEPOOJIMUHBEIM U [HapaboJiMYeCKM  BHPOXIaeTCHd. 3TOoT
KJacc GyHKLUMM OINpelelifeTCHd YyCJIOBMEM

p—-q+1=0 (0.3)

Eciu  pelleHue 3aIaHHOTO  YpPaBHEHUHA NPVHAJIEXUT 3TOMY
KJlacCy, OHO OymeT napabolMuecKuM pemeHreM. M3 CTPYyKTYPH
kopHer (0.2) cyuenmyeT, UYTO HOpU apaboJIMUeCKMUX PEUIEHUSAX He
TOJIBKO  COBIlamalnT MX 3HAa4YeHMs, HO ¥ OHM ofa paBHH
A=4,=-1. CremoBaTeJsibHO, B TaKOM ciydae
XapaKTepUCcTUUeCKOoe HallpabBJleHUS COBIaIalT C HallpaBJIeHUeM
ceMericTBa IMIPSMBEIX x+y=c. Eciu ycnosue (0.3) BHIOJHIETCSH
He BCKOIOYy, a TOJIbKO Ha OIpelejIéHHOM MHOXeCTBe TOuek, TO
pelleHMre OTHOCUTCHA K napabosnuyecKu BRIPOXIIEHHOMY
TUIePOONIMUEeCKOMY KJlacCy.B kJacce r1runepfOOoJIMYeCKMX pPeleHUN
ypaBHeHUe (0.1) naér oBe IIapel XapaKTepucTmUue CKUx
onbbepeHUMaNbHEIX  COOTHOUEHUM . IEPBEle  COOTHOWEHMA  KaXIoou
Iapet PaBHOCUJIIb HEL COOTHOWEHUAM XapaKTepUCTUUEeCKUX
HanparBJieHUM . IpyTue—-xe CJenOynT M3 CcaMor'o ypaBHeHud.lnsa
MePBLIX MHTEeTpasioB ¢ , 1 OTUX COOTHOWEHMUN COOTBETCTBEHHO

CTPOSTCS  HEINOJIHEe CHUCTeMs JIubdepeHLMaJIbHEX  ypaBeHUMN
IepPBOTO TMOpPSAIKa

+1
£ -2 T I e 20, pg,+(g-1E, =0 (0.4)
q —-q

qg-1 F

—n,—n,-n,+—n,=0, (p+n,+qn,=0 (0.5)

p X y u pq p p q

[lepBEHIE MHTEI'PAJIEL

E=u+x, n=u-y (0.6)



B IaHHOM crydae HENOoCPEeOCTBEHHO OIIpenesiginTCs. s
omnpenesyieHMs OCTAJIbHEIX IIEPBEIX MHTETPAJIOB pPaCHMPSIEM CUCTEME
(0.4) m (0.5) c mnomomo ckoGOk SAxkoOM M Ha IMIpaBylw YacTb
YPaBHEHMSA (0.1) HamaraeM TakMe YCJOBUL, UTOOH Kaxnoasa
cucTtema ObJla pacmmMpeHa IO I[IOJIHOM cucTeMe Kriebma-SAxobu
cocTodlas M3 TpPEéxX ypaBHeHUMM. B 3ToM cCJydae YypaBHEeHUE

6y,JZLeT MeThb I10 IBe XapaKTepnUCTNUYEe CKMUX VMHBApPMaHTa OJida
KaxIoro ceMercTBa [26].
Hoinsa CylLleCTBOBAHUIA obwero MHTeIpalla B paboTe

YyCTaHaBJMBAKNTCA OOCTCTOUYHEE YCJOBMSA OTHOCUTEJILHO MIPaBOM
yactu F ypaBHeHUS (0.1).

Ha OCHOBAHUM STUX JOCTaTOUHBIX YCJIOBUM BHIOEJIEH
IOOKJIACC YPaBHEHMM, IJIS KOTOPHEIX OOmMM MHTeTpaJl He TOJIbBKO

CymecTByeT , HO UM CTPOMTCS B SBHOM BUIOe. B YacTHOCTM, ONUH
nu3 TIOIOKJIaCCOB YPaBHEHUN (0.1) onnpemensaeTcs cJle oy nommuM
obpazoM
L (k
L(u)=(ux—uy+1)—() (0.7)
ky-—kx
roe ke(ﬂ(Rz) - IPOM3BOJILHO 3amaHHas OGYHKUMA, a olepaTop

*
L umeer BUIO

L (k) =~k (u) =)+ ko Quau, —uy +uy, =)=k, (uf +u,)

YCTaHOBJIEHO, gTo odumme VHTETPaJIb YPaBHEHUN (0.7)
IPEenCTaBJISETCS COOTHOIEHUEM
Su+x)+gu—y)=kx,y), (0.8)

TIe jlgeECZUT)— NPOM3BOJIbHEE QYHKIIM .

B uacTHOM ciydae mpu k(x,y)=y’>, ypaBHeHUE

L) == p(p+D(p =g+ (0.9)
BIIOJIHE MHTETPUPYEMO M eT0 Oofmui MHTeTpajl UMMeeT BUI
Su+x)+gu-y)=y*, (0.10)
c npomsBonbHEMMU yHKuMaMu f,g e C’(R').
OrMmeTyM, UYTO Kak obmmy wmHTerpasa (0.8) ypaBHeHUMU
(0.7), max m wmHTerpan (0.10) xoukpeTHOTO YypaBHeHus (0.9)

HEe CBA3aHEH C KAaKMMU-JIMOO KOPPEKTHEMM 3aladaMu. JlOKasaHo
SKBMBAJIEHTHOCTL OOWMX MHTEIPAJIOB UM COOTBETCTBYKUMX MM
YPaBHEHUN.

Bo BTOPOMU TJjaBee paccMoTpeHa 3amava Komm oJid
ypaBHeHusa (0.9) , xorma Ha HOCHUTEeJIe HauyaJIbHBIX IaHHBIX
M3BECTHB BHAYEHMUSI MCKOMOM OYyHKUMM M €€ TIIPOM3BOOHOM IO
HEKOTOPOMY HeKacCaTeJIbLHOMY HalpaBJIeHMI. HOCUTesb HadaJlbHEIX
YCJIOBUM XOpOaHOBaA PasOMKHYTada oyra Y OOHOBHAUYHO

NPOEKTUPYEeTCH Ha KOOPIMHATHEIX ocax u nperncraBjieHa
napamMerpuuecku x = A(s),y = u(s), byHxumaMm ﬂ,;leCﬂﬂLﬂ OJIMHEL
oyTu s €[0,1] KPUBOM v, OTCUMTEIBAEMAas OT  HEKOTOPOM

bukcupoBanno Touku.l mnuHa Bcer nyru. Ha wHTepBane[0,/]

samaue Taxxe dyuxim @< C2[0,/]y e C'0,7].
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Bagava Koum.HaliTu perynsapHoe peumeHue YypabBHeHusa (0.9) wu
obyacTb e€ro orpenesieHrda, €CJIM BHIIOJIHAITCAHA YCIJIOBUA

u|,= (s)
(0.11)

u,|,=w(s)

Teopema. IlycTb Ha Oyre ¥y BCoOLY BHIOJHAETCS ONHO U3

YCJIOBUM
gp’:_ﬂ', gp':lu' (0.12)
Eciv 3HaueHMS BHPAaXEHUS
2 2
HEWIWPLP ?W' (0.13)
A U

Toe
p)=[p'() -y N
Ha Oyre ¥ BCOILy COBNalaeT CO B3HaYEeHMAMM [IPaBO¥ YacTH
YPaBHEHUSA (0.9), Torma samaua (0.9), (0.12) He uMeeT
pemeHvs. B TOpOTMBHOM CJjlydyae 3alada uMeeT OeCuMCIIeHHUEe
MHOXECTBO PEUIeHUN.
PaccMaTpuBaeTCs Takxe cJjydalr, korma pabBeHcTBa (0.13)

BHIMTOJIHSIOT C OOHOBPEMEHHO. B 3TOM craydae HOCUTEJIb ¥
ABJISETCH OTPE3KOM HEKOTOPOM INpsaMOM ceMercTrBa xty=c. Kak
OTMEUAaJIOCh  BHIIE, ypaBHEHUe (0.9) BIOOJIL TakoM NOpAMOM
napabosnuyecKu BHIPOXIEHA . BoJee TOTO, HOCUTEJIb )

OpMHAOJIEeXUT OOOMM CeMeMCTBaM XapaKTEePUCTMK M DTOT OTPEe30K
napadbonmMueckoro BHpPOXIeHus ypaBHeHus (0.9) oOHOBpeMEHHO
ABJISETCH €TI0 XAaPaKTEePMCTUKOM.

Korpma HapylmaeTcda yCJIOBUE BHIIEYKA3aHHBIX TeopeM,
YCTaHOBJIEHA

TeopemMa. Ecrnu yCJI0BUS (0.13) Ha BCEeM nyre 4
HapymeHs, byukumi  @(s)+ A(s), o(s)— u(s) vMenT OOHO3HAUHEE
obpaTHEIE
k(z), ze[p(0)+ A(0), () + A(0)] (0.14)
W), 1€ [p(0)~ A(0).0(D) - )] (0.15)

COOTBETCTBEHHO, TOT'Ia CyHMecTBYyeT M mHTerpasn 3anaum (0.9),
(0.11) ,u on mpencrTaBigeTcsa QOPMYJION

h(u=y)
[k +x)]+ J.A(s)ds=y2 (0.16)
k(u+x)
TOe BBEIEHO OODO3HauUeHUE
4= 2y~ = A - 1)
o'+ A =y (u' +2")
Murterpan (0.16) maeT BOBMOXHOCTBL OIMCAHUS CTPYKTYP
ofemux CeMeMCTB XapaKTepucTuk. M3 waxnon Touku (A(s), u(s))

(0.17)

HOCUTe A JaHHBIX BEIXOOUT 10 onoHOMU XapaKTepMCTquCKOﬁ
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KPUBOM KaXIoOTO CceMeMcTBa. V3 wuHTepBasa khﬂ buxcupyem
HEeKOTOpOe B3HaueHMe a IapaMeTrpa S, KOTOPOMYy COOTBETCTBYET
koHKpeTHas Touka (A(a),u(a)). Ha xapakTepMCTUKE KOPHA Ay,

NPOXONAWEN uepes 3Ty TOUKY,MHBAPMAHT U+X COXpaHgeT
NOCTOSHHOE 3Hauveume paBHoe @(a)+A(a) a 3HaueHuda JOPYTOTO
MHBapMaHTa u-y Ha 2TOM xe XapaKTEPUCTUKE OyneT
p(a)+ A(a)—x—y .Orcona 13 (0.18) HENOCPEICTBEHHO crenyer

COOTHOlIIeHMe, CBA3bIBAIEee IIepPeMeHHbBIe X M Yy Ha IOyre J:
h(g(a)+A(a)=(x+y))
u?(a)+ J. A(s)ds = y? (0.18)
a
rne A(s) o6os3HauaeT BopaxeHre (0.17).3T0 CcooTHOmEHUE B
HEABHOM BHMIOE IPenCTaBJIA€T XaPaKTEPUCTUKY ceMerncTBa KOPHA
A, mpoxonmsamert depes Toury (A(a),u(a)) .
BO3MOXHO npyroe 9KBUBAJIEHTHOE npencraBJieHne

MHTEeTrpajla paccMaTpMBaeMOM 3amadmu, IrIOe oourypupyeTr IpyTon
XApPaKTEePUCTUUECKNN MHBAPUMAHT N :

k(u+x)
2 .2
wr[hu— )]+ I B(s)ds = y (0.19)
h(u=y)
e BEZ“,“” —H w)(clo +/,1)
P +A —y(u'+A)
XapakTepucTukKa CeMeNcTBa Ay ’ Npoxondamer depes

ykasauuyw Touky (A(a),u(a)) xpueoir y onmcuBaercs bOpMyJION:
k(p(a)-p(a)+x+y)

uz(a)+ I B(syh:=y2
a
(0.20)
B KOTOPOM BEJMUMHY « MOXHO pacCMaTpMBaTb B KadecTBe
napaMeTpa.
HomcranoBkom B (0.18) wm (0.20) 3HaueHuM 1[apamMeTpa
a=0,a=1,nonyunm YPpaBHEHUS BCEX yeTHpex KPWUBLIX,

COCTaBJIANIMX TpaHuly objactu D onpeneyieHUs MHTeTpala
paccMaTpuBaeMoOM 3aladuu.

B paboTe yCTaHOBJIEHH IOCTATOUYHEE YCJIOBUS TOT'O, UTOOH
B objyacTtu D omnpemeyieHUS PpPeUIEeHUS CEMEMCTBO XapPaKTepUCTUK
KOPHS A He MMeJIO OUCKPMMMHAHTHEIX TOUYEeK.

AHaJIOTMYHOE YCJIOBMS YCTAHOBJIEHHL M IJId CeMeMCTBa
XapaKTEPUCTUK KOPHSA 4, .

Ha OCHOBAHUU npencTaBJIeHUs (0.16) n (0.19)
yHTerpasyioB 3amaum (0.9), (0.11), [DOCTPOEHO BKBUBAJEHTHOE
npencTaBJjieHMe, ComepXxallee XapaKTepUCTUUYeCKy WMHBAPUAHTH B
CUMME TPUYUHOM BUIE .

[lepeMHOXEeHMEM YypPaBHEeHMS HAa 3HaMeHaTeJlb IIpaBoOM YacTu
(0.9) MOXHO PacCMOTPETH yPaBHEHME C BHPOXIESHMEM MNOpPsSlKa.B
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TaKOM CJydae IIpakas dYacTbk CTAHOBUMTCHA HEINPEPEBHOM, HO
TJlaBHad JacThb OyneT BEIPOXIATbCH Ha  [OpAMOM y=0.2T0
BHIPOXIEHME MOXeT CTaTb I[IPUUMHOM HEeKOPPEeKTHOCTM 3alauu
Komm xorma HEKOTOPHM OTpesok npamoM y=0 nomnamaeT B COCTaB

HOoCHTeNld IHaHHEX[23],[27]. Kak BHICHIeTCHd, e€eCJaM Ha 5STou
YacTM HOCUTEJIS YypaBHeHMEe napabojiMuecKyM BHPOXOAeTCs, TO
3amauva (0.9), (0.11) MOXEeT UMeeThL OecKoHeuHoe UMCJIO
pemeHnn .

PaccMmaTpuBaeTca Banmaua Komm, Korma HOCUTEJIEM

HadvaJIbHBIX IJAaHHEBEIX LEJIMKOM HABJIAE€TCA OTPE3IKOM HpHMOﬁ XZO, roe
3aldaHbl YCIJIOBUA:

u(0,y)=¢(y)
aly<bh, a>0 (0.21)
u,(0,»)=w(y)

¢e(ﬂﬂ%bly¢zCme]—-3anaHHue OYyHKLMM .
IoxkazaHo, dYTO eciM QyHKUMM @, CTPOT'O MOHOTOHHEL Ha

oTpe3Ke [a,b] m OQyHKUMM @ U @-—y VMEOT OOHOS3HAUHEIE
oBpaTHEE k u h COOTBETCTBEHHO, TOTIA MHTeTpall
paccMaTprBaeMon 3amaum CYIIECTBYET u nperncraBjigeTcs
bopmysion

T 2y e

t t t)at P
j e + k(-] =y? (0.22)
p'()—y () -1
h(u+x)

Ha OCHOBaHMM BTOTO [PENCTaBJIEHMsS HENOCPEANCTBEHHO MOXHO
MOJIyUMTh HESBHEHE yPaBHEHUS XapaKTepUCTUK OOOMX CEMENMCTB ,
BoinymeHHEX ¥3 Touek (0.c),a<c<b vHocurensa.OHU MMEOT BUL:

k(go(c)—x—y2> N

t t t)dt

p'(t)-w(@)-1
2ty (e ()dt | 2 _ 2 (0.24)

p' () -w(t)-1
h(p(c)—c—x-y)

roe OpPIOMHATY ¢ MOXHO TIIPMHATE 3a IapaMeTp OJja obelx
MHOXECTB KPMUBEHIX .

YcTaHaBJIMBaAeTCS,YTO BCe xapakTepuctuku (0.23), (0.24)
npY ONPEemeJIEHHEIX YCJOBMAX OTHOCUTEJIbLHO IJIMHEL HOCUTEJIS
CXOOAaTCsa B HaudaJle KOOPIMHAT,T'Ie OHM BCe KacalTcsa I[IpsaMOoM
x+y=0.

Ina HaraamgHOCTM B pabdoTe NPUMBEIEHH CJydan TIPOCTHX
HauyaJIbHEIX BOBMYUEHMM M HDaHa MX UMCJIeHHas peaamuszaums.B

peryasapHOM crayuyae IokasaHoO, 4To oBJjlacThb onpeneyieHus
VHTEeTpaja 3a7Jaun Koum (0.9), (0.11) orpaHuueHa
XapaKTepmrcTUKaMm (0.23), (0.24) opM  3HAUYEHUSX c=a,c=b

napaMeTpa c.
Bo BTOpPOM rjaBe nccyenoBaHa XapakrepucTmuueckasa
3amada I'ypca: B3BalaHHE XapakKTEePMCTUKM BHIXOONANME U3 obmeu

iX



TOukyM.OHM CTPOTO MOHOTOHHHE, IJIAOKME, PA3OMKHYTEHE XOpIaHOBH
oyTu y u o npencTaBJIeHHEE B ABHOM BUIOE
y=0(x),pe Cz[xo,xl] u y=wyx),wye Cz[xo,xz] COOTBETCTBEHHO, I'IIE
@' (x) #0,y'(x) #0 .ECTBECTBEHHO  HOJXHO OHTB  @(Xy) =W (xy) =y -
BMecTe co croel oOJlacTh0 ONpeleJieHMd HalTM pelleHue U (X, V)
ypaBHeHua (0.9) npm ero m3BeCTHOM 3HA4YeHMU Uy B TOUKe
(xg,Vg)ecam BOOJBL HETO HOyra J ABasgeTCa XOPOKTEPUCTUKON
ceMercTBa KOpHA A a Oyra O - CeMelCcTBa KOPHS A, .IoKas3aHa
TeopemMa. Ecmm OYHKLUMOHAJIb HEE YPaBHEHUA
O(x)—x+uy+xyg=z, y(x)+x+uy—y(xy)=¢ ONHOBHAUHO Pas3PElMH
Ha ceTMeHTax [Xy,X;] ¥ [Xy,X;] COOTBETCTBEHHO,UxX peleHMrs

x=17(2), z€[ug—p(xq),ug+xg—x —@(x1)]

x=v(s), ¢€lug—w(xg),ug—w(xg)+x +y(x)]
IOBaXObEl HENPEPBIBHO InbbepeHUMPYEMBl U

T(ug —@(xg)) = xg , V(ug +x9) = Xg
M €CJIM BBIIOJIHAKNTCS YCJIOBUS

(@t w v+t +(w v y+y v 0 ) 20
(' +y v+ v - y—y? v 20,

TOTIAa CYHNEeCTBYEeT WMHTEeTpalJl XapaKTepUMCTHMUECKON 3amauy Ijis
ypaBHeHUS (0.9), PEeTYIISPHBIMA B obJyacTu OTPaHUUYEHHOMN
XapakTepucTukamMm y , 0 u

w2 (v(ug +xg — X —@(x;) +x+ 1) + 0% (t(ug + X — X —(x))) =y + ¥

w2 g = v + 3 +W () + 97 (2lg = yo + 33 +y(6y) —x =) = y* + )5 -

Ha ocHOBaHUM pPaCCMOTPEHHOV XapaKTEepMCTUUECKOM 3aladu
MCccJenopaHa 3allada CoO CBOOOAHEIM HOCTEeJIeM IaHHEIX. 3azada
3aKJodaeTcs B crenywomeM: Hartu peleHue YpPaBHEeHUS

(0.9) mpuHMMampmyo 3HadeHme U, B Touke (Xxp,p(xy)) m obsacTb
ero oIpeneJyIeHMda, eCJIM KpuBadg Y ABJIAETCA COOTBETCTBYKIEN
STOMYy PEIEHMIO XapaKTePUCTMKOM CceMelcTBa KOPHA A a BHOJb
IpyTOM, HEW3BECTHOW KPUBOU O, XapaKTEePUCTUKU CEeMeNCTBa

Ay, BHIIYWEHHOM M3 TOYKM (Xj,0(X;)) OHO YHOBJIETBOPSET YCJIOBMUIO
a(Xu, + f(x)u, =6(x), X €[xg,%;] (0.25)
1
a, ﬂa GEC [Xo,X2] .
O6o3HaUMM Yepes ¥ HEM3BEeCTHYK QYHKUMIO, [IPeICTaBJIAKIYD

oyry O ypaBHEeHMEM

v=y(x), wxg)=ye veC’[xg,x,].

JokazaHa

TeopeMa. EcCJM BEIIOJIHEHBE YCJIOBUA

B(xg) # a(x)e'(xp),



!

By =0
a+f ’

A(B-0)0+a)<0,
Ala'(B-0)—a(B'-0)]+B(B-0-a)=0,

A = ¥ X0)elx)
9'(x)+1

CaMbM XapaKTepucTuKa O , ONPEIeJIsnTCS ONHO3HAUHO.
YCTAHOBJIEHHE €€ HEeKOTOPHE YCJIOBMUA, [IPM BHIIOJIHEHUN

KOTOPEIX TaKXe MOXHO ONHOBZHAUHO ONpelenuTh OGyHKUMD Y=y (X).

TIe IOCTOAHHAad , To oyHruMa y=w(x), U TeM

TakyM oBOpasoM, YCTAHOBJIEHE HEKOTOPHE OOCTAaTOUHBE
YyCJIOBUS CylecTBOBAHUS byHKLIMNT w(x), KoTOopas SBHO
ompemesgeT oyry o B KJjlacce KPWUBHIX , OIHO3HAUHO

OpOBUUPYEMEX Ha oOcbhb abcumcc. OT »BTUX OTPaHUUEHUN MOXHO
oceobomurcH, echau Oyry O OyIeM MCKAaTb B KJACCEe KPUBHX,
OOHOBHAUHO IMNPOBLMPYEMEIX Ha OCbH OpAMHAT. B TakoM ciydae, B
ycaoBuax (0.25) Bamaum napameTpe «, [, 8 Oymem cumraTh

QyHKLMAMM apryMeHTa Y E€[yg,V;], TOe )| - HEKOTOPOe UUCJIIO
NMNEYor a KPUBYIO ¥ IIPEeONOJIOXKUM IpenCTaBJIEHHOMN
cooTHomeHueM X =@(y), Xqg=@(yy) ,
aWu,+pu, =0(y), yelve.nl,
a, B, 0€Cilyo,»].

JoxasaHoO, UYTO B 3TOM ciydyae KpmBasa 6 OymeT nperncrabBiieHa
peueHreM

—M(B)-0(1) —a(t)-t
BO(A-1)=A-0(1)

n QyHkumsa y(y)omnpemesieHa B MHTepBase [yg,);] .

dl‘+x0

y
von=] ¢
Yo
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Abstract

In this work there are considered initial problem, non-linear variant of known
characteristic Goursat problem and characteristic problem with partially free support.
These problems are considered for one class of differential equations:

L(u) :(u)zz _uy)uxx _(2uxuy +uy —U, _l)uxy +(u§ +ux)uyy :F(uxauyay) (0.1)

the main part of which is a non-strictly hyperbolic second-order operator L.
Characteristic roots defined by it

q

I-¢
where p=u_, ; q=u, are Monge designations, behave differently with different

functions u € C'(R*): with some  u(x,y) they may coincide at all points. Then
along such functions operator (0.1) ceases to be hyperbolic and parabolically
degenerates. This class of the function is defined by means of the condition
p—q+1=0 (0.3)

If the solution of the given equation belongs to this class it will be a parabolic
solution. It follows from the structure of the roots (0.2) that when having parabolic
solutions their values not only coincide but they both equal to A=A =-1.
Accordingly, in such case characteristic directions coincide with the direction of the
family of lines  x+ y =c .If the conditions (0.3) are not fulfilled at all points but
only at the determined number of points then the solution is related to the
parabolically degenerated hyperbolic class. In the class of hyperbolic solutions the
equation (0.1) gives two couples of characteristic differential relations. First relations
of each couple are equivalent to the relations of the characteristic directions, while the
others result from the equation itself. For the first integrals &, n of these relations
correspondingly the incomplete systems of first order differential equations are
constructed

+1 F
éx_p_égy_éu +2_§p209 pép"'(q_l)éq:() (0.4)
q 9 —q
qg-1 F
—n,-n,-n,+—n,=0, (p+Dhn,+qn, =0 (0.5)
p X y u pq p p q

In the present case the first integrals

E=u+x, n=u-y (0.6)
are directly defined. In order to define the rest of the first integrals we expand the
systems (0.4) and (0.5) by means of the brackets of Jacob and apply to the right hand
side of the equation (0.1) such conditions which expand each system to the complete
system of Klebsh-Jacob consisting of three equations. In this case the equation will
have two characteristic invariants for each family [26].
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In this work we determine sufficient conditions which the right hand part F of
the equation (0.1) must fulfill for the existence of general integral.

On the basis of these sufficient conditions the subclass of equations is chosen
for which the general integral not only exists but is also constructed in explicit form.
In particular, one of the subclasses of the equations (0.1) are defined as follows

L' (k)
Lw)=w, —u, +1)———— (0.7)
Y k, =k,
where ke C*(R*) is an arbitrary function and the operator ~L° has the

following form
L (k)= kg uy =1 ))) + ko Quguty, —u +uy, —1) =k, (uf +u,)

It is established that the general integrals of the equation (0.7) are represented by the
following relation

Sfutx)+gu—y)=k(x,y), (0.8)
where f,g e C*(R') are arbitrary functions.

In particular case when k(x,y) = y* , the equation

L(u)=—%p(p+1)(p—q+1) (0.9)

can be fully integrated and its general integral has the following form
fu+x)+gu—y)=y>, (0.10)

with the arbitrary functions f,g e C*(R") .

It should be noted that the general integral (0.8) of the equation (0.7) as well as
the integral (0.10) of the concrete equation (0.9) are not connected to any kind of
correct problems. Equivalence of general integrals and corresponding to them
equations is proved.

In the second chapter we consider the Cauchy problem for the equation (0.10)
when on the initial data support the values of unknown function and its derivative to a
certain non-tangential direction are known. The initial data support, the unclosed
Jordan arc vy is uniquely projected on the coordinate axes. It is represented

parametrically x = A(s), y = u(s), in terms of the functions A pn eC0,/]
of the arc length s €[0,/] of the curve vy, counting from a certain fixed point. 1 is the
length of the entire arc. ¢ € C*[0,/]},y € C'[0,I] are also the given functions in the
interval[0,/] .

Cauchy problem: Find a regular solution of equation (0.9) together with its domain
of definition, satisfying the conditions
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u|,= (s)

(0.11)
u,|, =y (s)
Theorem. Let everywhere on the arc only one of the conditions is fulfilled
p'=-1, o'=u (0.12)
If the values of the expression
vy -
H = p'—p Pl// (0.13)

2{ ! /Ll !
Where

ONAORZOOON
everywhere on the arc y coincides with the values of the right hand side of the
equation (0.9) then the problem (0.9), (0.11) has no solution at all. Otherwise it has
infinitely many solutions.

The case when the equalities (0.13) are fulfilled simultaneously is also
considered. In this case the support y is a segment of a certain line of the family
x+y=c. As it was noted above, the equation (0.9) is parabolically degenerated along
such line. Moreover, support y belongs to both characteristic families’ and this
segment of parabolic degeneracy of the equation (0.9) is its characteristic at the same
time.

If the condition of the above mentioned theorems is not fulfilled it is
established
Thorem. If the conditions (0.13) are violated along the entire arc y, then the functions
P(s)+ A(s), @(s) = u(s)
have unique reverses

k(z), ze[p0)+ A(0),0()+ A()] (0.14)

h(t), te[p(0)—A(0),0() - A1) (0.15)

correspondingly. In such case an integral of the problem (0.9), (0.11) also exists and is
represented by the formula

h(u—-y)
w [k +x)]+ J.A(s)ds =y? (0.16)
k(u+x)
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where the following notation is introduced

P +A —y(u'+A)

The integral (0.16) allows us to describe structure of both characteristic
families. From each point (A(s), u(s)) of the data support derives one characteristic

line of each family. We fix a certain value a, from the interval [0,/] , of the parameter
s, to which the concrete point(A(a),i(a)) corresponds. Invariant utx , passing
through this point, on the characteristic of the root4;, maintains its constant value
which equals to  ¢@(a)+ A(a) while the value of another invariant u-y  on the
same characteristic will be  @(a)+ A(a)—x—y . From (0.16) directly follows the
relation which relates variables x and y on the arc vy:

h(p(a)+A(a)=(x+))
u?(a)+ j A(s)ds = y* (0.18)

a

where A(s) denotes the expression (0.17). This relation in the explicit form
represents characteristic of the family of the root 4; , which passes through the point

(A(a), u(a)).
Another equivalent representation of the integral of the considered problem is
possible, with other characteristic invariant n:
k(u+x)
2 2
W=l | Besus =y (0.19)

h(u=y)

2u(9" - Hw)(@' +4)
P+ A -y (u'+ 1)

where B=

Characteristic of the family A, , which passes through the referred point of the
curve v, is described by the formula:

k(p(a)—pu(a)+x+y)
uz(a)+ J. B(s)ds = y2 (0.20)

where the quantity a may be considered as a parameter.

By substituting the values of the parameter a=0, a=1/ into (0.18) and
(0.20) we will obtain the equations of all four curves which make up the boarders of
the domain of definition D of the integral of the considered problem.
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In this work we found the sufficient conditions for the solutions of the
characteristic family of the root A; when they do not have discriminant points in the
domain of definition D.

Analogous conditions are found for the characteristic family of the root A, .

On the bases of representation of the integrals (0.16) and (0.19) of the problem
(0.9), (0.11) the equivalent representation containing characteristic invariants in the
symmetric form are constructed.

By multiplying the equations on the denominator of the right hand side of the
(0.9) we can consider the equation with the order degeneracy. In such case the right
hand side of the equation becomes continued and it’s main part will be degenerated
on the straight line y=0. The degeneracy may cause the incorrectness of the Cauchy
problem when a certain segment of the straight line y=0 becomes a part of the data
support [23], [27]. As it turns out, if on this part of the support the equation is
parabolically degenerated, the problem (0.9), (0.11) may have infinite number of
solutions.

The Cauchy problem is considered when the initial data support is entirely the
segment of the straight line x=0, where the following conditions are fulfilled:

u(0,y) =o(y)
a<y<b, a>0 (0.21)

ue(0,)=y ()
pe Cz[a,b],l// eC! [a,b] are the given functions.

It is proved that if the functions ¢, y are strictly monotonous on the
segment [a, b] and the functions ¢ and ¢@—y correspondingly have a
unique reverses k and h, then there exists the integral of the considered problem and it
is represented by the formula

k(u=y)
2ty (t)o'(t)dt 2 2

k(u— ] = 0.22

h(ujm co’(t)—w(t)—1+[(u »l=y (0.22)

On the basis of this representation we can directly obtain implicit equations of
characteristics of both families coming from the points (0.c), a<c<b of the
support. They have a form:

k(w(C)_x_yz)z (Ho'(t)dt
y)e e JP o2
_f ¢,(Z)_W(t)_1+[¢(c) x-yf =y (0.23)
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2ty (D' (t)dt +ol= 2 (0.24)

p'(t)-w(t)-1
h(p(e)—c—x—)

where we can regard the ordinate ¢ as a parameter for both numbers of curves.

It is established that all characteristics (0.23), (0.24), when a certain conditions
are fulfilled concerning the length of the support, converge in the origin of the
coordinate system where they all touch the straight linex+ y =0.

For visual demonstration we present in this work the cases of simple initial
perturbation and give their numerical realization. In the regular case we prove that
the domain of definition of the integral of the Cauchy problem (0.9), (0.11) is bounded
by the characteristics (0.23), (0.24) when the values of the parameter c are
c=a,c=b.

In the second chapter the characteristic problem of Goursat is studied: there are
given characteristics which come from the common point. They are strictly
monotonous, smooth, unclosed Jordan arcs y and 6 represented correspondingly in
the explicit form  y=¢(x), ¢ Cz[xo,xl] and y=w(x),ye Cz[xo,xz] ,
where  @'(x) # 0,y'(x) # 0. Naturally there should be  ¢(xy) =w(xy) =y, . Find
the solution u (x,y) of the equation (0.9) with its domain of definition when u, is
the known value in the point(x,, y,) and if along with it the arc vy is the characteristic
of the family of the root A; while the arc 6 is the characteristic of the root A4, .

The following theorem is proved
Theorem. If the functional equations

o(xX)—x+uy+xy=z, y(X)+x+uy—y(xy)=¢ are uniquely solved on the
segments [xq,x;] and [x,,x,] correspondingly, their solutions

x=1(2), z€lug—p(xq),ug +xg—x; —@(x)]

x=v(5), ¢ €lug—w(xg)ug —w(xg)+x; +y(x)]

are twice continuously differentiable and

t(ug —p(xg)) =xo , V(ug +x0)=xg

and if the following conditions are fulfilled

@y v+t v y+y Ve ) £0

(p-'+y V) + v y—y? v 20,

then there exists an integral of the characteristic problem of the equation (0.9),
which is regular in the domain bounded by the characteristics vy, 6 and

w2 (v (g +xg — X —@(x;) + x+ 1)) + @ (t(ug +Xo —x; —@(x))) = ¥ + ¥
w2 (Vg = yo + X2 W (x)) + @7 (T(ug — yo + %, +y (%) —x—y) = »> + ¥

On the basis of the considered characteristic problem the problem with the
arbitrary data support is studied. The problem is as follows: find the solution of the

equation (0.9) the value of whichis u, inthe point  (x(,¢(x()) and

its domain of definition if the curve vy corresponds to this solution by the
characteristic of the family of the root A and along another, unknown curve
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0 of the characteristic of the family A, , coming from the point (xg,0(x0))
it satisfies the condition
(), + f(u, = 0(x), x € [xg,x,] (0.25)

a, B, 0eC'xy,x,]

Let’s denote by y the unknown function which represents the arc 6 by the
equation

v=y(x),  w(xg)=ye, weCx,x,]

The following theorem is proved
Theorem. If the following conditions are fulfilled

B(xg) # a(xq)9'(xo),

!

_ﬂy #0
a+p ’

A(B-0)O+a)<0,
Ala'(B-0)-a(B'-0)]+B(B-0—-a)=0,

CLEDLED
9'(xg) +1
characteristic o are uniquely defined.

There are also established some other conditions by fulfillment of which we
can uniquely define the function y =y (x) .

Thus, we established certain sufficient conditions for the existence of the
function w(x) which explicitly defines the arc & in the class of curves uniquely
projected on the axis of abscissa. We can be freed from these restrictions if we look
for the arc 6 in the class of curves uniquely projected on the ordinate axis. In such case
when (0.25) conditions of the problem are fulfilled we’ll regard the parameters a, 3, 6
as functions of the argumenty €[y,,;], where y; is a certain number y; # y, and

where the constant , then the function y=w(x),and the

we suppose the curve y is represented by the relations x = ¢(y), x5 = @(yg),
a(yuy + p(yu, =0(»), y<lyo.nl,
a, ﬂa 0e Cl[yanl]a

It is proved that in this case the curve J will be represented by the solution

dt+x0

y
T =AM -0 —alt) 1
'/’(y)‘y{ BO(A-1)—A-0(1)

and the function y(y) will be defined in the interval [y, y;].
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BeeneHnune

T'paHUUYHEE 3amadum oiis YyPaBHeHUU c YaCTHBIMU
IPOM3BOIHEIMU Pa3JIMUHEIX TUIIOB CTaBATCSH 10 Pas3HOMY.
Hanpumep nisa SIIUNITUYE CKUX YPaBHEHUMU Kak IpaBuJIo,

paccMaTpMBaKRTCAa 3amadM, Korga CcJenyeT HaWuTK peleHMe B
3amaHHoOM  obJjlacTu, 1o 3amaHHBEIMM Ha  Bcem eé TpaHuLle
ycrnosmuaMM. Ha orDpaHMie MOT'yT OBTbE M3BECTHE SHadeHUd Jmbo
MCKOMOTO  pPelleHusd, MO0  3HAYEeHMsa ero I[OPOM3BOINHOM IO
KaKoOMy—-JubOO HeKacaTeJIbHOMYy HalpaBJIeHMD, JubOo mUX Kakad—
HUOyOb oOmnpenejyiéHHad KoMOMHauMsga. I8 HUMX MCCJEeOOBHH 3amdaduun
CO CBOOOIHBEIMM TI'pPaHMllaMu, KOT'Da M3BEeCTHa JIMIIb  YacCTb
TpaHMuM  obJjacTM, a OpyIyl dYacTb ONpelesigsioT BMecTe C
pemenvamMmu [1-3]. 3BazmauM MNOCTaBJIEHHBIE IJIS TUNEPOOTIUIECKUX
YPaBHEHUNM B OCHOBHOM, OQaKTHMUECKM HABJILITCA 3ajadaMu CoO
CBODOOIHBIMM T'paHMllaMM. 3alaHEl Pa30MKHYTHE HOCUTEJM IOaHHEIX
n TpebyeTcsa HaUTM BMeCTe C pemeHMeM ¥ 00JIacTb  UX
OnpenesyieHNs .

Xor4, Anmamap rnokasaJs, gTo 0Jida TUnepboaInMdeCKUX
YPaBHEHUNM MOTYT OKa3aTbCd KOPPEKTHEMM M 3amdady, TUINUHEE
OJI9 BJIMITUYECKUX ypaBHeHuM [4,5].

B paccnpoCTpaHeHUM pelleHUM TIUIepDOoIMUeCKUX YyPaBHEHUM
BaXHYII POJb nrpamnT XapaKTepUCTUUECKHUE MHOT'OODOpasmusga,
KOTOPHEE  ONpeneydalnTCcsa  JIMIb TJIaBHOM  4YacCTbl ypaBHEHUA.
[IoHATME DTUX MHOTOOOpasmuy BBOOUTCHA I[HO-pasHOMy. Hanpmumep,
OHU MOTYT OBITH PaCcCMOTPEHEH], KakK BOBMOXHEIE nyTu
pacnpoCTpaHeHMsa VHTETPUPYEMBIX Pa3pEBOB, WU KakK
MHOTOOOpasmsa, I[IOCTAaBJIEHHEE Ha KOTOPBIX HaudajibHEE 3alauu
HEKOPPEKTHE [6]. Bce omnpenesieHMsa NPUBOIAT K OOHOMY ¥ TOMY
Xe pes3yJbTaTy. STU MHOTOOOpasmd OPpMMedaTeJIbHEL M TeM, UTO
COCTaBJIAT TI'paHMULly WM €€ dacTb obJjlacTu OlIpenejieHus
pPeleHny TexX MM MHEIX 3alad.

CeMeVCTBO XapaKTEepUCTUK YyPaBHEHUMM C JIMHEMHOM IJIaBHOM
YacThbi0 HE BaBUCHAT OT HEU3BECTHEHX peumeHuy U O3 TOMY

obJjlacTM OIpeleJyIieHMs PelleHur 3amad uM3BeCcTHHl a’priori.

21



VIMEHHO TIOB®TOMY B IIOCTAHOBKE 3amad MHOTME aBTOPHl BapaHee
yKas3pBaloT, T'IOe ulleTcsa pelleHue. ECTecTBEeHHO, UYTO IJid
YPaBHEHMM C KBABUJIMHEMHOM IJIABHOM UYACTBI TakKas I[NOCTaHOBKA
BONpPOCa MCKJIOUeHa M BMEeCTe C pelleHMEeM IIPUXONUTCS MCKATb U
obJlaCcTh €TI0 OlIpenesyieHUS.

OBbcTaHOBKa CYLWECTBEHHO YCJIOXHAETCH, KOoI'Da ypaBHEHUE

Ha HEeKOTOPHIX MHOXeCTBax TepserT TUNepPBOSINYHOCThb n
napabosinuecku BBEIPOXIIAeTCH . MHOXeCTBO TOUekK 3TOTO
BHIPOXIIEHU A MOXET OBITE onpenejieHo He3aBUCYMBEIMU

nepeMeHHeEMM. Torma STO MHOXECTBO He 32aBUCUT OT pelleHUS U
BIIOJIHE oIpenejieHo. Ho MoxeT okaszsaTbCs, UYTO Hnapadbojimueckoe
BHIPOXIEHME OlpelnesigeTCcsa pelleHreM. B TakoM cJiydyae IaHHBE
3amadmn MOT'YT okas3aTbCH IPUYUMHON napabosinyecKoro
BHIPOXIEHUSA YPaBHEHUS.

He wMCKJIOUEHO, UYTO MHOXECTBO TOUeK IapabosmMueckoro
BEIPOXIEHMS CaMa OKaXeTCcsa XapaKTepUCTMUYEeCKOM JMHMeM. B
TaKOM CJlydyae II0CTaBJIeHHbBle 3alauy, B TOM UMKCJle U 3azada
Koum He OyOyT KOPPEKTHEIMM [7].

C TOUKM 3peHUsS IIOCTAaHOBKM 3amada Komm 1Jjig HeJIMHEMHEBIX
YVPaBHEHUM He BCTpedaeT [IPensaTCTBUM MCCJeloBaHUe
OCYUeCTBJISETCS M3BECTHHMM MeTomaMM. B cjydae KOHEUHOTO
HOCHUTEJIA YCJIOBMM pPes3yJIbTaTh I[IOJIyYeHBEl B YCJIOBMSAX INOBOJIBHO
CTPOTMX OTPAaHMUEHUM M OHM UYaCTO MMEIT JIOKAJIbHEIM XapaKTep.
Kpowme 3TOTO IOSBJIAITCHA ocoOble ABJIEHUSA IOOOOHEIE
TPaIMEeHTHOM kaTacTpobe, KOI'Ia HadaJIbHEIE HOCUTEJM M IaHHBEE
Ha Hely YCJIOBMA BMecCcTe C kosodbdmumMeHTaMM ypaBHEHUS U
3HAUEHMAMM pelleHMda ITJlaKMe WM OTpaHMUYeHHHEe, a IIepBHe
[IPOM3BOOHEIE pelueHnm BHe Ha4YaJIbHOT'O HOCUTENA Ha
onpeneJyIeHHOM MHOXECTBE TOUeK HeOTpPaHMUeHEH[8].

01 XapaKTepUCTUMUeCKMX 13alad »nejio oOOCTOMT MHAue.
dopmMyIMPOBKA XapaKTepUCTUUeCKUX 3amad oiis JIVHEMHBIX
YPaBHEHMIM He Bcerja MOI'yT PacIpOCTPaHEeHH Ha CcJydan
HEeJIMHEMHEIX ypaBHeHulM. OCHOBHBSA IIpMUMHA 5STOI'O—- 3aBUCHUMOCTH

CeMeNCTBa XapaKTEepUCTUUECKUX JIMHUM OT SBHAUEHUM MCKOMEIX
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pemeHny. HeoBOXoOMMO MNPMHMMATBL BO BHMMAaHMKE 3Ty 3aBUCUMOCTDH

opu nonbope HOCUTEeJeM XapaKTepUCTUUYeCKMX YyCJoBuM. llpu
3TOM eJecoobpasHo Takou nonbop HOCHUTeJen, UTOOH
bopmyMpoOBRKa 3amad KaK JJid JMHEWHBIX, TakK M HEeJMHEMHEX

YPaBHEHUM OKasaJioCb B o00mmMx pamMkax. CyHNeCcTBYIT Pas3JIMUHBE
BAPMAHTEL I[IOCTAHOBOK BTUX 3anad [8-17]. [locTaHOBKM U
VCCJIIOBaHME TakMxX 3Bamad C IPUYyPOUeHMEeM OOMMX MHTETPAalioB U
CTPYKTYP XapaKTepmucTUUe CKUX MHOT'0OOOpasuUu BIIEPBEIE
BCTpeuawnTcsa B paborax [18-20]. CrnemyeT OMETUTH, UYUTO IJd
HEeJIMHEVHEIX YPAaBHEHMM I[1O0Ka He CYIEeCTBYeT eIMHOM Teopum u,
IIO2TOMY, KaxXIoe YyPaBHEHME MM KakKou—-JmboO OTHEeJIbHEM KJlaccC
ypaBHeHUN TpebyeT UHIUBUIYAJILHOTO NOAOXOHA.

I BBIABJICHMSA KakuM 0O0OpasOoM IOOJDKHBL OBITh I[IOJOOPAaHEL
3TYM HOCUTENM YCJIOBMM IJid OIOHOT'O KOHKPETHOTO KJjlacca CTPpOTOo
Uiy napaboJMuecKM BHPOXIOANMMUXCS HEJMHEVHBX YPaBHEHUM B
OaHHOM paboTe OyOyT MCIOJB30BAHE 1) oduye MHTeI'PaliH,
[IOCTPOEHHHE Ha OCHOBE TeOpPUM XapPaKTEePUCTUK U 2) CBOMCTBA
noJiyvamnmeucs M3 UX CTPYKTYPH BTUX MHTeTrpaJioB. Teopwus
IIOCTPOEHUS OfOmMX MHTEeIpajioB MMeeT IaBHY MCTOpMIO. JITa
Teopusa OepeT Hadvajla U3 OQyHIaAMEeHTaJIbHEIX TpPpyIoB MoHXa,
Hapby, Typca [24],[25]. OCHOBHOW LeJyibl0 HOaHHOW pPab®oTH
aBJsgeTCcsa QOPMYJIMPOBKA UM MCCJEOOBAaHME XapaKTepUCTUUeCKUX
3anau IoJIs KJlacca ypaBHEeHUM OOy CKAOIMX SIBHEIE
npencTaBJieHUs OOmMMX MHTEeTPaJioB.

B OaHHOM pabotTe PacCMOTPEH KJlacc HEeJNIMHEWVHBIX
ypaBHEeHUM BTOPOTO nopsanka, TJIaBHAasS YacThb KOTOPEIX

NpencTaBJIgeTCsa OINepaTOopPOM
2 2
L) =, —uJu, —Quu,+u,—u, —Du, +@; —uu, (0.26)
3ToT ornepaTop ABJIIETCSA TunepboIMYe CKUM BIOJIb BCEX
OYHKUMM, MTOIOUMHEHHBIX YCJIOBUIO

u,—u,+1#0 (0.27)

Ecin ycijoBue (0.27) HapylmeHO Bes3Ie, TO OIIepaTop SABJSeTCs

Hapa(jOJ'H/[quKT/IM, a KOor'ola OTO YCJIOBME BEHIIIOJIHAETCHA Ha BCIOOY,
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ero cJjenmyeT OTHEeCTM K KJIACCYy OIlepaTOpOB  CMENaHHOT'O
runepbosio-napaboamueckoro Tuna [21-23].

KoMe yKa3aHHBEIX CYILEeCTBEHHHX OCODOEHOCTEM ypaBHEHUSd,
PaCCMOTPEHHEIE B IOaHHOM paboTe, WMMEKT BHPOXIEHME Iopsanka

Ha npamoy y=0 m B ofmeM BMAEe 3aIalOTCs COOTHOIEHMEM

yL(u) = f(u,,u,) (0.28)
BameTnmM, UTO  BEPOXIEHMe Iopslka pacCMaTpUBaeMBIX
YPaBHEHUMN IPOMCXOOUT HEe3aBUCHUMO oT pemeHmns . Taxkue

YPaBHEHMS MOXHO IIepenmucaTb ¥ B TaKOM BuIe, TIOe INOPSIOoK He
BHIPOXIAeTCs, HO B3aMeH MJIalmuMe UYJIeHB IIepecTaknT OHTb
OTPaHMUYEHHEIMM. B TakoM cCJjiydyae, pacCMaTpMBaeMbe YPaBHEHUS
c TyaBHOM uYacThbi (0.26) MOXHO OTHECTM K KJACCy HEeJMHEMHBIX
BapMaHTOB ypaBHeHMs OSuiepa-Iapby[24-26].

Vz-3a HaJIMumsa BCEX yKasaHHBIX ocobeHHOCTEN B
HauyaJIbHEIX ¥ XAPaKTEePUCTUUECKMX 3amadvax CJiedyeT BHABUTH
sbbexTH CIIVSAHUSA HEeJIMHEMHOCTHU, BRIPOXIEHU A nopsanka @ u
BHIDOXIIEHUSA TUIA .

C 2TON LeJIbIo HapAanoy c OpYy TUMM MEeTOOaMu
BOCIIOJIE3YyEeMCH oBmMMM MHTeTpajlaMu paccMaTpUBaEeMBIX
YyPaBHEHUM, KOTOphle OyAOyT I[IOCTPOEHH B HOaHHOM paboTe Ha
OCHOBAHMIM TeOopMuM  XaAPaAKTEPUCTUK. Hmxe  paccMaTpuUBaKRTCH

ypaBHeHUus, ofuyre MHTeTpajitl KOTOPHIX MMEIT CPaBHUTEJIHHO

IPOCTYI CTPYKTYPY .
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TnaBa 1.
OBbumi MHTEerpajyl OJHOI'O HEeCTPOI'O I'MIepboImMdYecKoro
YPaBHEHMsT C OOmMMM MHTerpajlaMM B BUIE CYMME ABYX

NPOMBBOJNBHEX GYHKIINMIA

§ 1. JocTaTOuHBEE YCJIOBUS CYHECTBOBAHMUS IJIaOKUX

VMHBAPMAaHTOB

Ha njockocTtu (x,y) PacCMOTPMM HECTPOTO IMIEepBOIMYecKoe
KBasUJIMHENHOE ypaBHEHUE
L(u)=F(x,y,u,p,q) (1.1)

I'JIaBHaAAd 4YacCTb KOTOPOI'O

2 2
Lu)=(q" —q@uxy +2pg+q—p—Duy, +(p~ + pluy,
onddepeHUMANBHE ONepaTop BTOPOTO HOpAIKa M COIJIACHO

obo3HauenmaM MoHXa p=u,, q=uy .

XapakTepucTUuIeCKMe KOPHM omnepaTtopa L
p=-Pr P (1.2)
q q-1
3aBUCAT OT I[POMUI3BONHEIX P.q HEM3BECTHOTO pPelleHusS U
onpenessioT B KaxIom TOUKe oBa XapaKTepUCTUUECKUX
HanpapJieHUs . Chiy7: HalpaBJleHUd MOTYT COBIIAATH, YyTo
BEHIpAXaeTCcsa YyCJIOBUEM
p—q+1=0. (1.3)
IO pemeHulM, BOOJIb KOTOPHBIX BHIIOJNHsAeTCS YycjoBue (1.3),
DaHHOe YyIpabBJjleHue napabonmnueckoe. ClemoBaTesIbHO, YCJOBUEM
(1.3) omnpenenseTcs kJjaccC NapadboJIMUeCKMX pPelleHUM YyPaBHeHMS
(1.1). Korma mnjisa HEKOTOPOTO KOHKpPeTHOTo pemeHus (1.3)
BCIOIY HapyueHo, TOoT'ma BIIOJIb Heé oaHHOe ypaBHeHUue
TUnepBoIMYeckKOoTo THUIla UM 3TUM YCJOBMEM olpelelisgeTcs Kjacc
TUNEPOONIUUECKHUX peleHmy YypaBHeHus (1.1). B ciaydae korma

ycyoBue (1.3) BEHIOJHSETCS TOJBbKO B M3IOJIMPOBAHHHX TOUKAX
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WIn Ha JIVHUAX, ypaBHeHUue TUIepBOINUECKOTO THIIa c
napaboyiMUYeCcKyM BLIPOXIEHUEM .

YpaBHeHue (1.1) MOXeT MMETb CTPOTO TIulepboIMUYecKue,
CTPOTO napadbosmueckue VZnpeZi napabosimuecKu BBIPOXII€HHEIE
TurnepboIMUyeckKme pemeHus. JMcxoms M3 3TOTro ypaBHeHue (1.1)
NPMHAOJIEXUT HECTPOTO I'MIePOOJIMUYEeCKOMYy KJaccy.

CooTHOmEeHU S XapaKTepUCTUUECKUX HalnpapJieHUM
COOTBETCTBYyKIIME XapakKTepmucTUUE CKIUM KOPHSAM (1.2)
OTIPEeNesianT XapaKTepUCTUUECKUE MHBAPMAHTH ornepatopa L . 2Twu
BEIDAXEHMsS IJIS KOpHeM A4 m Ay COOTBETCTBEHHO ¢=u+x U
n=u-y. o1 BCcex PpeleHuM 5BTU MVHBAPMAHTE COXPaHST
IIOCTOSHHOE 3HayYeHue BIOJIb COOTBETCTBYIOUNX
XaAPaKTEePUCTUUECKUX JIMHUM .

IaHHOe ypaBHeHUue (1.1) ofumero BMUIaAa M OpPencTaBJgeT
OOBOJILHO UMPOKMM KJIACC YypaBHeHuM. g YypaBHEHUM DBTOTO
Kjlacca  MCCcJlemoBaHUue IIOCTaBJIEHHBIX 3amad  MOXHO BEeCTHu
Pas3HEIMM MeTOoIaMM, XOTd pesyjbTaT OyIdeT MMeTb B OCHOBHOM
JIOKAJIbHEIM XapakTep. na ypaBHeHusa (l.1) paccmMoTpuM 3ajady
Komm w® HeJMHENVHEE BapMAaHTE XapaKTepUCTUUECKOM 3aladly,
KoTrma mnpaBas dYacTb F KOHKPETHOTO BuUIa, IJ9 KOTOPOTO
BO3BMOXHO sBHOe IIpeIcTaBJjieHMe oO0mero MHTerpajla U 23TOT
MHTeTpaJl KakK MOXHO IIPOCTOM CTPYKTYPH.

Kax wmsBecTHO, [31] IOJIS IIOCTPOeHus obmero MHTeTpala
OOCTAaTOUHO MMEeThb IIPOMEXYyTOUHEE MHTeIpPalkbl, a B CBOD
ouepelb DBTU IIPOMEXYTOUHEIE MHTEeTIpaJibl I[I0JIydalnTCsd Ha OCHOBe
[IEPBHX  MHTEeIPaJiOB XapaKTepMUCTUUEe CKUX oubbepeHLMabHBIX
COOTHOWEHUN U XapaKTEePUCTUUECKUX MHBAPUAHTOB.

IndbepeHUMasIbHEIE COOTHOUEHMS, COOTBETCTBYIME KOPHI 21,

rMeeT BUI

d +p—+1 :0’
7 F (1.4)
dp - 4 dg - 5 dx=0
-1 " ¢"—q
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IndbepeHUMaNIbHEIE COOTHOUWEHMA, COOTBETCTBYKIME KOPHIO lz,

3amMmmyTC4d Tak

dy+—£—dx:0,

qg-1

—p+%M— ;ch:Q
q 9" -9

dp

YumreBas obOo3HaueHmMsa MoHxa, o6e cucremer (1.4) m (1.5)
clJlenyeT HOONOJIHUTE YCJIOBMEM
du=pdx+qdy. (1.6)
XapakTepucTuueckme npubdepeHlManbHEe CcooTHomeHus (1.4),

(1.6) m (1.5), (1.6) cocTosaAT M3 TPEX YPABHEHUMW U COIEPXaT

NATb HEWMB3BECTHHKX BEeJMUYMH X,V,U,pP,J . Bce 2TM BEJIMUYMHH
CBASHBAT MeXIy COOOM IIepPBBE MHTETPAaJb E(x,y,u,p,q) u
n(x,y,u,p,q) mubbepeHUMATBEHEX COOTHOIEHNA (1.4), (1.6) wm
(1.5), (1.6).

Ham w®3BeCTHH IO OOHOMY I[E€PBOMY MHTETpaJly COOTHOIEHUN
(1.4), (l1.6) m (1.5), (1.06).
Jicxomsa M3  CUCTEMEL (1.4), (1.06) IOJIa CylleCTBOBAHUSA

[IPOMEXYTOYHOTO MHTeIrpajia TpebyeTcs [NOCTPOEHME ele OIHOTO
XapaKTepPUCTUUIECKOTO MHBapuaHra & .
Ina nepsoro murerpana &(x,y,u,p,q) wu3s cucrtemu (1.4),

(1.6) monydyaercs

p+1 F
My (8):=¢, _—gy —Su +2—§p =0,
4 9" —q (1.7)
My (&)=p-&p+(g-1Dé, =0.
CcoCTaBJIeHHAA croBbramMu lyaccoHa cucreMma DTUX IBYX

YPaBHEHUM MOXHO IOIIOJIHUMTEL IO INATM ypaBHeHuM. Ho Tak kak
cucTemMa  IOOJIXHa  MMeThb TOJILKO  IBa IEepPBEX MHTeTpalna,

COTJIaCHO TeopeMe AxoOkI, n3 DTUX oaTu YPaBHEHUMN
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HE3aBUCUMHX HOOJDKHO OBITH TOJNBKO Tpu [31]. Ilocie pacumpeHms

M HEKOTOPEIX YIIPOIEeHUN 6yneM VIMETH @

M3(&)=[p(qg-1)—(g-D*1&, +H &,

M4(&):=(@q-DF+H)E, +lq(¢-DH,—(p+1)(g-DH, -
—q(q-DH, +F-H, —(p—q+1)(g-DF,-H -F,]5, =0,

M5(8):=2(q-)(p—q+D¢, +[p-H,+(q-DH,-H)S), =0,
rne H=FQ3q-1)-p-q-F,-q(g-DF, .
JleTko BUIOETH uTo TpoMKa onepaTopOB M My, M

He3aBUCUMEI. HeMCTBUTEJILHO, €CJIM PaCCMOTPUM MaTpULy

1 _ptl -1 ZF 0
q q-—q

0 0 0 p qg-1

0 plg-D-(g-D* 0 H 0

0 (g—1)(F +H) 0 T

0 2(q-D(p—-q+1) 0 p-H,+(g-DH,-H 0

roe

T'=q(q-DH, —(p+Dg-DH, —q(¢-DH, +
+F-H,—-(p—q+D(g-DF,-H-F,

HEeIlIOCpeOCTBEHHEIM BEIUMCIIEHVEM YGSHMMCH, UTO PaHT DTOM

MaTPMULE PaBEH TPEM.
Yro kacaeTcs omnepatopos My wu My, nyisa cymecTBOBaHMA
IOIBYX IEPBHX MHTEIPAJIOB CJlemyeT NOoTpe®oBaTb, UWTOOBL
2 2 2
—(p=q+D)pq~(q-DF, —(p—q+Dg~ (g1 Fy +
2
+pq(p+D)(g-D(p—g+DF,, +(p—g+D(q-1"qF,, +

2 2 2
+(p—q+Dpq~(q-DFy, +(p—q+Dq~(q-1)"Fy, -
—-(p—q+D)p-q-F-F,,—q(qg-D)(p—q+DFy, - F+
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+(p—q+1)q(g-1)Bq-DF, —q(¢-1)Bp+2)F), —q(¢-1)3g-DF, +
+pq(l —pq)Fﬁ +q(q-DA+2pg)F), - F, +4°(q —1)2Fq2 +
+(6pg—pg—qF -Fy+q(qg—1)(6g-DF - F, +

+(3g-1)(3g—-2)F? =0, (1.8)

p2 Fpp+2p(g—DF),, +(q—1)2qu—2pr +2q-DF, +6F=0.(1.9)

AHAJOTUYHO paccMOoTpuM auddepeHLMabHEe CcooTHoweHusa (1.5),
(1.6). Mel BHaeM OIMH M3 IIepPBHX MHTEI'PajioB D3TOM CUCTEME

n=u-y. s IIOCTPOEHUSA  IPYyI'UX IIePBEIX  MHTeTpPajioB

paccMaTpMUBaeM CUCTEMy JIMHEMHEIX yPaBHEeHUN [NepBOTO IIopsalka

-1 F
Lip=1— My =My =My +—1, =0,
p Pq (1.10)
Ly(m):=(p+Dn,+q-1,=0.
llonyueHHas cuctema (1.10), pacumpsercs ckobkammu IlyaccoHa

CllenyomyMY TPeMs ypPaBHEHMSIMU
L3(m):=q(q=p-Dn,+K-n, =0,
Ly(n):=qK(q=D)~F - plne +[peg DK, ~p*gK, ~p’q- K, +
+p-F-K,-pglg—p-DF,—K-p-F,+K-Fln, =0,
Ls(n):=-2q9(q-p-Dn+(K-(p+DK, -q-K,)n, =0,

roe

K=Q@p+)F-p(p+DF,-p-q-F,
Kaxk nnsa cnyuas (l1.7), B3Iecb aHaAJOTMUHO OOKA3BBAETCS, UTO
OonepaTOopPL Ly, Ly, L3 He3aBUCUMEHL. g CyHEeCTBOBAHMUS eme

OIOHOTO IepBOTO MHTerpasa crenyerT norpeboBaTh 4TOOH

OIepaTopH L4 u Lg OBLIM JIMHEMHO 3aBUCMMBL OT OIIepaTopoOB

Li,L,,Ly. CormacHO 3ToMy TpPeOGOBAHMIO  MOXHO 3amucaThb
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Fylpq(g—1)(qg—p-1)@Bp+1)—pg(qg—p-1]-
~p*q(q-p-DBp+DF, - p*q(qg— p-DBp+DF, +

+pr[p2q(q -D(p+Dg—-p-DI+ pr[p3q(p +1(g-p+D]-
~Fulp*a*(@-Dg-p-DI+Fy(g—p-Dpe* +

+Fpulpa(q=p=D(p+ D1+ Fpulp’q* (g p-D+Fy(g-p-Dpq* +
+F-Fpl-p(p+D(g—p-1)—-plg-p-DEp+2)]+

+F-F,[-2pq(g-p-Dl+(p+ g - p-DF; +F}(p>q* (g -1+

+p%4(q=p=DF, Fy = p*(p+D(g=p=DF -Fpp = p*a(qg—p=DF -Fyy +

+FH@p+1)g-p-1)+3pg—p-1]=0, (1.11)

2 2
(p+D)"Fpp +2q(p+DFpy +q~ - Fyy —4p+1)F, —4q-F, +6F =0. (1.12)

TaxkuM OOpasoM ClpabBeljiMbBa

TeopeMa. [y ToTro 4UTOOH cucTeMu (1.4), (1.6) " (1.5),
(1.6) wmMmenmu TOUYHO IIO IBa IIE€PBHX MHTeTIpaja, OOCTaTOYHO
YT OOBL nepsasa yacThb YPaBHEHUSA (1.1) YIOOBJIETBOPAJA

cooTHomeHuam (1.8), (1.9), (1.11), (1.12).
§ 2. BamaHME TIPaBO¥ YacCTM Ha CTPYKTYPYy OBmero mMHTeTrpasa

Kax BumomM Hamy TpeboBaHMa OTHOCUTEJNIBHO OyHkumm F He
YCTyHanT CJOXHOCTBK OCHOBHOMY YPaBHEHMIO (1.1). Hamen
HeJsibi0 He SgBJISeTCsS WHTeTpupoBaHue ypasHenun (1.8), (1.9),
(1.11), (1.12). Ha wx OCHOBE MHl IMOIHTaeMCsa [10100paTh
TakKoOM [OIOKJIaCC YPaBHEHUM (1.1), IOJI KOTOPHEIX YyIOaeTcsd
IIOCTPOEHHUe OfbmMX MHTEeIpajloB B SBHOM BUIe. HampuMmep xorna
npaBasg YacTb ypabHeHusa (l1.l1) paBHa HyJIO. OOmMM MHTeTpal
CTPOUTCS SBHO M MMEeT IOBOJIBHO IMPOCTYI CTPYKTYPY

flu+x)+gu—y)=x. (1.13)

Kak BoscHaeTcsa wuHTerpasa (1.13) MOXHO NpPencTaBUTb U B

OPpYyT'OM PAaBHOCMJIBHOM BMIEe. B UYaCTHOCTM, €CJAM [IPOUI3BOJIbLHEE

byHkUuMM B mMHTerpajie (1.13) Bo3bMEeM B BUIE
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f(z)=az+ f1(2),
g(t)=—at+g (),

TOe « HEKOTOpOe MNPOMBBOJILHOE YMCJIO, a depes3 fI u g

oDOBHAUEHE HOBHE I[IPOM3BOJIbHEIE OyHKUMM. Torma MHTeTpall

(1.13) MOxHO 3amnmMcaTb TakKuM oOpasoM:

filu+x)+gu—y)=(1-a)x—ay. (1.14)

MuTerpan (1.14) He cJenyeT paccMaTpMBAaTh Kak oOoDueHUue

npencraByeHms (1.13). Taxum o6pasoM, B Cliydyae HYJIeBOM

npaBoM dYacTM ypabBHeHusa (l1.1), ero obumi MHTEIpajl MOXHO

IpencTaBuUThb B SABHOM BUIE Pa3HBEMM VIOEeHTUYHBIMU
COOTHOWEHUAMHA .

VI3 kJjacca 3ajaHHOTO YypaBHeHuMsS (1.1) C TOUKM B3BpeHUd
IMIPaKTUUECKUX n TEeOpEeTMUYECKUX MCCHeHOBaHMﬁ, MHTEePp e CHBEIMM

ABJIAITCA YPaBHEHUA CO CHGHM@MHGCKHMM IIPaBBEIMM YaCTAMU

*
L) =y —uy + )8 (1.15)
kx—ky
roe byHKLMA k(x,y) 3amaHHas rranKas byHKLMA "

COOTBETCTBYET BO3IOEMCTBMSAM BHENHBEX CWJI ClHeluMalJilbHOT'O BuIa
B IubdepeHUMAJIEHEIX MOIeJNaX OQM3MUEeCKUX [IPOLleCCOoB. 3mecshb

BBeNeHO OOO3HAaUeHUe
* 2
L (k) ==K (uy —uyYuy —uy, + D)+ Ky, Quyr), —uy +uy, —D(uy —u), +1)—-
2
— Ky, (uy +uy)(uy —u,y, +1).

Kaxk BHIICHSAETCH npaepasd JacThb YPaBHEHMSA (1.15)
YVIOOBJIETROPSAET BCEM YCJOBMAM IPUBEOEHHOM BHIIE TeOPEME.
OTcroma cJjemyeT dTo cooTBeTCTByKIMe IOuddepeHLMATIbHEE
COOTHOIEHUS VIMET TOUHO o oBa [IePBHBIX MHTeTpasna.
CrnemoBaTeNbHO, IJIS HOAHHOTO YPAaBHEHMS BO3MOXHO I[IOCTPOEHMUE
obmero MHTeTrpasia. Ecan MBI Oynem cJIenoBaTh MEeTOIY
XapaKTEePUCTUK, HEINOCPEOCTBEHHEMM BHUMCIIEHMAMU YyOexmaeMcHd,

YTO TIIPEenCTaBJIeHMe ob0mero MuMHTeTrpajla ypabBHeHusa (1.15) He

TOJIBKO CylleCTBYyeT, HO BOBMOXHO €& sABHOEe IIOCTPOEHue.
PemeHre npexncraBiisgeTCcsHd, Kak CyMMa IOBYX I[IPOM3BOJIbHBIX
dyHKLIUM
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fu+x)+gu—-y)=k(x,y), (1.16)
roe f u g NpOM3BOJIbHHE OBaxIH mubbepeHuMpyeMmble QYHKLINN.
Ha ocHOBaHuM TnpencTaByieHus (1.16) obumero wumHTEerpala s
ypaBHeHus (1.15) MOXHO mMCCJIemoBaTh pasJIMUHEE 3amjauM. B
TOM UMCJIe 3Bazjauyy Komm a Takxe HeKOTOpPHe HeJIMHEMNHHEe
BapMaHTH XapaKTEepMCTUUEeCKUX 3alad.

Ina winmocTpauuu Bo3bMeM obyHKUMDO k(X,y) opocTelmero BuUIOA.

TeopemMa. Ecmu k(ny):yz, Torma ypaBHenme (1.15)

MeeT BUI
1
Lu)=——p(p+D(p—q+1) (1.17)
y

¥ ero ofbmMM MHTerpaJ npencraBisgeTrcsa QopMmyJion

fu+x)+gu—y) =y, (1.18)
roe f}g IIPOM3BOJIbHEIE IOBaXIE HENPEepPBBHO OMdbepeHUMpPyeMbIe

OYHKLIUM .

[Ilpexne uYeM Iepe’TM K IOKAazaTeJIbCTBY TEOPEeMH, 3aMeTuM,

gTo IOJIA HEKOTOPEBIX peLLIeHI/HZ npaead JacTb B OKPECTHOCTN

npsaMomn y=0 MoxeT oOKaszsaTbCsag HEOTPaHWUEHHOM. Ilo3ToMy
yPpaBHEeHUE (1.17) MOXHO paccMaTpuUBaTh KakK OIOVH n3
HEeJIMHEVHEIX BapMaHTOBR WM3BECTHHX ypaBHeHUM Omiepa-lapby
[22].

IokazaTengsbCcTBO. CuCcTeMa COOTHOIEHUMN

gdy+(p+1)dx=0,
(g—Ddp+ pdg+ p(p+1)(p—q+1)dx=0, (1.19)
du=pdx+qdy

COOTBETCTBYET XapaKTepUCTUUECKOMY KOPHIO 11, a Oopyrad

cucTeMa onpenesyiéHHas KOPHEM Ay, MMeeT BUI
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(g—1dy+ pdx =0,

yq(q—Vdp—y(p+1D(qg—1)dg+ p(p+1D(p—q+Ddx =0, (1.20)
du=pdx+qdy.
HauunéMm c paccmoTpeHus cucteMel (1.19). Bromsa oBOo3HAUEHUSA

E(x,y,u,p,q) Inis mepBOTO uMHTerpasia cucremel (1.19), nosmydaewm

CUCTEeMY JIOBYX JIMHEMHBIX IMObOepeHLMallbHEIX YPAaBHEHUM I[IepBOIO

nopsanKa:
—-q+1
Li@)=—Tber gy —ng, - P, =0,
p | p Yy (1.21)
o q9- _
LZ(&)-_ gp +_§q =0.
p
Kak MBBECTHO [31] npouecc IIOCTPOEHMSA [IEPBBIX

VHTEeTpaJjioB cucTemel Buma (1.21) cBomaMTCHS K MVHTETPUPOBAHUIIO
HEKOTOPOM TIMOJIHOM (B CMeIcJie HAxoOu) cucTeMH. g CcBeOeHUd
cuctemel (1.21) K TOJIHOM CHUCTEME pacClMpMM €€ MPpKY [IOMOIIM
ckobok IlyaccoHa:

—-q+1

L3(8)= Li(Ly(€) - Lo(Ly(€) =P (&, - £, =0, (1.22)
p(p+1)

Kax BuIOHO, ypaBHEHUEe (1.22) JIMHEMHO  HeBaBUCUMO C

ypaBHeHusaMu cucTeMu (1.21). JanbpHelmee MNIpMMeHeHre CKOOOK

[IyaccoHa Kk pacummpeHHoM cucteme (1.21), (1.22) naér HOBHE

YPaBHEHUA, KOTOPEIE npeaCTaBVIMEL JIVMHEeVIHLIMU KOMGT/[H&LLMHMM
BXOIOAMMUX B Hel  ypaBHEHUMN. CrylemgoBaTEeJILHO, OOHOPOINOHAasA
cucrtema (1.21), (1.22)

L,(6)=0, k=123,
TIe OIepaTOpPEH [% onpenejyieHs dopwmysyamm (1.21) n (1.22),

ABJISETCS IIOJIHOM o HAxobu.

Boobme roBOPsA, wMHTerpasn cucrtemua (1.21), (1.22) wMoxeT
3aBUCHUT OT BCeXx OSTV apryMeHTOB. Mu OymoeM CJienoBaThb
KJIaCCUUECKOMY MeTony MUCCJIenoBaHUA COBMECTHEIX cucTeM
YPaBHEHUM B UYaCTHHX I[IPOM3BOIHEIX I[I€pBOTO TInopsnka [31],

[32] Buma (1.21), (1.22).
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[lepenumeMm cucremy (1.21), (1.22) B BKBUBAJIEHTHOM

YIPOWEHHOM BUIE :

X1(8) =k —¢x =0,
o (¢-Dy _

X2(§)~—§p+p(p_q+1) » =0, (1.23)
—e ___ Y _

X3(§)-_§q p_q+1§p 0

¥ BBeOEM HOBYI TPYNIy [epeMeHHHX zj,k=1,...,5 crnenyomm
obpa3oM:
Z1 =X, Zp =), Z3=UTX, Z4 =P, Z5=(.

B TepMmmMHax NepeMeHHHX zj cucTeMa (1.23) HNpuHMMaeT BUL

Yl(é) = 521 =0,

(z5 —Dzp
Y, (&)= =57 E e, 1.24
2(8):=&;, + 2a(za—zs D) ¢z, ( )

)
Y3(8):= ¢, —24_—25+1§zz =0.

Kak BMIHO M3 M[NEepBOTO ypaBHeHus, wuHTerpan & HEe S3aBUCUT

OT apryMeHTa z; M OCTaéTCda uYeTBEpKa apryMeHTOB. BTopoe
YyPaBHEHME  PAaBHOCMJIIBHO crenypumey  CucTeMe OOBIKHOBEHHBIX
oubbepeHUIMANbHEIX YPaBHEHUM I[IepBOTO IHOopgnKa, CoIepXallMx

ApPTyMEeHT Z5 B KaudecTBe [apamMeTrpa

dzy _z4(z4—z5+1) _dz3 _dzs
1 (z5 —Dz3 0 0

IBa MHTerpajla KOTOPOM z3=C U Z5=C YyCMaTPUBAKOTCHA HEIOC-—

Z4z
pencTBeHHO. TpeTuii MHTerpaj ——+—2—=¢ MOXHO ONpemesuTh
z4 —z5+1
U3 ypaBHEHNHA
dZ4 d22

z4(zg —z5+1)  za(z5-1)

TOe BeJMUMHA ZzZ5 MWIPaeT ONATh POJIb HapaMmeTpa.

34



BBeleHVMEM HOBOT'O PeTyJIASPHOTO IpeoOpal30BaHMUsa II€pPeMEeHHBIX

ZpZ
h=z1, D= 422

=, 13=12z3, 14 =24, I3 =25 YPaBHEHUA
z4 —z5+1

Y,=0, Y3=0 npuHumManT BUZX

og

R (é) =—=0,
2 6l4
g
R3(&)=—==0
ats
COOTBETCTBEHHO.
ZpZ)
TaxuMm oOpasoM, YCTaHOBJIEHO, UWTO BEPaXeHMue [p=———"
z4 —z5+1

ABJISETCSA TIE€PBEIM MHTETPAJIOB pacCMaTpMUBAEMOM CUCTEMEL M B
TEPMMHaX MCXOOHEIX TI€PEMEHHEIX €I'O MOXHO IpeInCTabBMTb B BUMIOE
& = py
! p—q+f
CnemoBaTenbHO cucTeMa (1.21), (1.22) mMeeT OBa UM TOJBKO
IOIBa HE3aBMCHMMEBEIX OBaXIObl HENPEePBBHO IUPOepeHLMPpYyEeMBIX I1€PBBIX
MHTEI'pajla M OHUM oba npeaCTaBJIEHEI B ABHOM BMIE (DOFHAYJHiMVH

py

————IT. (1.25)
p—q

S=u+x, &,=

STu m[nepBble MHTEeI'pajlbl yCMaTPUBAJIMCh HEINOCPEINCTBEHHO U3

CUCTEME (1.19) nnpdepeHLMaIb HEIX XapaKTepnCcTUUe CKUX
COOTHOWEHUN . OnHaxo MBI IpOBEU IIOJIHEBIN aHaJn3
XapaKTepPUCTUUECKOM CUCTEMHI, uTOoOH — ybenmmurcsa uTo 2Ta

cCuCTeMa He MMeeT IPyTMX I[IePBEX MHTEeIpajioB.
s IepBOTO MHTeTpala n oubbepeHLMalb HEIX
XapaKTepMCcTUUEeCKUX cooTHomeHun (1.20) Takxe uUMeeM CUCTEMY

IOIBYX YpPaBHEeHUM

1- -g+1
LI(U)E—qnx +77y 1y _&nq =0,
P (1.26)
Lo =n,+—L—n, =0
AU)) p p+177q

pacumpsaeMyio CckobkxamMu IlyaccoHa OO IIOJIHOM IO AKODOM CUCTEMEL:
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Xl(n):nx :0’

X5 ()= D

(p—gq+D(p+D

(ny +ny +77p):07

y
X =M, +n, + =0.
3(1) p_q+1(77y Mu+1q)

STa cucrTeMma MHTETPUPYETCS aHAJIOTUUYHO npellnymen .
Joxas3pBaeTCs, UYTO OHAa TakXe MMeeT IBa M TOJbKO IOBAa IBaXIH

HenpephlBHO aubbepeHLMaIbHEX IIE€PBHX MHTeIpasa:

+1
m=u-y, UzZ-JQ———- (1.27)
p—q+l1
Kaxk  wm3BEecCTHO, cucreMme (1.19) YIOOBJIETBOPHIET aobasa

QYHKLMA OT OBYX I[epeMeHHHX BesuuuH &,5 . AHAJIOTMUYHO, OOmMM
VHTeTpall CUCTEMEL (1.20) npencraBJjigeTCcsd IPOMBRBOJILHOM
byHKLUMEV apT'yMEHTOB n,n . Orcoma cJlaenyeT, UYTO Mexny
XapaKTEePpUCTUYECKUMY MHBapuanTtamu &,5 ¥ MHBapuaHTaMmu  1,7]

MONapHO CYWEeCTBYIOT OQYHKLMOHAJILHLEE CBABMU:
1 ' 1 '
51:5f(§)5 771:5g(77)a (1.28)

roe f,g NpomM3BOJIbHEE GYHKIMUM KJjacca CZ(RH.
CnemoraTesibHO, YypaBHeHue (1.17) nmomyckaeT POBHO JBRa

IPOMEXY TOUHBIX VMHTEerpasna, npelCcTaBJIEHHBIX B TepMMHax

XapaKTepPMUCTUUECKUX MHBAPMAHTOB B Buie (1.28).

B mcxomHBIX IIEPEMEHHEIX 2TV IIPOMEXYTOUYHEIE MHTEI'PAJIBEl VMMEKT

BUI:
ou 1 ou Ou
- _ + ___+1 5 1.29
);8x Z‘fﬁ(u x)(éh: oy J ( )
ou 1 ou Ou
— +1ll=—o"(u—- - +11 1.30
y( Oox j 2g (u y)( ox oy j ( )

Mel OyIneM cJIeIOBaTh KJIACCUUECKOM CXeMe IOCTPOeHMsS ofumero
MHTeTrpajya ypabHeHusa (1.17) Ha OCHOBAHUM [IPOMEXYTOUHEIX
vHTEeTpajios [25].

V3 (1.29) m (1.30) onpenenvMm BeJIMYUMHH :
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PR A1 M 45
NOEG) HOEG)

a 3aTeM IIoIOCTabBMM MX B YCJIOBME COIJIAaCOBAHHOCTHM:

VAG I ()L,

gHSE g+ E)

VHTeTrpupys MNOJIyUeHHOE PaBeHCTBO JIET'KO IIPUMXOOMM K

COOTHOUWEHNIO

2
f@&)+gm =y, (1.31)
KOTOpOe C Y4Y&TOM IepBHX COOTHomeHwm m3 (1.25), (1.27),
PaBHOCUIIBHO IMpPelCTaBJIEHMIO MHTeTrpajia ypaBHeHus (1.17) T.e.

npuHyuMaeT Bun (1.18):
2
Su+x)+gu-y)-y= =0.

JleMmMa. EcCiy NPOMBBOJIBHEE QYHKLMU jlgwEC&(Rl) TO
cooTHomeHue (1.18) saBmsgeTcs oOIMM MHTETPAJIOM YPaBHEHUS
(1.17).

HeCTBUTEJNIbHO, W3 IIOJIy4YeHHEX IuddpepeHUMPOBAHMEM IO X, )
paBeHcTBa (1.18) COOTHOUEHUN

{(“x +D fu+x)+g'u—yu, =0,

1.32
uy £+ )4y, ~1) g = 1) =0 22
ompenesgeM Mpou3BonHue f',g' MPOM3BOJILHEIX OYHKIIUMA.

[loBTOpPHOEe mubdbepeHLVPOBaHME cooTHomeHur (1.32) npwBOomUT

Hac K cucreMe TpPEX COOTHOWEHUNA OTHOCUTEJIBHO [IPOM3BOIHEIX
f'l gl'
" 2 1 " 2 \l
Sy DT+ U+ Xuy + g (- y)ux + g - yuy, =0,
" 2 Al " 2 1
Sy + )y, + g - y)u, -1 +g' (- yu,, =0,
S x) g+ Dug, + f1 W+ Xy, + 8" = y)uy (uy, =)+ 8" (= y)uy, =0,
TIe I[epBhHE NPOMU3BOIHEE
flu+x), g'u-y)
yXe  OIpeneJyieHbH M3  [IpeIbnylen cucTemel.  Ecim  u3

IIPOM3BOJIBHEIX IBYX ypaBHeHV[ﬁ IoCJIeIHEN CUCTEMEBI onpeneJqinTb

BTOPHEE [IPOU3BOIHLIE

f'utx), g'(u-y)
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¥ BHECTM MX B OCTAaBUENMCs TpeTbe YypaBHEHME, Mbl I[IOJIyUUM
paccMaTpuBaemMoe ypaBHeHme (1.17), dTO u TpeboBaJIOCH.
Urak Helle MOPpenJIOXeHMe IIOJIHOCThI IOKa3aHO T.e. obumumn

VHTeTrpasl ypaBHeHus (1.17) wmmeer Bunm (1.18).
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T'nmama 2. 3agaua Koum
§1.06umit cirydain
Huxe paccMoOTpuUM 3amauy Koum oJjisa YPaBHEHUA
(1.17) .IlpumMeHeHreM OOmWMX MHTETpPAaJIOBR 3amauva Koum, a Takxe
Opyrue 3azjadyu, B TOM UMCJIe U XapaKTepucTUueckue, OBUIU

MCCJIegJOBAaHEI IOJIA KBa3WMJIMMHEVMHBIX HeCTpOI‘O—I‘MHep6OHquCKT/LX

YPaBHEHUM Paz3JIMUHEIX BUIOB B paborax [9],[10],[18],[26-
30]. B OCHOBY MCCJeIOBaHmMsa 3azmaum Komum 1Jjig YpPaBHEHUSA
(1.17) Taxxe OyImoeT I[IOJIOXEHO IMIpelcTaBJIeHMe ero obmero

vHTeTpasa (1.18).

PaccMmaTprBaeMasa HaMyM 3azada paBHOCUIIbBHA 3anmauve Komwy,
BTOM CMEICJIE,YTO Ha HOCHUTEJIe IaHHBIX B3aMeH IMIPOMU3BOINHOM IO
HOpMaJu, 3ajaHa [OpOMBBOIHASA I[IEepBOTO Iopsalka MCKOMOTIO
pemeHrsa 1o JIoOOMy —OPYyI'OMYy HeKacaTeJIbHOMY  HallpaBJIEHUIO
[12].

[IlycTe y 3amaHHad pa3OMKHyTasda IJladkasa nOyra XopmaHosBon
KPMBOM, OJHOBHAYHO MNpoelupyeMas Ha KOOPAMHATHHX OCHAX.
[lpennosyioxmMM, UYTO OHa I[IpelCTaBJiIeHa IapaMeTpMYecKM CTPpOIo
MOHO T OHHEIMU byHKUMAMM ﬂJJEszJ] IOJIVIHEL OyTu S,
OTCUMTHIBAEMOY OT OIOHOM M3 €€ KOHEUHHX TOUeK. [IycTb
9 eC?0,lly e C'[0,I] Taxxe sanmauube GyHKLWI.

Bamava 3BakJo4yaeTcsa B 2 CJenyolleM: BMecTe CO CBOeU
0BJIaCTBI0 OIpeleJieHMd HauTu peTryJiapHoe peleHue u(x,Vy)

ypeBHeHua (1.17) ynoBJjeTBOpAKllee YCJIOBUAM

u!ﬁco(S) (2.1)
sel0,/]

uy‘yzl//(s) (2.2)

Iz-3a HenuMHeMHOCTM YypabHeHma (1.17), oT OoyHKUMM @ U Y
3aBUCUT MHOT'O€, B TOM UMCJIE U PaspelMMOCTb IIOCTaBJIEHHOM

3aa4dln. [TosToMYy, nmpexnoe ueM IIprucTyIiaTb K MCCJIegOBaHMIO

39



IOCTaBJIEHHOM 3agadu, BBEIACHVIM HaCKOJIBKO COIJIaCOBAHEI

HadaJlbHBEIE BO3MYyUIEHSA ¢ M Y C ypaBHeHmeM (1.17).

CrnepBa omnpelnesyiMM 3SHaAUYeHUs XapaKTepUCTUUEeCKUX KOpHeM

(1.2) vypaBHenmsa (1.17) Ha HoOCHUTeJle ¥ HaUaJIbHBEIX IJIaHHEIX
(2.1), (2.2). OTM KOPHM BHPAXAKWTCS SHAUYEHUSAMY IIPOM3BOIHEIX

[NepBOTO MOPSNKAa MCKOMOTO pemeHusa. IpomssonHas u,[A(s), u(s)]
Ha HOCHMTEJIe IaHHEIX Jy OINpelejieHa ycJoBueM (2.2). IOpyTras Xxe

npom3BoIHaS U onpenensgercsa aubbepeHUMPOBAHMEM YCJIOBUS

X
(2.1) o aprymMeHTy S

U [A(8), 1($)]- A'(8) +u, [A(9), u(s)]- p'(s) = @'(5)

Y MOACTAHOBKOV NPOU3BONHOM U, =/(s) MOJYydYEeHHOE PABEHCTBO

! !
o —VH _
u[A(s), u(s)] = BT p(s) (2.3)
/I3 HamMx NPEennoJIOKEHUM OTHOCUTEJIBHO OyIM ), ClenyeT
OTPAHUUEHHOCTbL D3TOM IMIPOM3BOIOHOM Ha BCEM HOCHUTEJIe IOaHHEBIX
(2.1), (2.2).

[JonCcTaHOBKOM 3TUX 3BHAYEHUM U,, u, B (1.2) Bropaxaem

u Jepes3 HadYaJlbHBIX IOAaHHBEIX B BHMIE:
}'1 12

PR el 0 3 PR
1_ ’ 2_ ’
Z A'l-y)

yeM Mbl OlpefejigeM HalpaBJIeHMEe XapaKTepUCTUK B  KaXIOoM

(2.4)

TOUKe KPUBOM y. BesycJioBHO, He VCKJIOUEHO, uTo
XapaKTEepPUCTUUECKME HalpaBJIeHMS B HEKOTOPEIX TOUKaxX MODYT
coBmamaTb. 2DTO MNPOMCXOOUT KOTIa ﬂ”yzlzb,qTo PaBHOCUJIBHO
PaBEeHCTBY

o'+ A —y(A+u)=0 (2.5)
B TakoM ciydae Ha HOCHTeJIe IaHHEX Y ypaBHeHume (1.17)
napaboyiMuecKky  BHPOXIAESTCH. 310 BHPOXIEHUE, KaK  MH

BUIOVM, 3aBUCUT HEe TOJIBKO OT KPMBOM Y, HO UM OT 3BHAUEHUN

NPOU3BONOHEX Uy = p(s), u, =y(s) Ha >TOM KPMBOM. OTO - sddexT

HEeJIMHEMHOCTHU ypaBHeHMsa (1.17).
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g IIPOCTOTEL JaJlbHEeMmero N3JIOXEeHMA BBeIIeM

obolzHaUeHUE

—v'
y7;

2 2
p— , +
H@)EW ,W])_p p
A
roe p(s)=[p'(s)—y () ()" .
Teopema. FEciam Bcoonoy Ha wuHTepBasie $[0,1]1$ BoIosHgeTcs

TOJIBKO OJIHO U3 YCJIOBUM

p'=-1", (2.6)
o'=u (2.7)
F -1
TO IpU H#—|,=-p(p+D(p-q+Dy |, samawa (1.17), (2.1),
y

(2.2) BOBCe He UMMeeT peleHUus, a IIpu

F
}1=__|y (2.8)
Yy
5Ta 3amada uMeeT OeCKOHeUHOe MHOXECTRBO PEeIeHUM.
JIlokasarenbcTBO. JomycTtwuMm cronepBa, dro @ =-A'.Torma Ha

OCHOBaHMM [OJIyYEHHHX 3HadeHuwm (2.4) xopHem A4 m A, Ha J

3akKJiouyaeM, qTO BO BCeX TOUKax V4 XapakKTepnucrTmueckKoe

HanpaBJieHue onpenesyiéHHOE KOpHEM 4 coBnamaer c

HalpaBJIEHMEM KacaTeJIbHOM CaMOM KPUBOM ¥

!

PRl 2 L
1~ ' Y
WA A

Kaxk M3BECTHO, KpMBad KacaTeJibHasg KOTOPOM B KaxIoMh

TOUKE VIMEET XapaKTepucTuiecKkoe HalpaBJIeHHUE, caMa
aBJjsseTCcsa ocoboy xapakTepucTukom [13]. Ilo3TOMy HOCUTEID
IOAaHHBIX 4 OKaXeTCsd  XapPaKTEPUCTUKONM  ypPaBHEHUHA (1.17)

CceMeMcTBa COOTBETCTBYOINETO KOPHO Aj.

Eciam OB MB OT'PaHUUMBAJIMCE AHAJIUTUUECKUMM PEUIEeHUSIMU
u(x,y) wu, crnemnysa Koum [7], [OONBTalIMCb OB B OKPECTHOCTU
OyTrM Y I[penCcTaBUTh pemeHue ypabHeHma (1.17) B Bume pAazna
Teunopa, cyjenmoBajyio OB ONpeneJiMTh  3HaueHMsa BCexX eTro

[IPOM3BONHLEIX [IPOMBBOJILHOT'O I[OPAIKa B KaxXIOM TOUKe BTOMU
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oyru. I[Ipo3BOIHEE IIE€PBOTO HOPSOKA YyXe M3BECTHEL UM OHU
npencrTaByieHsl  dopmyJsamm  (2.2) wm (2.3). IomToMy cCJenyeT
HayMHATHL C  OIpPeNeJyIeHMs  3HAUeHMM IIPOMBBOIHEIX  BTOPOTO
nopsanka. s HuUX oGopMmalibHEIM nubbepeHUMpoOBaHueEM (2.2) wu

(2.3) mosiyyaeM IOBa COOTHOIEHMS
() [A(8), p(5)] + 14/ ($)u, [A(5), ()] = p'(s)
A'($) oy [A(8), ()] + ' ($)ut, [A(5), ()] =y (5) -

Il COOTHOIIEHMA MEI JOIIOJIHVIM B34 TEIM BIOOJIb OyIT'n V4

ypaBHeHuem (1.17):

A(s )t [A(s), ()] + B, [A(), 11(9)]+ Cls)u 1, [A(s), ()] = F

TIe BBeIeHH OOO3HaAUEeHUS

A(s) =y 2 (s)—y(s),
B(s) = =2 p(s)p(s) —w (s)+ p(s)+1,
C(s) = p*(s)+ p(s),
Fs) =21, =~ p()p(s) + 1 p(s) —w(s) +1].
y u(s)
3TM TpM COOTHOIIEHMHA paCCMOTpMM KakK CMCTeMy HMHeﬁHHX

aﬂPe@paneCKMX ypaBHeHMﬁ OTHOCUTEJIBHO IPOM3BOIOHEIX BTOPOI'O

nopsanka. JeTepMMHAHT B3TOM CUCTEMEI
w(y —Du'? + p*(p+ DA 2+ Qpy +y — p-DA' = (9 + A)9' — 1)
COoTJIacHO Y CJIOBUIO (2.6), BCOOY  Ha 14 obpamaeTcs B

HyJb . CJIenoBaTEeJIbHO, s TPEXKOMIIOHEHTHEIX BEKTOPOB
mi =)L u()0),  ma=0, 1), 1)), m3=(A(s),B(s).C(s))
cymecTBy®T Takue oyHrumu a(s), B(s), uyTo OymeT ¥MMEeTb MeCTO
PaBeTCTBO:

a%1+ﬂ%2=%3
Orcroma onpeneisaeM:

A C

a:—’ = —_—
o P

Ecam mMexnoy IIPaBBEIMM YaCTAMM CHUCTEM CYyHEeCTBYET 3aBUCHMMOCTDb
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ap'+py'=F,
I TIIOOCTABJIA4A 3HAUEHUMAd O U ﬂ ’
2 2
w”wp PP R

TO 3ajadya OyneT uMeTb OeCKOHEeYHO MHOTO pPelleHUM. B
IPOTUBHOM CJiydyae 3aladya HepaspemmMma, UYTO U TpeboBasjlocCh
ooxKasaThb.

Coyuait @' =pu' paccMaTpuBaeTCsd AHAJIOTUUHO.

VMHTepeceH crnyyan, KorIma YCJIOBUSA (2.0), (2.7)
BEIMIOJIHAKNTCS OIHOBPEMEHHO. IIpy TakoMm npenmnosoxeHun A’ +u' =0,
OTKyIa CJenyeT, UYTO HaKJIOH KacCaTeJIbHOM KPMBOM Y BCOOY
paBeH -1. IloaToMy nOyra J) SABJSEeTCA OTPE3KOM MNPAMOM X+ y=c
C NPOM3BOJILHEIM ITOCTOSHHEM C .

C Ipyro¥ CTOPOHE, YuUMTHEBas YycCcjoBusa (2.6), (2.7) B
(2.4), sBaxjouyaeMm

=2 =-1
TakyMm 00pPasoM, MHE HOPUXOIOMM K BHBOIY, YTO B IOAHHOM CJiydae
paccMaTpuBaeMas IOyTra ), SABJASACE OTPEe3KOM IpsaMoM Xx+y=c,
OIPUMHAIJIEXUT K ofOeuM CeMeuMcTBaM XapakKTepucTuk. LpyTuMu
cJIoOBaMU, Ha 3TOM oTpesKe ypaBHEHUE (1.17) yMeeT
XapaKTepucTUUeckoe Hapabojinueckoe BHpOXxneHMue [14].
CnenmyeT OTMETUTH, UYTO 5STO BHPOXIEHME MNOPOXIAeTCH

byHRUMAMK @, A, 4, WX [IPOM3BOAHBEIMM ¥ HMKAK HE 3aBUCUT OT
3Ha4YeHMM NPOM3BONHOW u, =y Ha .

Yro KacaeTcs BONpPOCa O CYWEeCTBOBAHMM pPEUeHUS [IPpU

ONHOBPEMEHHOM COOJIoOeHuM YyCJaoBui (2.6), (2.7) Kak Jerko

IPOBEPUTL, PABEHCTBO (2.8) B D2TOM CJiydae TOXIECTBEHHO
BHIIIOJIHAETCs BCIOOY Ha OTpeske ¥y U, COTJIaCHO TeopeMe,
3amada (1.17), (2.1), (2.2) wvMeeT HeOTpPaAaHMUEHHOE UYMCJIO
pemeHn.

PaccMOTpuM Tenepb TOT CJjydalM, Kor'Ja HM OHOHO U3 YCJIOBUM

(2.6), (2.7) He BHIOJNHAeTCa. Torma cHpaBelJiMBa
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Teopema.Ecou @' #-1" @' #u', To 3amauva (1.17), (2.1), (2.2)
paspemyMa M MHTEeTpajl ONpelesiaTcsa B OOJIaCTU OTPAHMUEHHON
KPMBEIMUA

h(go(a)+z<a>—<x+y»2 , e
12 (a)+ ,U(,U'l//—l(ﬂ— ’)((P,—ﬂ)dS:yz a=0.a=1,
'+ A -y (u'+ 4"

a
k(co(a)—u(a)+x+y)2 o, T
0 (a)+ ufw _,“"’)((f’+,)ds=y2 4=0a=1.
'+ A -y (u'+ 1)

Insa »§okasaTenbCTBa DTOM TEOPEME NPUypOodYMM  OOmMM
VHTeTpall (1.18) K 3amadue (1.17), (2.1), (2.2) n
pacnpocTpaHuM MeTon Hajambepa Ha Ham ciaydam [15], [16].

[MoguyHMM  OOWMM MHTeIpall (1.18) ypPaBHEHUSA (1.17)
HavaJIbHOMY VYCJOBUIO (2.1). VYumMTHBadg, UYTO BIOJb HOCHUTEJNHd
IOAHHBEIX BCE TPU BEeJIMUMHE

x=As), y=u(s), u=ep(s) (2.9)
V3BECTHEH, s onpenejyieHUs NPOVBBOJIBHEIX  OYHKLUM f,g

IIoJiydyaeM COOTHOIIeHME

STo(s) + ()] + glo(s) — u(s)] = u* (5) (2.10)
BareM M3 npommddbepeHUMPOBAHHOTO IO y OOIEeIro MHTerpaja

Slu+xuy, +g'(u—y)u, —1)=2y
c yuérom (2.1), (2.2) OymeM MMETh:

S lo(s) + Ay (s)+ gTo(s) — u()](w () = 1) = 2 u(s) (2.11)

TaxkuMm o00pasoM, HauallbHHE YycJjoBus (2.1), (2.2) COBMECTHO C
obmmM wmHTerpajsioM (1.18) mnomjekamM 3a coboM COOTHOUEeHMS
(2.10), (2.11), w®3 KOTOPHIX U CJedyeT OIpeneJIMTb TOUHBIM

BUIO MNPOMBBOJIBHEIX OGyHKUMM f,g.

C »mTom uesbi npomudbepeHumpyem (2.10) 1o s M NOJYUEHHBN

pesynbTarT
S Tp(s) + A())(@'(s) + A'(5)) + g'Top(s) — u()(@'(s) — p'(s)) = 2u(s)p'(s)  (2.12)
paccMoOTPUM COBMECTHO C (2.11) B KauecTBe  JIMHEVHOM

anrebpamnyecKoOM CUCTEMB OTHOCUTEJIBHO TINpomM3BOOHEIX f',g'.
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[IycThr HadaJibHEIE QYHKLUMM M HOCUTEJIb HOaHHBIX NOIOOPAaHEl TaKUM
obpazoM, UTO BJIOJIb HOCHUTEJNId MCKJIIUEeHO HapaboJmndyeckoe
BHIPOXIEHMUE ypaBHeHUS (1.17), T.E. MCXOIOA ns (2.5)
OeTepMMHaHT cucrtemsl (2.11), (2.12) oTauueH oOT HYyJS. B
3TOM CJydae TnpomspomHele f' M g' OT HOPOUI3BOJBHEIX QYHKLMM

onpeneJyidnTcad OOHO3HAYHO:

, 2 I_ !

F(ps) + As)) =—2H@ 1Y) _ (2.13)

P +A —y(u'+A)

2 -1
¢ (pls) — As)) ——LY —0 1) (2.14)

P+ A -y (u'+2")
CamMmm xe IPOM3BOJIbHEIE byHKUMM f,g onpenesigeMm
MHTeTpupoBauueMm (2.13), (2.14) B mnpememnax (8,5),TOe S,

IPOM3BOJILHOE 3HaueHMe apryMeHTa s m3 uHTepsaina(0,/):

F(s)+ As) = j e I L s+ flo(so) + A0 (2.15)
glpts) 2wy =[] HEYZE I s glotso)—ps0)) (2.16)

Ina  OKOHUATEeJBbHOTO onpemejyieHus oyHkuun f,g craenyer w3
bYHKUMOHAJILHEIX PaBEeHCTB

o)+ A(s)=z (2.17)

P(s)—p(s)=¢ (2.18)
BHPABUThL BEJIMYUMHY S B BuIe OQyHKUMM apIyMEHTOB  z, §
COOTBETCTBEHHO. I[IpoM3BOIOHEE kOMOMHaumy (2.17), (2.18) no
S, COTJIaCHO HallMM [IPENIOoJIOXEeHMEM, OTJIMUHBI OT HYJIS BCIOOY Ha
HocuTesie y . llpm oOpalleHMM B HYJIb XOTA OB OOHOT'O M3 HUX,
T.E. npu BLIIIOJIHEHUM (2.0) MIIN (2.7), BOIIPOC o)
paspemMMoCTy 3alauu yxe o0O0CyXIaJiCs BHIIE.

Bynoem npenaroJjioraTb CyWeCTBOBaHME OIOHO3HAYHEIX pemeHMﬁ

ypaBHeHur (2.17), (2.18):
s=k(z), ze[p(0)+10),0()+A)]
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s=hg), ¢ elp0)—u(0),p() - ul)]

KOTOPEIE YIOBJIETBOPSET YCJOBMSAM HOPMUPOBKU

klp(0)+ 2(0)]=0,  hlp(0)— u(0)]=0

COOTBETCTBEHHO.
[IpennojyioxeHmUs 06 OOHO3HAYHOMU Pas3pemrMoOC T
bYyHKUMOHANIBHEIX ypaBHeHur (2.17), (2.18) He mnpoTmuBOopeudaT

YCJIOBUSAM TEeOPEMH O HedaBHOM OQyHkUMM. TakuMm oOpasoMm, MMeeM

k(z)
2u(p"— 1w )@ + A
ro)= [ 2EESEEITE s+ flotsu) - Aol (2.19)
2 € [p(0) + 2(0),0(0) + A(1)]
M iy — o' 20—
gy | YOI s+ glpG) -]l (2,20

So

¢ € [p(0) - (0), (1) — (D))

lloncTaHoOBKOM B oOOmmi wmHTerpas (1.18) nojyueHHBIX OGQYyHKIIWM
f, g, BEpaxeHuex Gopmysamm (2.19), (2.20), cTpouM MHTeTpPas

samgaun (1.17), (2.1), (2.2):

Je(utx) ’ ’ ' ' h(u—y) ! ' ' ’ !
2#@ _,”'/’)(?Jrf”dﬁ 2ﬂ(ﬂ,l//—,(ﬂ—/1,)(€0 I—,U)dH
o'+ A —w(u'+ 1" o'+ A -y (u'+ 1" (2.21)

S, S,

glo(sg) = u(so)l+ flp(sg) + A(sg)] = »>

Ho yumTHBasg, dYTO BCIOAY Ha Y BHIOJHAETCHA ycJoBue (2.1),

VIMeeM :
' ' ' ’ ' ' ' 2.0
STu(A(s"), u(s) + A'()]+ g Tu(A(s"), u(s") = ' ($)] = = (s7)
Kakoe OB He OBUIO 3HadyeHue § U3 MUHTepBaja [0,/]], B Tom
uujie n npu s’:so . IoaTOMYy us (2.21) noJjyyaem

OKOHUYATEJNIbHEI BUI MHTEeTrpajla pacCMaTpMBAEeMOM 3amaun:
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k(u+X) ! ! ! ! h(u_y) ! ! ! ! !
2#@ _,”'/’)(?Jrf”dﬁ 2ﬂ(ﬂ,l//—,(ﬂ—/1,)(€0 I—,U)dH
o'+ A -y (u'+ 1) o'+ A -y (u'+ 1" (2.22)

2 2
+u(sg)=y

ComepxaHMe MNPOM3BOJIBHOTO [lapaMeTpa §; B MHTerpaje (2.22)

sagaun (1.17), (2.1), (2.2) xak-0b YyKaswBaeT, UTO DSTUX

MHTeI'paJloB OeCKOHeUHOe MHOXeCTBO. Ho Takasg 3aBUCUMOCTH
yHTerpajyla (2.22) OT IOCTOSHHOTO napamerpa s, OGopManbHa.

IerMCcTBUTEJILHO, ecJin pPasobéM OIOVH us MHTEeT'paJlibHBIX
cJlaraeMslx, CkaxeM, BTOpOe cJjaraeMoe Ha nIOBa MKHTerpala
cllenyrmyM O0pa30oM:

h(u_y) ’ ’ ’ ’ ’
2y —@ = ANQ = p) 4 _
P +A -y (u'+1")

So

k(u+X) ! ! ! ! ! h(u_y) ’ ! ! ! !
2pu(py —@p = ANQ = p) o, J‘ 2u(py —@p = ANQ = p)
R R AV '+ A -y (u'+ 1)

S, k(u+x)

U OOBEIUHMM @Ba MHTETPAJIbHHX ujJieHa C OfOmuMMM [Openesiamm
[sg,k(u+x)] mHTerpMpoBaHMs OyIeM MMETH:

h(u_y) ! ! ’ ! ’
j 2u(p'y — @ —/1)((p—u)ds+
P+ A -y + 1)

k(u+x)
k(M+X) ! ! ! ! ! 1 A 1 A
J‘ {M((p —HYNQ +A) | 2u'y —¢' = ) —u)}ds
'+ -y + 1) P+ -y + )

So

HpOCTHMM BEIUMCJIEHMAMM I[IOJIYy4YMM, gTOo BTOpPOE MHTEeI'paJIbHOE

craraeMoe B MOCJENHEM COOTHOIMEHUU paBeH—gu2@0)+u2M(u+xﬂ.

CiemoBaTeJyIbHO, MHTeTpal (2.22) OKOHUATEJIbBHO MOXHO
rnepernmcaTrTs B BUIOE!:

h(u—y)
22 e+ x) ]+ J‘ 2ﬂ(ﬂ,l//—,€0—/1,)(§0,—ﬂ)dszy2 (2.23)
' +A -y (u'+ 47

k(u+x)
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TemM cambeIM JOKaz3aHO, UYTO MHTerpan (2.22) paccMaTpMBaeMomn

3alauM pPaBHOCHUIIEH MHTeTrpasdy (2.23) ¥ OT [OPOMBBOJIBLHOTO
napamMeTrpa S, He 3aBucuT. ClemoBaTeyibHO, 3amava (1.17),

(2.1), (2.2) wmMeeT eOMHCTBEHHHM MHTETIPaJl M OH CTPOUTCS B

aBHOM BuIe odbopmyJon (2.23).

VHTerpan (2.23) MOXHO MepenmcaTh B BKBUBAJEHTHOU ¢Gopme

k(u+x)
2 l_ ’ l+ll
12 [ = )]+ j ﬂfw ,AIWU(? , )ds=.y2 (2.24)
) P+ A —y(u'+ 4"

eciim B (2.22) pa30o0E&M He BTOpOe, a IIepBoe MHTeIpaJibHOE
cJjlaraeMmoe.

CnoxeHueMm npencraBjeHur (2.23) m (2.24) MOXHO IMOJIYUUTH
MHTEeTpaJl pacCMaTpMBaeMOM 3amauu B 2 0ojiee  CUMMETPUUYHON

bopwme:
1P [k + )]+ 1 [h(u - p)]+
h(u=y)

I 2 2<p’ﬂ’w—2¢’2—2<p’/1’+ﬂ[<p’+i’—t//(i’—u’)]ds:yz (2.25)
o'+ A -y (u'+ 1)

h(u+x)

B TaxkoM NpelCTaBJIEHUM XapPaKTEePUCTUUECKUM MHBAPUAHTOM

utx,u-y yxe He npemarnTcda nperMylmecTBa " BXOOAT
PaBHOIIPABHO. JokaxeM  Tenepsb, uTO  BCe ST  MHTEeI'PAaJibl
(2.23), (2.24), (2.25) IOEeVICTBUTEJILHO COoTJlaCcOBAaHE c

3agauverr Komm (1.17), (2.1), (2.2) wnu ourypupywomas B HUX
byHkUME u(xX,y) YIOBJEeTBOpPHAeT BCeM €& ycCcJoBuMaM. Tak Kak
BCe TIpeICTaBJIEHHBEIE BHIUIE MHTEeTpPaJibl B3aMMHO DSKBUBAJIEHTHEH,
IOKasaTeJbCTBO IOOCTATOUYHO OyImeT MNPOBECTM Ha OIHOM M3 HUX,
HaopuMep IOJjsa MHTerpala (2.23). UYro ©2TO COOTHOULIEHUE
ABJISETCSA MHTEerpaJioM YypaBHeHusa (1.17), BMIHO M3 HOpollecca
ero IOCTPOEHUS U CTPYKTYPHL.

CrnenyeT IIpPOBEPUTHL IEUCTBUTEJILHO JIM YIOOBJIETBOPSET
BXOoIAmas B (2.23) byHkUMS U (X,VY) HayaJIbHBEIM  YCJIOBUSAM

(2.1),(2.2). Tor dakT, UTO OHa IOEVCTBUTEJILHO IPUHMMAET Ha
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y 3Hauveuusa ¢@(s), cJlenyeT U3 TOXIECTBAa [OJYUYEHHOTO U3
(2.23) opy  IOOCTaHOBKE BMECTO x, v, u(x,y) 3HaYeHUs
A(s), u(s), (s) . K osToMy  3akioOYeHMIO I[IPUXOIOMM  Ha  TOM
OCHOBaHMM, YTO Ha KPMUBOM Yy IMNpenejl MHTerpajla CyThb

h(u—=y) |, = h(p(s) - u(s)) = s,

k(u+x)|,=k(p(s)+A(s)) =s
M OKOHYATEJILHO MOJIydaeM TOXIECTBO:

v =)

I OpOBEPKM BTOPOTO HAUYAJILHOTO YyCJOoBUA NpomubbepeHUMpyeM
yHTerpay (2.23) O IepeMeHHOTO Y. VMeeM

2p(k(u+ x) ' (k(u+ )" (u+x)u,, + A(h(u — y)h'(u—y)u, -1+

(2.206)
+ A(k(u + x)k'(u+x)u,, =2y

roe A(s) - nommMHTerpalsibHas OyHKUMS B (2.23).
PaccMOTpuUM TelNepb BTO COOTHOWMIEHMe Ha ), I[IOACTaBJasa
COOTBETCTBYyUME SBHAUEHMd BeJMUMH U,X,y. B pesyjbTare
OyIoeM MMETb

2u(s) ' () (@(s) + A())u, (A(s), p(s)) +

+ A($){h'(9(s) = (), (A(s), () — 1) +

+k'(@(s) + A(s)uy, (A(s), ()} = 2 u(s)
C yuy&€TOM COOTHOIIEeHMUM

1

k'(p(s) + A(s)) = (1)
Hip(s)~ u(s) = ————
9'(s)— 1'(s)
[I0oCJie NPOCTHX Npeofpasz30BaHMM IPUXOIMM K BBIBONY, UYTO
uy [,=y(s)
CrylegoBaTeJILHO, OyHKUIMS u(x,vy) Ha ¥ YIOOBJIETBOPAET

HavaJIbHBEIM ycJioBUaM (2.1), (2.2).
B majibHeMmMX WM3JIOXEHUSAX BOCIOJIBE3YEMCS TeM OpelCcTaBJIEHUEM

vHTerpaja sBanauum (1.17), (2.1), (2.2), xorTopoe Oymer

foJjiee yIOOHEIM B KOHKPETHOM IOaHHOM CJlydae.
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IOna HaxoxOeHus oOOJlaCcTy ONpPeNejyIeHMs pPelleHUus CclenyeT
OnMCaTh CTPYKTYPY obeunx CEeMENCTB XapPaKTEPUCTHUK . Ha
OCHOBAHUU MHTeTpaja (2.23) NI MHTeTpasa (2.24)
paccMaTpMBaEeMOM 3alaul MOXHO IIOJIYUMTB SBHOE IMIpPelCTaBJIEHUE
XapaKTEPUCTUK BHITYIEHHEIX us TOUekK (A(s), u(s)), s €[0,1]
HOCUTEJII HaAUaJIbHEIX NaHHHX ) .

BadmxcupyeM HeKOTOpOoe 3BHAadYeHMe @ IapaMmeTrpa § U3
unuTepeana [0,/], no xoTopomy omnpemejiseTcs BIOJIHE KOHKPEeTHAas
rouka (A(s),u(s))ey .Uepes 5Ty TOUKYy NPOXOLOST XapPaKTEPUCTUKH
obeux  CEeMEUCTB. Bnosb XapaKTEePUCTUKM  COOTBETCTBYKUEN
KOPHO A; MBl MOXEeM MOACUYMTATb 3HAdUeHMEe MHMapMaHTa Uu+x. ITO
3HaueHre paBHO @(a)+A(a) BOONBL 3TOM XapaKTEPUCTUKMU.

Bojiee TOTO, Ha 5STOM XapPaKTEPUCTUKE MOXHO OIPENeJIUTh
3HaUYEeHMEe OPYyT'OT'0 MHBapMaHTa u-y. LHeMCTBUTEJILHO

u(x,y) =y =u(x,y)+x—(x+y)=p(a)+ A(a)-(x+y)
YuuTeHBaad 3HaA4YeHMsa 00elxX MHBAPMAHTOB BOOJIbB MCKOMOM

XapaKTepMCcTUKM B MNperncTaBJjeHuM (2.23) obmero wumHTeTrpalna,

ITOJIYYMM @

h(p(a)+A(a)=(x+y))

2 ! _ I_ ’ !_ ’
0% (a)+ u(u't// ,qo i?((pl ”)ds:y2 (2.27)
'+ A -y (u'+ 4"
a
TakuMm 0bOpasoM, HaM YyHOaJlIoCb I[IOCTPOMTHL ypaBHEHUE,

KOTOpOEe ONMCHBAET XapaKTepPMCTUKY CeMelcTBa KOPHA Ay,

BHIIYIMEHHYIO M3 TOUYKM HOCUTEJIS )y [OPM 3HAUEHUM [1apaMeTrpa a.
3HauyeHMe T[apaMeTpa S=a ObBJIO B34TO NPOMI3BOJBHO U3

nurepBasga [0,/]. Ecau Me OpumagMM  STOMY IapaMeTpy Bce

3HAUEeHMS M3 YKas3aHHOT'O MHTepBana, oGopmyson (2.27) 0OynyT

ONnpenesyieHH BCE XapPakKTEePUCTMKM CeMelcTBa KOpHsS A;. Kak
okKaseBaeTCcHd, 2TO ecTb OnoHOIMlapaMeTpMUUecKoe ceMercTBO
KPUBEHIX .

CoBEpPIWEHHO AHAJOTUYHO CTPOMUTCHA CeMeMcTBO

XapaKTEePUCTUK, COOTBETCTBYyUEEe KOPHI A, :
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k(p(a)—u(a)+x+y)
2
u-(a)+

2u(@ =y )Q + Ay o (2.28)

'+ A -y (u'+ 1)

Ha OCHOBAaHUM npencTaBJIeHUS (2.24) MHTeTpajya 3amayun.
PasHuila JMIIbE B TOM, UTO BOOJIb BTOX XapPaKTEPUCTUK
VHBapPVAaHTH PaBHH:
u(x,y)—y=e(a)—pu(a)
u(x,y)+x=¢(a)—pua)+x+y
EcTecTBEHHO (2.28) Takxe ABJISETCS OOHOIIapaMeTpuueCKUM
CEMEMCTBOM KPMBEIX CO SHAUEHMSIMM I[apaMeTpa M3 TOI'0 Xe
nurepeana [0,/].

IOyisa Toro, dYTOOBEl B OOJIACTM ONpeleJIeHUMd PelleHMS 3amadun
(1.17), (2.1), (2.2) He OBJO HUKAKUX OCOOEHHOCTEM, HaM
npunércs oJsisa obomx ceMeliCTB (2.27), (2.28) BLHISBUTH
HEKOTOpHEE YCJOBUS. A MMEHHO, KPMBHE IMIpPpMHALOJIEXallMe pPasHBIM
ceMeMcTBaM, HO BHIIYIIEHHEE M3 OOIWEey TOUYKMU IIPU s=a, He
IOOJDKHEL OOJiblle IepeceKaTCdad B KaKoM-Jiubo IPpyIroM TOUKe T.e.
cucrTemMa ypaBHeHuM (2.27), (2.28) 1noJrXxHa MMEeTb EIOMHCTBEHHOE
pemeHre x =A(a), y = u(a) .

KpomMe TOTO, KPMBHEHE OOHOTO M TOTO Xe& CeMelrcTBa He
OOJIKHEL MMETH OCOOHX Touek. UToOH BHPA3UTHL BTO YCJIOBUE
KOHKpeTHOM OGopMyJioN, HaIpuMep Injg cemelcrea (2.27), us
BHIPAXEHUS (2.26) u nponuddepeHUUPOBAHHOTO 1o X
BHIpaxeHus (2.23)

2 (ke (u+ X)) ' (ke + X)) (e + XYy +1) + ACh(u = y)I (= y)u, —

(2.29)
—A(k(u+x)k'(u+x)(u, +1)=0

onpenesuM I[E€PBLE MPOM3BOIHEIE U,, U, MNCKOMOTO pemeHMusa u(x,y)

y
u BHeCeM nx B nuddepeHLMATIbHEIE COOTHOUEHUSA
XapaKTepnuCcTUUe CKUX HalpaBJIeHUM KOpHEeN

A+ AycoTBeTCTBEHHO. [lOTyUMM

A Al =)W (u =) o 30)

dx 2y +2ulk(u + x)]uThk(u + x)k'(u + x) + A(h(u — y))h'(u — y)
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dy _ Alk(u+ x)1k"(u+ x) =2 ulk(u + x) ] Tk (u + x)1k'(u + x) (2.31)
dx 2y + Alk(u + x)Jk'(u + x) ’

Kak M3BECTHO, CEMENCTBO XapaKTepUCTUK COTBETCTBYIIMX
kopHAM A, 4, ,He OymeT uMeTb OCOOBIX TOUYEK,EeCJM B BHPAXEHUIX
(2.30), (2.31) YMCIIUTEJIb M 3HaMeHaTeJlb OJIHOBPEMEeHHO He
oBpamaoTcsa B HYJb . CrlenoBaTeJIbHO, YTOOH UCKJIOUUTE
CylecTBOBaHME OCOOEIX TOYeK mJd ceMercTs A, 4,, HOpu JoOHX

IIepPeEMEHHEIX 9 M O IOOJIXHEI BHIIIOJIHATCS Cllenymire YyCJIOBMA:
[A(h(e ) (@) +[2y + 20(k(0)) ' (k(O)K'(0) + A(h(cDh' (@) =0 (2.32)

[Ak(0))K'(0) - 2u(k(0) ' (k(ODK' (O] +[2y + AKONK' O 20 (2.33)

OTMeTUM, UTO €eCJIM B KadvecCTBe HOCUTEJIS  HadvalJlbHBEIX
IOAHHBEIX B3ATb OTpes3ok npsamom y=0,3azmadya MOXeT oka3aTcsd
HEeKOPPEeKTHBIM .

OeMICTBUTEJILHO, B 3TOM clyuyae HaudaJlbHble yCJI0BUS

(2.1), (2.2) obpasynT 3Bamauy Komm:

a<ly<b, (2.36)

uy |y=0=w(x)
PaccMmoTpumMm COOTHOIWEHMS, [IOJIyUEHHEIE onbbepeHUIMPOBaAHKEM
BhIpaxeHus (1.18) mno mnepemMeHHEM X ¥ y.C yuéreM B HUX

HavaJIbHEY yCcJoBUM (2.36) OymeM MMEeTb

Sp(x) + x](9'(x) +1) + g'Tp(x)]p'(x) = 0

o)+ )]y (s) + g Ty (s)-1) =0
VI3 5TOM CHMCTEMBl B3aKjondaeM, dYTO OHa MuMeeT OeCKOHEUHOe
YMCJIIO peumeHmn ecnu Ha HOCHTEeJe IaHHEX ypaBHEeHY e
napabonuuecku BHIPOXIOAETCSA T.e.BHIIOJIHAETCS yCJIOBME
o(x)-w(s)+1. B NPOTMBHOM CJilyyae IPOM3BOJbHHE OyHkuuyi £ u
g omnpenesdnTCsa KaK I[OCTOsHHHE (QyHKUUN.ECTEeCTBEHHO, UTO

eCJIin HOCUTEJIb JaHHBIX AaBJideTCHd JacCTbhIO HpHMOﬁ y:O, TO
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3amauva Koumm okaxeTcs HEeKOPPeKTHBIM, Tak,KakK Ha DTOM UYacTu
HOCUTEJSI BEPOXIOAETCS INOPAOOK ypaBHeHums (1.17).
KpomMe »TOT0O, eCyaM HOCUTEeJI HAadaJIbHEIX IaHHEIX KacaeTcsd

npsaMmor y=0, XxapaKTepucTuuecKkme KPUBEHE O0DOMX CeMEeMCTB OyayT
MMETb OCODOEHHOCTBb B TOUKe KacaHufa. JelCTBUTEJIBHO,IyCTh S
3HaueHMe rnapameTpa, COOTBeTCTBYyKllee TOUukKe
(A(sg), t(sy)) xacaumsa c¢ mnpsamort y =0 .Torma wmmeem u(sy)=0.

PaccMOTPMM COOTHOIMEHMUS (2.30), (2.31) XapaKTepmCcTUUE CKUX

HalpaBJIEHUM . YUMTHIBAS PABEHCTBA
h(@(sg) = 1(s9)) = 5o
k(o(sg)+A(sg)) = g
A(sg) =0

BHIIOJNIHSAeMEle B Touke (A(sg), u(sy)) BaxiodyaeM ,dTO B STOMU

TOUKe YMCJINTEJIb n 3HaMeHaTeJb obomx COOTHOUIEHUN
(2.30), (2.31) OOHOBPEMEHHO obpamanTcs B HYJIb .
CemoBaTeJyILHO, aTa TOUuKa ABJIIETCH CUHTYJIAPHOM oJis

XaAPaKTEPUCTUUECKUX KPUBHX OOOUX CEMEUCTE.
§2 .8Bagava Koum. (CneumansHEM Chaydaii)

PaccMoTpMM eme  OIMH  KOHKPETHEIM  CJydal HOCHUTeNs
Ha4yaJIbHBIX IaHHEX. [lyCcTb 3alaHb HadaJIbHBEIE YCJIOBMA:
u(0,y) = ()
a<y<b, a>0 (2.37)
u(0,y) =y (y)

roe ¢65C2LLbl¢/eCﬂkub] 3amaHHele QYyHKLUHU, [IONUYMHEeHHLE

YCJIJIOBUIO
P'(x) -y (x)-1=0 (2.38)

Ipumensas MeTon [ajnambepal|[] K paccMaTpMBaeMmMoym 3amaue,

oMM vHTerpan (1.18) Cc ydyeToM HaUYaJIbHHEIX HaHHBEX (2.37)

IJaeT IBa CcllienyoumMxX COOTHOIEeHMA
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JToON+glo() - »]=y*
STeWMIy (M +D+gle(y) -yl (») =0,
M3 KOTOPHIX CJledyeT OINpelelIMTh NPOMU3BOJIbHEE oGyHkuMM £ m g.
B mepBROM COOTHOWEHUM OUTYPpUPYIT OyHKUMM f,g, a BO BTOPOM
MX IIPOM3BOOHBEIE IIE€PBOT'O IIOPAIKA.
IndbepeHUMpPOBRaAHMEM IIE€PBOTO U3 DTUX COOTHOIUEHUN,

noJjiydyaem

FTee(y) + g Te(») - yI(@'(y) - y) =2y

KoMOUHMPYS T[IOJIyUEHHOE BHPAXEeHMEe CO BTOPBEIM COOTHOIEHUEM,
nojyyaeMm JIMHEVHYIO cUcTeMy anrebpandyeCcKmUx YPaBHEHUMN
OTHOCUTEJIbLHO NpOou3BOIOHEX f',g' HeumzBecTHRIXx QyHKUMM f,g. B
HalmeMm CcJjiydyae »Ta CucTeMa OJHOBHAYHO palpemmMma, Tak Kak ee
OeTepPMMHAHT COTJIaCHO YCJIOBUIO (2.38) oTanueH oT HYJS.

TaxuMm obpazoM, IPOM3BOIOHEIE £f',q9' IPOM3BOJIbHEIX
byukumm f,g BHIOJIHE ONPelesIglnTCS HadYaJIbHBEIMM BO3MYUIEHMSIMU
(2.37) . VHTeTpUpPOBaHUEM IOJIY Y& HHEIX COOTHOUEHUN
onpenenaonrcd oGyHkumMuM f M g C TOUYHOCTBK IO IIOCTOSHHOTO

cjiaraemMoro.

2ty (t)@'(t)dt N
' () -y ()-1

y
Flo()] = —j flo@)],

a

2ty () +1)(@'(t) =t
p'()-w(t)-1

y
glo(») -] =j + glp(a)—d]

IjI9 TOHOCTAHOBKM B MHTEeTpaJyl 3HAUEeHUS DBTUX [IPOUI3BOJILHBEIX
byHKUMM TpebyeTCsa pa3pellMMOCTb GQYHKUMOHAJIBHEIX ypPaBHEHUN
p(y)=z
p()-y=¢
OTHOCUTEJIBHO IepeMeHHOM ) .Takum obpasoMm, BONIPOC CBOIUTCHA K
CymeCcTBOBaHMIL OOpaTHEX obyHrumi nng @(y) u @(y)—y . Ecam Mo

OyoeM OoupaTbCsa TOJBKO Ha TeopeMy O HedBHOM GyHKUMUM,
TOT'ga  MOXHO CYyIUTH TOJILKO O JIOKaJIbHOM 0BpPaTUMOCTHA .

JonycTuM dYTO g QyHKUMM @ CyllecTByeT TIJjlankasd obpaTHasd

byHkuMa onpemeyieHHAs Ha MHTepBale kﬁa)¢(bﬂ. OB6oszHaumM €é
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uepes yv=h(z), Toe zZE [(D(a),(p(b)] , h(p(a))=a, h(pb))=>b.
AHAJIOTUMYHO  HOONYyCTMM, dYTO  ObyHkums  @(y)—)y  OOHO3HAUHO
obpaTtuMma u e€é& obpaTHas Takxe ryankas oyukumsa y=k(£), rme
& elp(a)—a,pb)-b], ko(a)-al=a, kpb)-bl=b. Torna nns bysxuym

f u g Oymem mMeThb

h(z)
re=- [ ZEOCON @] zelo@.ow],
k(g)zt H+1)(@'(¢t)—-1)dt
e@)=- [ (‘”;,zt)_)gj”(t())_l U1 glpa)-a) & elp@ -apb)-b]

C Y4y&€ToM 5TUX BHPaXEHUMN obumero wmHTerpana (1.18) nocse

SJIEMEHTAPHEIX HpeO6paSOBaHMVI OKOHYATEJIbEHO IIO0JIYy4YMM

k(u=y)

2ty (t)o'(t)dt [ 2 2

- + k(u—-y)] =y (2.39)
h(uJ;x) p'(t) -y ()-1

TeopeMma. Eciu @(y) u @(y)—y OIHO3HAUHO OOPATMUMEL Ha BCEM
HeNpeprBHEE MNPOM3BONOHEE I[IE€PBOTO MOPSOKa, TOorIa CylleCTByeT
eOMHCTBEHHHM MHTerpasn s3amauu (1.17), (2.37) Bepaxawommicsa
bopmysion (2.39) .

IOna YCTaHOBJIEHUS CTPYKTYPH oByacTu omnpeneyieHmns
VHTEeTpaja (2.39) TpebyeTcs omnmcaHue ceMercTBa
XapaKTepUCTHUK, BEHIIYIIEHHUX W3 [OIPOM3BOJIBHOM TOUKM HOCUTEJIS.

Bo3MeM Ha HOCMUTEJIE HauaJIbHBEIX IOaHHBEIX I[IPOM3BOJIBHYI TOUKY
0,c). BOoosibp xXapaKTEPUCTUKU CEeMEVCTBa KOPHHA ﬂq, BEIIYLIEHHOM
M3 DTOM TOUKM IOJIXHEL OBITH

u(x,y)+x=p(c)

u(x,y)—y=p(c)-x-y
C YUETOM KOTOPEIX nus3 (2.39) crenyer CBA3b MEeXIy

[IepeMeHHEIMM X U Y

k((D(C)_x_yz)z (He'(¢)dt
y)e o 2 _ 2
J. ¢'(z)—y/(z)—1+[k(¢(0) x=y)] =y (2.40)

c

55



TewMm CaMBIM bopmyIion (2.40) IOJTY UMM ypaBHeHUE

XaAPaKTEPUCTUUECKOM JIMHUM CEMEVCTBA ﬂq B HEeABHOM BMIE.

AHAJIOTMUYHEIMU PacCyXxXxOoeHMAMN cTpomTCHa YPaBHEHME

XapaKTepUCTUK KopHA Ay

2ty (1)’ (1)dt L2 2

7 =) (2.41)
p'()-w(1)-1
h(p(c)—c+x+y

Kax wm3BBecTHO, 0O0JIacTb OlpenesieHMs pelleHud 3amauu
OT'PaHNUMBAETCHA XaAPAaKTEPUCTUUECKVMM JIMHVMAMM BHIIYIIEHHEBEIMM W3
KOHEUHEIX TOUeK HocuTesida. lVcxomsa mus3 STOTO0, €CJIM B @opMyﬂax
(2.40) m (2.41) nomcrTaBMM 23HAUYEHMUs [apaMeTpa Cc=a u C=b,

IIOJIYy4YMM YPAaBHEHMA YeTHpPpEX JIMHUM, KOTOPEE oGpasymT I'PaHULLY

obnactu D onpeneneHmns pemeHMsa paccMaTpMUBaeMOll 3alaul.
Cnpaeenamusa

TeopeMa. ECiM BHIIOJHSAETCA YCJIOBUE

[A(k(u = y)K'(u = y) + 2k(u — p)k'(u - y)]* +

[2y + ACk(u = Y)K'(u = y) + 2k(u— y)k'(u = y)]* #0,

Tne A-nombHTeTpalnibHas OyHkumMsa u3 (2.39), Torma CeMercTBO

XaAPaKTEePUCTUUECKUX JIMHUM, KOPHS ﬂq, B obnactu D He umeer

IMCKPVIMMHAaHTHEIX TOUYEK.

N3 >TOM TeOpeMEl CJenyeT, UYTO XapaKTepuUuCTHudeCKue
nuEUM  ceMelicTBa A B3amMHO He mnepecexawoTca B o6macTu D

omnpemesyieHMsa mMHTeTrpajsa (2.39).

AHaJsIOTMYHOE YTBEPXIECHME CripaBeIJIMBO nu IJ14

XapakKTepmuCcrTmuyeCKmMx JIMHUN, COOTBeTCTBymmeﬁ KOPHIO 12, eCIin

BEHIITIOJIHEHO YCJIOBUE :

[A(h(u + X)h (u+x))* +[2y + A(h(u + x)h'(u + x)]* #0,

IpuMmep. B kauecTBe IOpuMepa OJiS HATJIAOHOCTM PacCMOTPUM

cryuait, korna  @(y)=-y, w(y)=1 xapaxTepucTuxm kOpHA A
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mncxogdmme nus TOUEK (O,ﬁ) HOCUTEe4a HadaJIbHBEIX

IaHHHX, 00pa3yonT OAHOIapaMeTPUUEeCKOe CEMEMCTBO THUIepOosl
x2+2xy—2y2+2ﬂ(x+y)20 (2.42)
C IapaMeTpoM /3[pmc.l].
XapakKTepUCTUKM KOPHS ﬂz 00pa3yinT CEMEMCTBO DSJIJIMIICOB
x2+2xy+4y2—4ﬂ(x+y)=0 (2.43)
c TEM XKe TIapaMeTpoM /3[pmc.2]. 3aMeTuUThL, uTo BCe

XapakTepucTuku (2.42) C HOCHUTEeJIeM IaHHBIX IIepeceKalTCs 101

OOHMM ¥ TeM Xe& YIJIOM aﬂig2,cemeﬁCTBo sJauncor (2.43)non

Y TJIOM 5==an1g'—g'.Bce DIIJINIOCE WM TUIepbOoJiHl B Hadaje

KOOpIOMHAT KacakoTcsa npamom x+y=0. O0ObBa cemMeMcTBa DTHUX

XapakKTepnuCcTrMK MMEKT Yy3€JI B HadaJjle KOOpIMHAaT. Yroas 0 MeXIOy

DIIJIUIICOM U TunepboJIoNn, BEIIYUWEHHBIMM U3 ofumen TOUKMU
13
(0,B) ,pasen arctg —? npu nwcom P €la,b] .

Ecim paccMoTpum runep6osny ucxomsamyio uns touxku (0,5) wu
sqmnc wmexonsmein us rouxu (0,55) rme B> B, ,Bo3MoxHO, uTO
OHM TmepeceKyTca. OSTO mnpomsommeT B ciydae, xormaf;<2p0,.
ToukM nepecedeHmda CyYThb

2/32_ﬁ1¢J<2ﬂz+ﬂ1§2ﬂz—ﬂl>;i (2ﬂ2+ﬂ1)3(2ﬂ2—/31)

[leprass M3 HUX HAXOOWUTCHS B BEepxHeW noJjiynjockoctm y>0, a
BTOPOSA B HMWXHEM IIOJIYyIJIOCKOCTH. Kpome »TOTO Kak OBLJIO

OTMEUYEHO OTM JIMHUM COIIpMKacCawnTCHd B HadajJle KOOpIOMHAT.

Korma 1 >2f,, o>Tu JuHuM He [epecekanTCa U UMET
TOUKY KaCaHMsa B Hauajle KOOPIMHAT.
Bce 5Ty (axkTH YyUYTEHH KaK B pelleHMM 3amauM TakK U B

ONMCAaHUM CTPYKTYPHE OOJlaCTM OolpelnesieHUs .
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MuTerpan (2.39) BamauM B KOHKPETHOM CJiydae SBJISETCH

IIPOCTEIM M BO3MOXHO IIpenCTaBJIEHME B ABHOM BUIOEe

2y2+x2

u(x,y)=—-———"-

2(x+y)
Korma b<2a, obJjlacThb onpenejyieHnda peleHmnsa He
pacnpocTpaHseTrcsa 1o ocu abcumucc [puc.3]. B »TOM Ciayuae

TPaHMuila COCTOUT M3 DBIJJIUICOB ¥ TUNEPOOJI BHXONANMX M3 TOUEK
(0,a), (0,Db) n NIpencTaBIsgeT XapakKTepmucTUUe CKUMN
KPUBOJIMHEMHEIY UeTHPEeXyTOJIbHMK. BoJjlee MHTEpeCcHBM SBJISEeTCS

BTOPOM cCJyday korma b>2a. Kak yxe ObBUJIO OTMEUEHO BCe

BJIJIMIICEL  BHIXOOALME M3  TOUKU (O%ﬂ) CXOOATCS B HadajJe
KOOPOMHAT M HaxXoOATCa Mexny IunepboJoM, UCXOoOdWen M3
Toukm (0,b) (rme a<b<2a) u ocbl opIMHAT.

Orcroma mnojiydaeTcs, dYTO I'paHula o00JlacTM OolpelelieHUs
OOXOIMT IHO Hauajla KoopaMHAT, a CcaMO HaudaJo aBJigeTCcd
TOUYKOM BO3Ta. ObnacThio onpeneyieHus ONATH ABJIAETCHA
XaPaKTEPUCTUUECKUM  YETHPEeXYyTOJIBHMK M  Hadajo aBJIgeTCsH
ocoboy ToukoM[puc.4]. aa mMccaeloOBaHMA IOBEIEHMSA pPeElleHUd
B DTOM TOUKe HelleJJeCOoODPa3HO BROIUTHL I[IOJISPHEE KOOPIMHATEH
x::rCOSQ,.y::Fﬁn¢7,TaK Kak 2TO IOPUBOIUT K  HEBEPHOMY
3aKJIoUeHun. [lojlyyaeTcsa, UYTO NpemejibHOe BHauUeHMe pelleHUS B
B3TOM TOUKe HYJIeBOe IIpM CTPeEMJIEHMM K Hadajly I[IOI JIOOBEM
yTJIOM. BHyTpM o06JaCcTM K Hadajly MBI MOXEM CTPEMUTLCS TOJBKO

10 HalpaBJIEHNMIO KOTOpada cocTaBJideT C IIOJIOXNMTEJIb HEIM

RY/4

HanpaBJIeHMEM OCK abcumc YyI'OJI PaBHBEU —Z-. [lonnyyaeTcsd, UYTO

opu [nepexole K IIOJEPHBIM KOoOpOMHATaM MH I[IepexoIuM K
TpaHMlle MPOXOnOd dYepes TOoukM Jiexauure BHe objacTtu. B
OEeVCTBUTEJBHOCTM MEl MMeeM [IpaBO I[IepexXoIUTh K [Openeny
TOJIBKO BIOOJIb JIMHMM, KOTOPHE HaAXOOATCA Mexnoy Iunepboson,
BeIXOmAmer m3 Touku (0,b) um saamnca, BHXOOAINEM M3 TOUKMK
(0,a) .Taxk KakK MBBECTHO pelmeHmne B SBHOM BUIE,

BOCIIOJIE3yEeEMCHA TEM @aKTOM, gqTOo Ha XapakKTepmucrTmkKax
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KoMBMHALIMM  Uu+tx M Uu-y COXPAaHAIT  pa3Hble IIOCTOSHHEE

3HAUEeHMsa. B WacTHOCTM KOMOMHALMSA

Ha runepbose x2+2xy—2y2+2ﬂ(x+y):0 Bcerma paBHa f, Takxe

M B TOM CJydae KoIza x—>0. Orcona BMIOHO, UTO 23HAUYeHUe
pelleHrsa B Hauajle KOOpAMHAT 3aBUCUT OT INOYyTM IO KOTOPOMU
cTpeMuTcs Touka k Touke (0,0). 3TO nokaswBaeT, YTO HAuaJlo
ocobasa Toduka. I[IpUUMHOM, BHI3HBALIEN 3TOT O(QakT ABJISEeTCH
OODHOMEPHOE BHPOXIESHME IMOpPsAOKa M TUlla yPaBHEeHMS.

B kauecTBe IpuMepa elé€ MCCJAeIOBaH Clydal HadaJibHBX
5
ycmoBuu  @(y)=2y, de):;- M BTU YCJOBMS TOXe 3alaHHB Ha

oTpeske[a,b] npavmon  x=0,rme a=1,b=2. B osTOoM cayuae

peumeHre rMMeeT BUILO

- %(24y+5x+\/196y2 T 240xy +120x2)

CTPYKTypPa XapaKTEepMCTMK B DTOM Cllydae IOKas3aH Ha puc 5.
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TnaBa 3.
XapakTepucrnueckas 3agmaua I'ypca

§1.3amava C MBBEECTHHMM XAPAKTEPUCTUKAMU

Hapsany c 3amaden Koum oJisg ypaBHeHUS (1.17)
paccMaTpUBaKnTCA u HEeKOTOPHE HeJIMHEVHEIe BapMaHTH
XapaKTepuCcTUUeCKux 3amad. ClengyeT OTMETUTHL, UYTO B OTJINYUMUE
oT HayaJlbHOM 3amadu, JIMHEWHBIE IIOCTaHOBKU
XapaKTEePUCTUUECKUX 3alad He pPacCIpOCTPaHAnTCS Ha CcJydan
HEeJMHEVHBX ypPaBHeHuM.OCHOBHOM [NPUMUMHOM DTOTO SBJIAETCH
3aBUCUMOCTEL XapPaKTEePUCTUUECKUX CEMEeMNCTB OT HEM3BEeCTHOIO
pemeHrsa.B »ToM Cciydae cJenyeT YCTAHOBUTH KaKUMM IOOJDKHE
OBITE HOCUTEJ M HaHHHX.CyIeCTBYT pPas3HEIE BapMaHTEL TakKoTo
nonbopa. Hanmpumep, MOXHO 3alaBaThb HEKOTOPHE KOMOMHAUUN
pemeHms VI ero IPOMBBOIHEIX Ha HeM3BeCTHBIX
XapaKTepMncTUKax, onpenejieHme KOTOPHBIX TpedbyeTCs
OOHOBPEMEHHO C pemeHueM.MbH PacCMOTPMM BapMAaHT HEeJMHEMHOM
3amaum I'ypca,korma 3alaHHB XapaKTEPUCTHUKM BHXOOAIME U3
obmen TOUKM . OHU CTPOTO MOHOTOHHEE , TJIaIKMe , Pa30MKHY THE

XopmaHOBH IOyrM ¥y M O TIpenCcTaBJIEHHEHE B SBHOM BUIE
v =@(x), goeCz[xO,xl] u y=w(x), (//eCz[xO,xz] COOTBETCTBEHHO, TIe
@'(x) #0,y'(x) #0 .ECTBECTBEHHO IOJXHO OHTBL @(Xg) =y (X)) =Yy -
XapakTepucTHMdecKass Bajfada:BMeCTe CO CBOeM 00JacTbio
ompemeJyieHMsa HaWTM pelleHMe U (xX,y)ypaBHeHus (1.17) npm ero

MBBECTHOM BHAadYeHMM U, B TOouke (Xy,)p)eECHaM BOOJIb HETo nOyra
y aBnsgeTcsa xQPOKTEePMCTMKOM ceMelcTBa KOpHA A a myra o -
cemeMcTBa KOPHS A,.

TeopemMa . Ecmm OYHKLMOHAJIbE HEE YPaBHEHUA
o(x)—x+uy+xyg=z, y(x)+x+uy—y(xy)=¢ OIHOBHAYUHO pPaszpPelNMb
Ha CeTrMeHTax [Xy,X;] u [Xy,X,] COOTBETCTBEHHO,UX pPeElleHNs

x=17(2), z€[ug—p(xq),ug+xg—x —@(x1)]

x=v(s), ¢e€luyg—w(xp),uy—y(xg)+x +y(x)]
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IOBaXObEl HENPEPBIBHO InbbepeHUUPYEMBl U
t(ug = @(xg)) = xo , v(ug +x0) = %o
Y €CJIM BHIIOJIHAKNTCHA YCJIOBUS
(07w v+’ T 4+ (y vy Vg 20

(' +y v+ v - y—y? v 20,

TOTHOa CyLeCcTByeT MHTerpaJl XapaKTepUCTUUEeCKOM 3alauuM IJisg
ypPaBHEHUSA (1.17), pPeryyaapHEIM B 0OOJlaCTM  OT'PAaHUUEHHOU

XapakTepucTukamm y ,0 u
W2 (v(ug +xg —x; —@(x) +x+ Y) + @7 (t(ug +xg —x —@(x)) = y* + 5 (3.1)

Wy — yo + %3 +w(x2) + @2 (2(tg — yo + %3 +w(xy)—x =)= > + 7 . (3.2)

CorjlacHO yCJIOBMIK 3aladM,Oyra Y OPMHAOJIEXUT CEeMeNCTBY
XapaKTEePUCTUK KOPHs A .l[lo3TOMy Ha 2TOM OyTe BCOOY 3HadeHMe
MHBapMaHTa U+txX I[IOCTOSHHAa.3HadYeHMe HSTOM KOMOMHALMM TO Xe
4TO M B TOUKe (X,)() .CilenoBaTesbHO

(u(x,(x) +x) [, =uy +xq .

HecnoxHo ONpenenThb 3HAYEHUHA XapaKTepUCTUUIECKOTO

VMHBapMaHTa u—y IOPpyI'Oor'O CeMeMCTBa Ha DTOM—-Xe Iyre
WC%¢UO+YHy=—X—¢UO+u0+x0-
C yUE€TOM 3HAUEHMM BTUX MHBAPMAHTORBR M3 OOmMEeIro MHTeIrpaJa

(1.18)monyuaem

gl-p(x) ~x+ug +x0]1= 9 (x) ~ (g +x0)
C LeJbl OKOHYATEJIBHOI'O onpernejieHMsa  NPOMBBOJIbLHOM
OYyHKLUUM ¢ PacCMOTPMM €€ apI'yMeHT
—p(xX)—x+uy+xy=z
|z IIOIIBITaeMCHd oInipenejinTb BeJIMUMHY X B B OC @yHKHMM
apryMeHTa 2z M3 5BTOoro OGYyHKUMOHAJBHOTO YypaBHeHMA.COIJIaCHO
YCJIOBMSAM TEOPEMEl 3TO ypPaBHEeHME UMeeT OOpaTHYIO
x=1(2),

TOI'oa MMeeM
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g(2) = 9°[7(2)] = f (ug + o) (3.3)
OBaXIbl HeNpepeBHO IubdepeHUMPYyeMyl B MHTepBale
z €fug —(xg),ug +x9 —x; —@(x1)]
C y4yéToM CBOMCTB XaAPaKTEPUCTUUECKUX  MHBAPUAHTOB
ceMercrTBa KOPHS A, ¥ [OBTOPEHMEM AaHAJIOTMUYHEX PacCyXIeHUM

BIOJIbE IOyI'M O ,NOJIydaeM BHPaXeHMe [POM3BOJILHOM OGYyHKLMM

f obmero muHTerpasa (1.18)

£(©) =y v(6)] - glug —w(xy)) , (3.4)
KoTopasd TaKXxe IBaXIbI HEeIIPEePLEIBHO onbbepenupyemMas B

VHTEepBaJe
¢ elug—w(xg),upg—y(xg)+x; +y(x)] .
[IONCTAaHOBKOM MOJIyUdeHHEIX nnd fu g Bopaxeuun(3.3),
(3.4) B oOmmm mHTeTrpan (1.18),umMmeeMm
2 2 2
v+ )+ e [r(u—y)]- f(ug+x0)—glug—yo) =y
C y4&€TOM COOTHOIIEHUS
2
Sug +x0)+ gy —y9)=y0
KOTOpOEe CJenyeT Mu3 IMpenNcTaBJIeHus obmero MHTerpaja, B3STOT'O

B Touke (Xy,)g),IPUXOOMM K OKOHUATEJIbHOMY Pe3yJbTaTy:

p v+ )]+ @[t =)=y +5 . (3.5)
[lonmyyeHHBM wMHTeTpalnl (3.5) xXapakTepucTUUecKOM 3aladu
naér BO3MOXHOCTE onpenejieHMd BCex XapaKTepucTUK,
BHIIIYIIEHHBIX M3 TOYEK HOCHUTEJIA OAaHHBEIX.
CnepBa paccCMOTPUMM XapaKTEePUCTUKM CeMeVCcTBa KOPHS
AZ,KOTOpre BRIITYUWIEHHBI M3 TOWEK OyIUM Y .
Bosmém Touky (@,@(@)) Ha Oyre y [OPOM3BOJLHO.B o2TOM
TOUKEe M3BECTHEI 3HaAUEHNMA peumeHAa u
u(a,p(a))=uy+xy—a
CJ'IeJIOBaTeJ'IbHO M3BECTHO )zt SHadeHNe MHBAPMaHTa

U—yCeMelCTBa XapPaKTEePUCTUK KOPHSA A, .3HadeHus

ug+xg—pla)-a=e¢
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3TOTO VHBAapMaHTa IOOJDXKHA OBITH IIOCTOSHHOM BIOOJIb
XapPaKTEPUCTUKA cemMeNcTBa Ay BHIIYIIEHHOM n3 TOUKU
(a, p(a)) .OB03HaUMM 5Ty xapakTepucTuky uepes JO(a).Torma
U+X)|sy=u-y+y+x=ug+xg—a—@@)+x+y.
lloncTaBysasa TOJIyUeHHBIE BHAUEHUS 3BHAUEHUS KOMOMHALUU U+ X U
u—y B MHTeIpal (3.5) 3an0aun, NOJIydmM YyPpaBHeHUE

XapaKTEPUCTUUECKOM KPUBONM O(Q) B HESBHOM BUIE

2 2 2 2
o v(ug +xg —a—@(a)+x+y)]+ o [t(uy +xy —a—e(a)l=y" +yq -
AHAJIOT UMY HBIMMA paccyxﬂeHMHMM I1oJiyyaeM ypaBHeHMe

XapaKkTepucTuyeckoin kpusoi y(f) cemericTBa A, BHIYLEHHOTO M3

roux (B, y(B)):

v (g =y + By (B+ 9 [t(ug = yo + B+y(B)—x—yl=y> + 5 .
Ecim nponuddepeHumpyem cooTHmmexnue (3.5) no x m y,

us3 IIOJIYYEeHHEIX COOTHOIIEEHM OIlpeleJiM HpOﬁSBOHHHe u 12

X

u,,a 3areM BHECEM MX B BhHPaXeHMS XapaKTePUCTUIECKUX

HanpaeyeHun (0.4),T0JyUYrM, YTO E€CJIM BHIIOJIHAKNTCSA YCJIOBUS
(-7 y v+’ +(y v y+y v p-T) £ 0
(-7 +y v+ v y-y® v =0,
TOTOAa HM OIHO U3 XAPAKTEePUCTUUECKUX CEMENCTB HE VMEEeT
OVMCKPVMMMHAHTHEIX TOouek B 0OJlacTu OIpenesyieHus  pPeleHUs.
CilenoBaTesibHO TI'paHulla O00JIaCcTM OlIpenesieHMsa peleHusa Oyner
COCTOATbL M3 KPMBEHX ¥ , 0 u (3.1), (3.2).Teopema mokasaHa.
B KauecTse npuMepa nuccyjenoBaHa 3amada Korza
XapaKTepucTUYeCcKre YCJIOBMSA 3alaHel Ha OpaMeix y=x+1 wu
y=2x+1. B ofmer Touxe (0.1l)3HaueHMe HEMN3BECTHOI'O pPElEHUId

paBuo 0. B sTOM cCjydae peumeHMe 3amauu T'ypca MMeeT BUI

16 39
25 5 25

y+2—65\/—4x2 —20x—8xy— 20y +21y>

PaccrniojioxeHUe XapaKTepuUCTUK I[IOKasaHO Ha puc.6. Ha »ToM

PUCYHKE IIOKa3aHa BETB PMH@p@OHH

—4x? —20x—8xy—20y+21y> =0,
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KoTopas KacaeTcsa npsaMoy y=x+1 ¥ OODHOBPEMEHHO HABJISETCS

OVCKPMMMHaEHTHOM KPMBOM IJI ODEMX CEMENCTB XapaKTEePMUCTUK.

§2.3amauva I'ypca CcO CBODOIHOM XapaKTepPUCTUKOM

Ha ocHOBaHMM pPacCCMOTPEHHOM BHIIE XapaKTepUCTUUIECKOM
3amayy MOXHO MCCJenoBaThb 3azmady CcO CBOOOIHEIM HOCTEJIEM

IOaHHBIX . 3ajada BakjoyaeTcsa B cJjenyioumeM:HanTtu pemeHue
ypasHeHmua (1.17)npuHmManmyo 3HadeHME Uk Touke (Xo,p(xy)) ™
obJacTb ero onpemneyieHus, ecnu KpHUBasa ¥ ABJISAETCH
COOTBETCTRYKUIEM BTOMYy PEUIeHUI XapaKTEepUCTUKOM CceMeMCcTRBRa
KOPHA 4 a BIOJIb opyTrou, HEM3BECTHOU KPUBOM o,
XapaKTEPUCTUKM CeMelCTBa A,, BEIYUWEHHON M3 TOoukM (Xq,p(xq))

OHO YIOBJIETBOPAET YCJIOBMIO

a(Xu, + (X, =6(x), X €[xg,%,] (3.6)

a, B, 0eC'xy,x,]

B Ieppyrn odepelb BBEIACHUM, IJOCTATOUYHEI JIM YCJIOBMA 3aldadl

OJIS ONpeneJyieHusa CBOOOOHOM XapPaKTepPUCTHKM O . OBo3HauuMm
yepes ¥ HeM3BEeCTHYD O(QYHKLUMDO, [OPeICTaBJIAnLyl IOyTy O
YyPaBHeHUEeM

y=w (), w(xg)=yy WeC[xpx,]

JlemMva . EcCiamM BBIIOJIHEHBE YCJIOBUA

B(xy) # a(xp)e'(xp), (3.7)
By | Lo (3.8)
a+pf

A(B-0)0+a)<0, (3.9)

Aa'(B-0)-a(B'-0)]+B(B-0~-a)=0, (3.10)

EAEALIED

T , To oyHruma y=w(x), U TeM
0

rroe IIOCTOAHHad

CaMBIM XapaKTeprucTrnKa 5, onpenesyidnTcd OOHO3HAYHO.
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JokasarenscTBOo. Kak yxe OBJIO CKa3aHO, BBpPaxeHMe U+tx
SIBJIASCH XAPaAKTKPUCTMUYEKVM MHBAaPMAHTOM CeMelMCcTBa KOPHS A,
IIOCTOSHO BIOJBb ¥ . I[IOCTOSHHOE 3HAUeHMEe DTOI'O MHBapMaHTa Ha

Yy olpenejideTCd HEeIOCPeICTBEHHO

u(x,p(x))+x=uy +x (3.11)

Bojiee Toro, vyciaoBusaMmu (3.6), (3.11) onpemengawTcs BHAUEHUS

NPOM3BOOHEIX IEPBOTO MNOpAOKa U, U B Touke (Xxg,p(xy)) . Ans

y

3TOTO nponubbepeHUIMPOBAHHOE COOTOHOIIEH E (3.11)
paccMoTpuM BMecTe C ycjgoBueM (3.6) B Touke (Xg,0(xy)), TIOe
oHM ofa  IOOJIKHEL  BEHIIOJIHATCS  OOHOBPEMEHHO. [loyryueHHas

JIMHEeMHHas aJjrebpanuyeckas CUCTeMa OTHOCUTEJIbBHO BHAaUeHUMN

NPOM3BOOHEIX U,, U, Opu ycuoBum (3.7) paspeummma

y
B(xg) + ¢'(x9)0(xp)
0, (x0, 9(x0)) = == 0=y
B(xg)—a(xp)e'(xg)
0(xp) +a(xp)
u, (X, 9(xg)) = ; =49
g B(xg) —a(xg)p'(xg)
BHAYEHUSIMU Py, (g MOXHO ONPENesIUMTb I[OCTOSHHYH, KOTOPOM
paBeH MHBAPMAHT fzy(ux+l)(ux—uy+l)l1 Ha  HEU3BECTHOM
XapakTepucTuke o :
e+ Dy | _o'o)et) _

2

(y—uy +D|, @'(xg)+1
UM 4TO TO XE& caMoe,
[w () = AJuy G,y (0)) + Auy, (xyr (x)) = A=y (x) (3.12)
CorjyacHo ychnoBubo (3.8) cucrema (3.6), (3.12) obecneumBaeT

34BMCHMMOCTbL NPOUBBOAHHIX U, M U, OT QyHkUmMI y(x) Ha O :

BO)A -y (x) - 0(x)-A

By (x)=A)—a(x)-A’
() - MO —ax)

By (x)=A)—a(x)-A

uy ((x,y (%)) =

uy, (X, (x)) =

65



OecTBUTENIbLHO, M3 YycJjoBusa (3.8) crienyeT, UYTO BHPaxXeHUE

By
a+p

VCKJIDUAEeTCS BO3MOXHOCTB TOTO,UYTO ypaBHeHus (3.6) m (3.12)

He IIPMHMMaEeT IIOCTOAHHOTI'O 3HaA4YeHMnA Ha 5,qu 128

OBLIIM PaBHOCUJIILHEL. VHBEIMMI cJioBaMu, KOROULIMEHTH Ha
HEM3BECTHOM XapaKTEepUCTUKE O MHOOJIKHEl OBUIO MOOOOPAaHHE TaKUM
obpazoM, UTOOH OHO He OBLIIO PaBHOCUIIbBHO

XapPaKTEPUCTNUUECKOMY MHBAPUAHTY Ha TOM Xe ayre o .

I[IoOCTaHOBKOM BHIPQXEHUM (3.13), (3.14) B
COOTBETCTRyKIIEE COOTHOUEeHUEe XapaKTEepUCTUUEeCKOTO
HanpaBJIeHUS

b__p
dx 1-¢
MOJIYyUmM OBOBIKHOBEHHOE omdbepeHUMaIbHOE YyPpaBHEHUE

OTHOCUTEJILHO HEM3BECTHOM OyHKumMmM p =1 (x)

dy B(x)y —(B(x)—0(x))- A . (3.16)
dx  (B(x)-0(x)—a(x)) y—(B(x)-0(x))-A
HyXHO  3aMeTMUTbL ,4YTO TaK Kak E{&ﬁﬁﬁiﬁg}z , us
@'(xp) +1

cooTHOomeHMsa (3.16)BEHTEeKaeT,YTO €CJIM B KAaueCTBe MBBECTHOM
XapaKTEPUCTUKM B3ATH KpMBYHL @(Xx) mis xoropoit ¢@'(x)=0,rTorma

byuxumsa y=w(x) omnpenesseTcs OOHO3HAUHO
(5
=—|——dx +
y Iﬂ—@—a Yo
%o

YpaBHeHU Abens BToporo poma (3.16) npumanuMm 6oJee

YIOOOHBIM BUI

y{y— p-0 A}:— Py + p-0 A (3.17)

p-0-a) p-0-a p[-0-a
[IonCcTaHOBKOM
-0
y-—L0 N =vw)
p—-0-a)
IoCJle I[IPOCTEIX [IpeobpasoBaHUM ypaBHeHUe (3.16) MOXHO

rnepernmcaTse B BUIOE
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w'

" Ald(B-0)-a(B - 0]+ B(B-0—a)+
(B-0-a)

AB=00+a)
(B-0-a)*

Ipu BumoJjgHeHur (3.10) nosgydyaem, UYTO

02y = o B=0N0+ )
(B-0-a)’
OTKyHa U cJelyeT
v(x) =+ I—zA B=ONOLL) g 32 (xy)
VRV

UTO SABJISETCS OEeVCTBUTEJIbBHOM (QYHKIMEN COIJIaCHO YCJIOBUII
TeopeMmel (3.9). 3Hak TIepen KOpPHeM TIHonbupaeTcs YCIJIOBUEM
HOPMUPOBKM

B(xy) —0(xy)
B(xp) —0(xp) —a(xp)

v(xg) =yo —

IOna byHxumit y(x) ¢ yuéroMm (3.17) OKOHUATEJBHO IMOJIyYaeM:

N | —

(B-0)0+a)
(B-0-a)

B(xp)—0(xp)
B(xp)—0(xp) —a(xp)

ueM OOKa3aTeJIbCTBO JIEMMEI 3aBepluaeTCHd.

Blxg) = O(xo) AT

d _
x+[“”” B(x0)—0(x0)—a(x9)

¥ =| [-24 -
: (3.18)

—(xp) +

HyXHO OTMETUTEL , UTO HEeV3BECTHYI XapaKTEepUCTUKY B
ABHOM BMIEe MOXHO OINpPemeJMTb U B OPYI'MX KOHKPETHBIX
ciydasax.Hanpumep, eciu ypaBHeHue wmMmeeT Bun (3.17) wu

BEIIIOJIHAETCA PaBEHCTBO

!

/%ﬁ—e—ar:ﬂ{ﬁiﬁj , (3.19)

a
TOoTrHma HewsBecTHas oOQyHrumMa y(x) onpenesnseTcs CJIEIyONMM

obpazoM
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N | —

_ (B-OA . A 0-p)
y(x)——(ﬂ_e_a)+ ZA)-CHﬁ—G—a 1+(’B_‘9_0!)2 ( - de

VHTepeceH cCJy4dal,KoTaa BSANOJIHAETCS PAaBEHCTBO

a+60=0,
TOTHA YPaBHEHUE (3.16),B cayuae ecJu ;yi(ﬂCﬂ_4%x»'A
B(x)
IIPMHMMaET BMIO
&
dx

U He¥VsBecTHas GyHKUMA P(X) onpemesigeTcs CJenyonlyM o0pasoM
y=—x+1,

T.e. B pPOJI& HEM3BECTHOM XapaKTepUCTMKM OKaszaJIoCh IIpaMas

JIVHUS ,KOTOpasa  IPUHALOJIEXUT ceMelCTBY  OCOOBIX  JIMHMM

ypaBHeHus (1.17).

TakyMM oOpasoM, YCTAHOBJIEHH HEKOTOPHE OOCTAaTOUHHE
YCJIOBUS CyleCcTBOBAHUS byHKLIMMT w(x), KoTOopas SBHO
ompemensger oyry o B KJjacce KPWUBHIX, OINHOBHAUYHO

IpOBUMPYEMEX Ha Ochb abcumcc. OT »BTUX OTPaAHUUEHUM MOXHO
ocrobomurcs, ecau Oyry O OyIoeM MCKaThb B KJlaCcCe KPUBHIX,

OIOHO3HAYHO IIPO2UMPYEMEIX Ha OCBh OpAIMHAT. B Taxkom ciiyuae, B

ycrnoBusax  (3.6) sBamaum napaveTpe o, f, 8 OyneMm cuuTaTh

OYyHKLUMAMM apTryMeHTa elyg, ], rme - HEKOTOpOe UMCIIO
p YELYVo, 1 34 p

VI# Vo a KPUBYIO ¥ [P ETOJIOXNM nperncTaBjIeHHON

coorHomeHmeM X =@(y), xo =@(yq)
a(y)ux+ﬂ(y)uy:9(y)s ye[)’o,yl]r (3-19)

a, B, 0€Cilyy,n]-
B sTOM caydae OJya oNpelesieHMsa QYHKUMM ¥ PacCyXIeHUId

aHaJIOTMUHBEEe. A MMEHHO, Ha Yy IO IpeXHeMy NVMeeM:

u(p(y), ¥) +@(y) =ugy +xg
[IpomnpdpepeHUMPYyEM 3STO PABEHCTBO M PACCMOTPMM I[IOJIydeHHOe

PABEHCTBO B KadeCTBe aJirebparMdyeckoyM CUCTEMEl BMeCcTe C
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yciyoeueM (3.6) B Touke (@(yg),Vg), MM UYTO TOXe cCamoe, B
Touke (W()y), Vo). Bymem mmers:
Uy (@(10),y0)9' (yo) +uy, =—¢'(¥)

a(yo)u(@(yo),yo) + B(you, (@(¥o), ) = 0(yo),

OTcropa onpenesigseM NPOM3BOOHEE U,, U, B HAHHOM TOUKe, €CJMU

y
?'(yo)B(yo)—a(yy) =0,

—¢'(¥9)B(y) —0(yy)
@' (¥0)B(yo)—a(yy)

u (P(¥9),y0) =

?'(¥0)(O() + a(yy)) _
@' (¥y0)B(yo)—a(yy)

u, (p(¥9),yo) =
AHAJIOTUUHO  M[OPEeIbOylieMy — CJydain, C  IOMOWBI  3TUX
BapaxeHUy Mbl MOXEM ONPEeIeSIUTh T[OCTOAHHY, KOTOPOM paBeH
UHBAPUAHT §=)(ux+1Xux—uy—%D_l Ha HEeM3BECTHOMI

XapakTepucTmuKe O :

by | v,
(,—uy +D| @)+l
MﬂM, 4TO TO Xe CcaMoe,
[y =Alu,(w(»), »)+ Au, (w(y),y)=A-y (3.20)

PaccMmoTpuBas ypaBHeHue (3.20) BMecTe c yciaoBuem (3.19) B
KadecTse JIVHEVHOM anrebpanduecKon CUCTEMEL, MEI  MOXEM

ONPEeneNUThb [POM3BOIHEE U,, U, HA HEM3BECTHOM Oyre O

y

BN =) -0(y)-A
By -N)=-ax)-A’

(v - A)O) + (x)
,V) = (3.22)
W= A —at) A

TosibKO ¢ ycryoBuem uto B(x)(y-A)—a(x)-A#0.

u,(w(y),y) = (3.21)

[lonCcTaHOBKOM BhHPaxeHun (3.21), (3.22) B COOTBETCTBYyIIEE

COOTHOUIEHNMA XaPaKTEepUMCTNUEeCKOI'O HallpaBJIEHMA
dx 1-gq

dy p

69



MOJIYyUmM OOBIKHOBEHHOE oubdepeHUManIbHOE yPpaBHEHUE c

rasoeJidiyMMCAa IIepeMeEHHBIMU

dx _ =MW -0 -ay)y

dy BO)A-y)—A-0(y)

KpuBaga ¢ OymeT npelcTaBiieHa peleHueM

y
yn= [ EEO0D ety oo
Yo

BO)(A-1)=A-0(1)
Urak, oyuxuma w(y)onpeneyneHa B MHTepBaje [yg,y;] ¥ Hama
3aJadya pelyluMpoBaHa K HeJMHEMHOM 3amade I'ypca (6), korma
M3BECTHHE [BE XapPaKTEepUCTUUECKME KPMBHIE ¥ U O BHXOLAUME
u3 obumeit Toukm (@(yg),Vg), MNPEOCTaBJEHE M3 KJjacCa KPUBHX
ONHOBHAYHO MPOSLUMVPYEMEIX Ha OCKM OPIMHAT, T.&. ONpPEeneysnTCs
QYHKUMAMMI apryMeHTa v cJIe oyommM obpaszoM
x=0(), x=w(y), x9g=0(yg)=yw(yy). B camom Touke 3BHAUYEHMUE U,
uckomMoro pemeHus u(x,y) 3anaHo. TpebyeTcsa HaWTU peleHue

ypaBHeHUs (1) OIOHOBPEMEHHO CO CBOel o00JacTblo ONpelesieHUs

npM yCJOBUM, YTO KpMBasg y  ABJIAETCH XaPaKTEePUCTUKOM

ceMercrBa kOpHa A, a KkpuBasg O [PMHAOJIEXUT IPYTOMY
CEMEVICTBY  XapaKTEepUCTUK. 3amMMéEMCSa  pPacCMOTPEHMEM  BTON
3amaun.

B sTOM Ciyyae Ha xapakTepucTure Xx=@(y) vMeeMm:
u+x=ug+@(yy),
u=y=ug+p(yo)=e»)-y,  yelyo.nl
[ g +9(90)) + &g +9(v0) = 9(y) = y) = »° (3.23)
Ha xapakTepuctuke X =1 (y)0yneM MMeTb COOTBETCTBEHHO:
u—y=uyg—>xo
utx=ug—yo+y+y(y), yelyo,ys]
flug =yo +y+y () +gug —ye)=y". (3.24)
IO oOpaTHEX OYHKLMUIM BHPAXeHUM

ug+o(yo)—@(y)-y=z
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ug—yo+ty+y(y)=g

BBEIIEM COOTBETCTBEHHO cJlenywoime oDO0O3HaUeHUS

y=1(z)
y=pus)
Torma paBeHcTBa (3.23), (3.24) npumyT BUI:

2(2)=7%(2) ~ f(ug +p(¥y))

2
f()=u"(s)—gug—yo)
[loocTaBMM DTU BHpaxeHus g £ m g B o0mmMM MHTeIpaJl
(1.18), mosryurM MHTEeTpPaJs Hamewy 3aladu

ﬂ204+x)+1204—y)=)9-+y§ (3.25)

KOTOPEIM OIATL ONpenesyigeTCs C TOYHOCTLI IO [IOCTOSHHON yg,
T.e. KBaIpaTa OPAMHATHE TOYKM M3 KOTOPOM BHIYIEHH 00e
xapakTepucTtrku x=@(y) n x=y(y) .

Tenepsb nepenném Ha U3ydeHue CBOMCTB
XapaKTEePUCTUUECKUX KPUBHX UM CTPYKTYPHl OOJACTM ONpPeIeJIeHUs
pemeHnsa 3amadu l'ypca (0).

CnepBa 3arMEMC S [IOCTPOEHUEM XapaKTepUCTUUIECKOI'O
ceMeMcTBa KOPHS A,, BHIIYIUWEHHOTO M3 HeKoTopol Touku (@(b),b)
KpUBOM J .

Ha xapakTepuUCTHMKE J SBHaueHMe MHBApMaHTa U+xXx pPaBHO
unciy Uy +@(yy), CIlemoBaTesybHO 3HAYEHME CaMOTO pelleHMs

OyoeT

u|y:u0 +(p(y0)—x

TaxkyuM ofBpaszom B Touke (p(b),b) onpemensercs 3HaAUEHMUE
IPpYyTOT0 MHBApMaHTa U-y CclenyonmMm o0pasz3oM

U=y l(pp),p)=to + @(¥o) —@(b)—b
OTO 3HAUeHME MHBApPMAaHTa U-y MHOOJIXKHO OBITH COXPAaHEHO BIOJb
XapaKTEePUCTUKM ceMeicTBa A,, BHOymeHHON u3 Toukm (@(b),b) .

OBo3HauUMM 5Ty xapaKTepucTuky uepes oO(b). Torma

utx|spy=u—y+y+x=ug+@(y))-@b)-b+x+y
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llogcTaBiagas MIOJyUYEHHBEIE 3HAUYeHMS KOoMOMHaALMM Su+x$ m Su-y$ B
VHTeTpas (3.25) 3amaum  I'ypca (6), IOJIyUMM YPaBHEHUE

XapaKTEePUCTUUECKOM KpuBOM O(h) B HESBHOM BUIE

12 (g +9(9) —@(B) —b+x+ )+ (ug +9(yo) —p(b)—b) = y* +y5  (3.26)

Tak xak Touka (@(b),b) Ha y Orla BHOpPaHa MNPOMB3BOJILHO, TO

BeNIMUMHY b MBI MOXeM MNPMHATH 3a napamerp. Torma ypaBHeHMe

(3.26) OymeM MOpPenCcTaBJSATbH OIOHOIIapaMeTpuuyecKoe CEeMEeNMCTBO
XapaKTEPUCTUK CeMeNcTBa A, BHIYIEHHEX MW3 JIIOOO0M TOYKU
XapaKTepPUCTUKU ¥ .

AHAJIOTMYHO CTPOUTCS onHoIllapaMeTpruuecKkoe CEeMENCTBO
KPUBLIX CeMelCcTBa A BHIIYWMEHHEIX M3 Touek (w(d),d)
XapakKTepPUCTUKMU O :

12 () =d +p(y0) + 1)+ T (@) + yo +y(d) —d +x+y) = y* + 35,

Tme BenuuuHa d Takxe MIpaeT poJb IapamMeTpa.
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BaknoyeHne

KoMBuHMpPOBaHME MeToHma XapakKTepUCTUK C COBPEMEeHHEMU
METOIAaMM HEeJIMHEMHOTO aHallM3a IIPU MCCJEeOOBAaHMM HadYaJIbHBEIX U
XapaKTepMCcTUUEeCKUX  3alad OJisg YPaBHEHUS C  HeJIMHEeWHOM
TJIaBHOM UYaCTbI0O MOXET OKal3aTCsa BIOJHe »d0bexkTHEM. ClMSHUEM
DTUX METOIOB oJIs onpenesyIEHHBIX KJIaCCOB ypaBHEHUN

CTaHOBUTCHA BO3MOXHEIM TIIOJIHOE OIiMcCaHme CTPYKTYP obrnacrTen

onpeneJjyieHus peleHnm HadaJlbHOM 3ana4umd BHIABJIEHMKE
ocobeHHOCTEN pelmeHuy . imenTCcsa B BUOY CyleCcTBOBaHUE
ocoBeHHOCTHU OTPaHUYUYEHHEIX pelleHn, BEIABJIEHME KOTOPEIX

METOINOM alPMOPHEIX OLIEHOK He YyIOaéTcsa.YUuTeHBas CTPYKTYPEH
CEeMENCTB XapaKTEPUCTUUECKUX MHOTOODpasmum B pabotTe
npencTaBJIeHH €CTeCTBEHHHEE IIOCTAaHOBKMU HeJIMHEeMHBIX
XapaKTepMUCTUUEeCKMX 3amady Kak C BaJaHHEIMM Tak UM CO
CBODOIOHBIMU HOCUTEJIAMU IOaHHEBIX u 3TU IIOCTAaHOBKU
YKJIIAOBIBATCA B paMKu obumen TeopuUMn JIVTHEMHBIX
TUNePOONIMUECKUX yPaBHEHUN.

Kax BMIOHO M3 pes3yJIbTaTOB IOaHHOM paboTH, NOPEenJIOXEHHBE
MeTOOsl MOTYT OBTH BIOJIHE YCIEWHHE OPM MCCJIeODOBAHMM 3alad
OJI19 YyPpaBHEHMM C BEPOXIEHMEM I[IopsalKa, a TaKxe B KJjaccax
TUnepboaInMdeCKMUX pelmeHmmn u B KJlacce BEIPOXIO AWM X C I
runepboso-napaboiMueCKUX pPelleHMM, BOOJIb KOTOPBEIX YPaBHEHUEe
uMeeT cJjaboe (TPMKOMOBCKOE) WM CUJIbHOe (Tuna Ymbpapmo-
Kengenua) napabosiMuecKoe BHPOXIESHME .

C nomompw 3TMX MEeTOHOB MOXHO IOOKasaThb CylleCTBOBAaHME
UM OTCYTCTBME PEIIeHUM pacCMaTpMBaeMbIX 3amdad.

CrnenyeT OTMETUTEL , UTO B paboTe KJlacc YPaBHEHUM
KOHKPETHEN M COOTBETCTBYKUME pPE3YyJIbTATH TOXEe KOHKPETH, HO
OHM HGBJIAITCHA T[PELEeHIeHTOM UM aHaJIOTMUHBIE HABJIEHUS MOTYT
BOBHUMKHYTb M IOJId YypaBHeHUM OoJiee obOmeTro BMIa MCCIJIeNOBaHUE

KOTOPHEIX MOXET OKa3aTCHd IIpelIMeTOM OaJiIbHEMIIMX MCCJIeIOBAaHUM.
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